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Abbreviations and Symbols

Abbreviations

BVP : Boundary value problem
FOM : Fitted operator method
FDM : Finite difference method
FDS : Finite difference scheme
FMM : Fitted mesh method
FEM : Finite element method
IBVP : Initial-boundary value problem
LTE : Local truncation error
NS-FDM : Non-standard finite difference method
DE : Differential equation
DDE : Differential difference equation
ODE : Ordinary differential equation
PDE : Partial differential equation
SPP : Singularly perturbed problem
SPPP : Singularly perturbed parabolic problem
SPDE : Singularly perturbed differential equation
SPDDE : Singularly perturbed differential difference equation
SPPDDE : Singularly perturbed parabolic delay differential equation
SPODE : Singularly perturbed ordinary differential equation
SPPDE : Singularly perturbed partial differential equation
TP-SPPP : Two-parameter singularly perturbed parabolic problem

iv



Symbols

N : Number of mesh points in spatial domain
M : Number of mesh points in temporal direction
T : Maximum time value
C : Any generic constant independent of the perturbation parameters

and step sizes
C0(Q) : Continuous functions on the domain (Q)
C1(Q) : Functions with continuous first derivatives on the domain (Q)
C2(Q) : Functions with continuous first and second derivatives on the domain (Q)
C(k)(Q) : k times continuously differentiable function on the domain (Q)
h : Mesh size in spatial direction
k : Mesh size in time direction
x, xi : Continuous and discrete spatial variables
t, tj : Continuous and discrete temporal variables
‖.‖ , ‖.‖∞ : Standard supremum norm
W : The approximate solution to the analytical solution w
w(x, t) : Solution of continuous problem

Wi,W
j
i : Numerical solution

Lε,µ : Differential operator
LMε,µ : Semi-discrete difference operator
LN,Mε,µ : Discrete difference operator
ε : Perturbation parameter multiplying the diffusion term
µ : Perturbation parameter multiplying the convection term
ϕ : Discontinuity point
O(.) : Order symbol
τ : Delay parameter
Re : Reynolds Number
Pε : Perturbation Problem
Po : Reduced Problem
1D, 2D : One and two dimensional
EN,M
ε,u : Maximum Pointwise error

R
N,M

ε,u : Rate of convergence
J2 : Denominator function which replaces h2

δ1, δ2, δ3, δ4 : Transition parameters
f,$ : Source functions
α, α1, α2 : The minimum value of the convection coefficient

on the domain for the corresponding problems
β : The smallest positive value of the reaction coefficient on the given domain
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Abstract

This dissertation investigates two-parameter singularly perturbed parabolic problems,

including models with and without time delay, and involving both continuous and

discontinuous coefficients. The interaction of small perturbation parameters in the

diffusion and convection terms induces complex multiscale layer structures, charac-

terized by dual boundary layers of unequal thickness and sharp interior layers arising

from temporal delay and non-smooth data. These features pose significant chal-

lenges for both analytical and numerical treatment. Since such problems frequently

arise in scientific and engineering applications, the development of reliable numeri-

cal methods is essential for understanding the physical phenomena. To overcome the

limitations of classical approaches, which often fail to capture the layer behavior accu-

rately, parameter-uniform numerical schemes based on fitted-operator and fitted-mesh

techniques are developed. The fitted-operator approach constructs discrete schemes

on uniform meshes, while fitted-mesh strategy employs layer adapted non-uniform

meshes. The proposed methods are rigorously analyzed for stability, consistency,

and uniform convergence. Numerical experiments validate the theoretical results,

demonstrating high accuracy, improved convergence behavior, and enhanced robust-

ness compared to existing methods. The numerical results, presented through tables

and surface plots clearly illustrate the influence of perturbation parameters, delay,

and discontinuities on the solution structure.

Key words: Singularly perturbed problem; Two parameter; Parameter-uniform;

Non-smooth data; Boundary and interior layers, Time delay.
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Chapter 1

General Introduction

This chapter presents a coherent overview of the fundamental ideas underlying both

regular and singular perturbation problems (SPPs), forming the analytical basis for

the subsequent chapters. It highlights the theoretical principles and rationale behind

fitted numerical techniques developed to tackle SPPs effectively. The discussion also

references representative physical models where such problems naturally occur, un-

derscoring their scientific and practical relevance. In addition, the chapter defines the

research background, formulates the central problem, and specifies the objectives and

scope of the study. It further emphasizes the motivation for undertaking this work,

outlines its anticipated contributions, and concludes with a brief description of the

dissertation’s overall structure.

1.1 Background of the study

Many scientific and engineering phenomena are modeled by parameter-dependent dif-

ferential equations (DEs) whose solutions vary with the parameter size. Such cases are

called perturbation problems (Pε), classified as either regular or singular. Consider a

boundary value problem (BVP) Pε with small parameter ε (0 < ε� 1) and solution

w(x, ε). If w(x, ε) converges uniformly to w(x, 0) as ε → 0, the problem is regular.

Otherwise, it is a SPP. In SPPs, the parameter ε multiplies the highest derivative,

and setting ε = 0 reduces the equation’s order, yielding the reduced problem P0. This

order reduction distinguishes SPPs from regular perturbations.

The birth of SPPs was initially introduced by Prandtl (1905), a German engineer,
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during his presentation on fluid motion with small friction at the third international

congress of mathematics in Heidelberg. In his innovative work on the subject of

boundary layer theory, he explained about how a quantity as small as the viscosity of

common fluids such as water and air could play a crucial role in determining their flow.

In his work, Prandtl proved that the flow about a body can be treated by dividing

it into two regions: inside a very thin layer (which he called the boundary layer) in

proximity to the body where the frictional effects are prominent, and the remaining as

outside region. The boundary layer theory became the foundation stone for modern

fluid dynamics. The term “singular perturbation” was first introduced by Friedrichs

& Wasow (1946) in their work. Though Prandtl coined the name “boundary layer”,

it got much greater generality in the substantial work of Wasow (1942).

A fundamental objective in scientific inquiry is to understand how causes influence

outcomes, particularly in situations where a seemingly minor change produces a dis-

proportionately large effect. This phenomenon is rigorously examined within pertur-

bation theory, a framework that has evolved significantly since its early development

(Van Dyke, 1994). Singular perturbation theory, in particular, focuses on explaining

how small parameters can induce drastic and often non-uniform changes in the so-

lution structure. Unlike regular perturbation problems, solutions of SPPs typically

exhibit sharp gradients or layer-type behavior as ε→ 0, leading to substantial analyt-

ical and numerical difficulties (Kadalbajoo & Gupta, 2010). Consequently, the study

of SPPs remains an active and important area of research, driven by both theoretical

challenges and practical applications.

Singularly perturbed problems arise from DEs that contain a small perturbation pa-

rameter, for which the qualitative behavior of the solution in the limiting case differs

significantly from that corresponding to finite parameter values. In many scientific

and engineering applications, such problems naturally lead to boundary value formula-

tions involving singularly perturbed differential equations (SPDEs), often exhibiting

multiscale features and rapid variations in localized regions. Due to the inherent

complexity of these problems, exact analytical solutions are rarely attainable. Conse-

quently, reliable and efficient numerical methods play a crucial role in capturing the

essential behavior and underlying dynamics of their solutions.
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Singularly perturbed problems form a cornerstone in the mathematical modeling of

complex physical and engineering phenomena. They appear across a broad spectrum

of applications, including high-Reynolds number fluid flows (Hirsch, 1990), water qual-

ity modeling in river networks (Baumert et al., 2005), semiconductor drift-diffusion

equations (Kevorkian & Cole, 2013), electromagnetic field interactions in moving me-

dia (Polak et al., 1987), oil reservoir simulations (Wolfshtein et al., 1975), and the

theory of plates and shells (Huan-wen, 1984). Their significance also extends to geo-

physical fluid dynamics, large-scale atmospheric and oceanic circulation (Pudykiewicz,

1989), chemical kinetics, and optimal control (O’malley et al., 1991). Moreover, SPPs

arise in aerodynamics, lubrication theory, and numerous branches of mathematics,

physics, and biological modeling (Nayfeh, 2000; Verhulst, 2006; Miller et al., 1996).

A defining hallmark of SPPs is the presence of a small perturbation parameter that

multiplies the highest-order derivatives in the governing DEs, producing rapid varia-

tions or sharp boundary and interior layers in the solution. A classical illustration is

the Navier-Stokes equation in fluid dynamics:

∂

∂x

(
w2 + p

)
+

∂

∂y
(wv) =

1

Re

(
∂2w

∂x2
+
∂2w

∂y2

)
, (1.1)

subject to appropriate initial and boundary conditions, where w and v denote ve-

locity components, p represents pressure and Re is Reynolds number (Hirsch, 1990).

This dimensionless parameter, proportional to characteristic length and velocity scales

while inversely proportional to kinematic viscosity, governs the flow regime. For large

values of Re >> 1, Eq. (1.1) reduces to a singularly perturbed form (Das & Natesan,

2013b). Further canonical examples and their analysis can be found in the compre-

hensive works of Miller (2006); Morton (1996), and Roos (2008).

Differential-difference equations (DDEs) that simultaneously incorporate delay or ad-

vance terms together with the influence of a singular perturbation parameter are

classified as singularly perturbed differential-difference equations (SPDDEs) (Gupta

et al., 2018). Within this framework, the terms positive shift and negative shift are

often employed in the literature to denote advance and delay parameters, respec-

tively. In general, SPDEs describe relationships between an unknown function and

its derivatives evaluated at the same instant of time. However, in the case of singularly
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perturbed delay differential equations, the system’s present state is determined not

only by its current conditions but also by its past history. This distinction in temporal

dependence leads to different solution behaviors: while non-delay SPPs typically ex-

hibit boundary layers, the inclusion of delay may additionally generate interior layers

due to the effect of the shifted argument (Lange & Miura, 1982).

Singularly perturbed differential–difference equations arise in a wide range of models

describing complex phenomena in science and engineering. These equations are par-

ticularly relevant in areas such as biosciences, control theory, and disease dynamics,

where delayed responses and multiscale effects are inherent. Representative applica-

tions include models of neuronal variability (Stein, 1967), the human pupil light reflex

(Longtin & Milton, 1988), optimal control and variational problems (Glizer, 2000),

blood cell production processes (Mahaffy et al., 1998), population dynamics and epi-

demiology (Kuang, 1993), chemical kinetics (Epstein, 1992), immune system responses

(Marchuk, 1997), and feedback control mechanisms (Bellen & Zennaro, 2013).

A defining characteristic of SPDDE is the emergence of sharp boundary and interior

layers, whose thickness is governed by small perturbation parameters and may become

exceedingly thin. This behavior reflects the intrinsic multiscale structure of the un-

derlying processes, where convection and reaction effects often dominate diffusion. As

a result, analytical treatment of such problems is generally difficult, if not infeasible,

due to their inherent complexity. Consequently, numerical approximation becomes

an essential tool for their study. However, classical numerical methods, when applied

directly to multiscale SPDDEs, often fail to resolve the layer behavior accurately and

may produce large errors (Kadalbajoo & Gupta, 2010). This limitation highlights

the need for the development of specialized numerical frameworks that are capable of

capturing the essential features of the solution without loss of accuracy. Therefore, a

central objective in this field is to construct robust numerical techniques whose per-

formance remains uniformly reliable, regardless of the presence of small perturbation

parameters or localized singularities.

Over the past few decades, substantial progress has been achieved in both the qualita-

tive and quantitative analysis of singularly perturbed ordinary differential equations

(SPODEs) and various classes of singularly perturbed partial differential equations
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(SPPDEs). Detailed surveys of these developments can be found in Kadalbajoo &

Reddy (1989); Kumar et al. (2007); Kadalbajoo & Gupta (2010); Roos (2012); Duressa

et al. (2023). Nevertheless, the construction of accurate computational methods for

SPPDEs continues to be a challenging and active area of research. The primary dif-

ficulty lies in the presence of multiple small perturbation parameters, which induce

complex multiscale solution structures characterized by sharp boundary and interior

layers features that are not adequately captured by standard numerical approaches.

Motivated by these challenges, this dissertation is devoted to the development and rig-

orous analysis of parameter–uniform numerical methods for various classes of parabolic

SPPs involving two small parameters. The main goal is to design robust compu-

tational schemes whose accuracy and stability are independent of the perturbation

parameters, thereby ensuring their effectiveness for practical applications where such

multiscale models frequently arise.

1.1.1 Methods for solving Singular Perturbation Problems

Singularly perturbed problems arise frequently in applied sciences and engineering,

making the determination of their solutions both important and challenging. In most

practical situations, exact analytical solutions are either extremely difficult or impos-

sible to obtain due to the presence of small perturbation parameters and multiscale

features. This limitation naturally motivates the development of accurate approxi-

mation techniques. The choice of an appropriate method depends on several factors,

including the structure of the governing equations, the nature of the perturbation

parameters, and available computational resources. Equally important is the require-

ment that any approximation preserves the essential physical properties of the under-

lying model (Munyakazi, 2009).

Broadly speaking, two principal approaches are employed in the study of SPPs: nu-

merical methods and asymptotic methods. Numerical approaches aim to compute

accurate approximations for specific problems and are generally applicable to a wide

range of models through algorithmic procedures. In contrast, asymptotic methods

focus on describing the qualitative behavior of solutions, particularly in the limiting

case as the perturbation parameter tends to zero. Although asymptotic techniques
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are typically restricted to simpler settings and require deeper analytical insight, they

provide valuable information about the structure of the solution. In practice, these

two approaches are complementary, as asymptotic analysis often guides the construc-

tion of efficient and robust numerical schemes.

A key difficulty in SPPs arises from the presence of small perturbation parameters, for

example ε with 0 < ε� 1, which induce multiscale solution behavior. Typically, the

solution remains smooth over most of the domain but exhibits sharp variations within

narrow boundary or interior layers. To analyze such behavior, the method of matched

asymptotic expansions is widely used. In this framework, an outer solution describes

the behavior away from layers, while an inner solution constructed using a suitable

stretched variable captures the rapid variation inside the layer regions. These approx-

imations are then matched to obtain a uniformly valid composite solution. A crucial

step in this process is identifying the location and thickness of the layers, often guided

by the principle of least degeneracy. This analytical framework not only explains the

structure of SPP solutions but also provides insight for designing reliable numerical

methods (Verhulst, 2006; Van Dyke, 1964; O’malley et al., 1991; Bush, 2018; Bender

& Orszag, 2013; Miller, 2006).

Historically, early research on SPPs focused primarily on asymptotic analysis, empha-

sizing the limiting behavior of solutions as perturbation parameters vanish. However,

from the mid−1960s onward, increasing attention was directed toward the develop-

ment of numerical methods capable of resolving sharp layer phenomena. This shift

led to substantial progress and the emergence of a rich body of literature addressing

both theoretical and computational aspects of SPPs. Several influential monographs,

including Bender & Orszag (1999, 2013); Miller et al. (1996); Shishkin & Shishkina

(2008); Doolan et al. (1980); Roos (2008); Nayfeh & Balachandran (2008); O’malley

et al. (1991); Kevorkian & Cole (2013); Holmes (2012); Eckhaus (2011); Eugene &

Shishkin (2012), provide comprehensive treatments of these developments.

Despite these advances, the numerical treatment of SPPs remains challenging. Stan-

dard methods such as finite difference, finite element, collocation, and spectral meth-

ods often perform poorly on uniform meshes when applied directly to SPPs (Roos,

2008; Eugene & Shishkin, 2012). The main difficulty stems from the presence of steep
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gradients in the solution, which require extremely fine meshes for accurate resolution.

In fact, classical schemes may fail to reduce the maximum pointwise error unless the

mesh size is comparable to the perturbation parameter (Farrell et al., 2000). For

instance, when ε = 10−20, an impractically large number of mesh points would be

required, leading to excessive computational cost. This limitation motivates the de-

velopment of ε−uniform numerical methods, whose convergence and accuracy remain

independent of the perturbation parameter and depend only on the mesh size.

Over the past decades, the construction of ε−uniform numerical methods has evolved

along two main directions: fitted operator methods (FOMs) and fitted mesh methods

(FMMs). FOMs are based on modifying classical finite difference operators so that

they incorporate the essential features of the SPP. In particular, the discrete opera-

tor is designed such that it accurately represents the exponential behavior associated

with layer solutions. Typically implemented on uniform meshes, this approach was

pioneered by Allen & Southwell (1955) in the context of viscous flow problems and

has since been widely developed.

Fitted operator methods are effective for certain classes of problems, particularly those

exhibiting regular boundary layers. However, it has been shown by Shishkin (1989)

that uniform convergence cannot always be achieved using FOMs on uniform meshes,

especially for problems with parabolic layers where characteristic directions align with

the boundary. This limitation was further confirmed by Miller et al. (2004), high-

lighting the inherent difficulty of capturing such layer behavior with operator based

modifications alone.

Detailed treatments of FOMs can be found in Doolan et al. (1980) and Morton (1996).

These methods are attractive due to their simplicity of implementation and the fact

that they do not require prior knowledge of layer location or thickness (Mickens, 1993;

Patidar, 2008). Additionally, they are often computationally efficient and can achieve

high accuracy in suitable settings (Das & Natesan, 2013a, 2015).

An alternative and widely used approach is the fitted mesh method (FMM), which

combines standard discretization schemes with specially designed layer-adapted meshes.

These meshes are refined in regions where sharp gradients occur and remain coarse

elsewhere, allowing efficient resolution of layer structures. When sufficient information
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about the layer behavior is available, FMMs can achieve parameter–uniform accuracy.

They are particularly advantageous for handling higher–dimensional and more com-

plex problems (Das & Natesan, 2013b), although constructing appropriate meshes

can be challenging in practice.

Fitted meshes are commonly classified as graded meshes or piecewise–uniform meshes.

Among these, the Bakhvalov mesh and the Shishkin mesh are the most widely used.

The Bakhvalov mesh, introduced by Bakhvalov (1969), provides a smooth grading

tailored to boundary layers, while the Shishkin mesh employs a simpler piecewise-

uniform structure with fine resolution in layer regions and coarse resolution elsewhere

(Shishkin, 1989). Due to its simplicity and effectiveness, the Shishkin mesh has be-

come particularly popular in practical computations (Vulanović, 2001). Further de-

tails on FMMs can be found in Doolan et al. (1980); Miller et al. (1996); Roos (2008);

Shishkin & Shishkina (2008); Eugene & Shishkin (2012).

In general, the performance of any ε−uniform numerical method is assessed based

on three fundamental criteria: consistency, stability, and convergence. These prop-

erties ensure that the numerical solution accurately approximates the exact solution

and remains robust as the perturbation parameter approaches zero (Neill & Hashemi,

2018). Whether based on fitted operators or layer-adapted meshes, a thorough under-

standing of these principles is essential for the reliable numerical treatment of SPPs

arising in practical applications.

1.1.2 Models Illustrating Singular Perturbations in PDEs

Partial differential equations (PDEs) with singular perturbations describe a number

of real-world phenomena. Here, we provide a list of PDE models that describe these

circumstances as follows:

1. A time delayed diffusion system (control system) (Wang, 1963):

∂w(x, t)

∂t
−ε∂

2w(x, t)

∂x2
−ςζ [w(x, t− τ)]

(
∂w(x, t)

∂x

)
−f [w(x, t− τ)]+w(x, t) = 0,

defined on a one-dimensional (1D) spatial domain x ∈ (0, 1), where ς is the

material strip velocity depending on spatial average of the time-delayed tem-
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perature distribution w(x, t − τ), and f represents a distributed temperature

source function depending on w(x, t−τ). Such equations describe systems whose

dynamics rely not only on present states but also on past values, reflecting mem-

ory and latency effects. They naturally arise in biology (maturation, gestation),

epidemiology (incubation periods), and engineering (feedback with processing

delays). Because conventional PDEs cannot capture these after-effects, delayed

parabolic models are particularly relevant in applications such as oil recovery

(Ewing, 1983), chemical processes (Adomian & Rach, 1983), mechanical dynam-

ics (Baranowski, 2010), and control theory (Van Harten & Schumacher, 1978).

2. Hutchinson’s equation

∂w(x, t)

∂t
− ε∂

2w(x, t)

∂x2
− λ (1− w(x, t− τ)) = 0,

which arises as a rough model for the evolution of a population in mathematical

ecology with density (Kumar et al., 2018).

3. Slow diffusion with heat production:

∂T

∂t
− ε∂

2T

∂x2
+ ψ(x) [T − s(x)]−$(x) = 0,

T (0, t) = t0, T (x, 0) = ϕ(x),

where T (x, t) is the temperature of the bar. The temperature of the neighbor-

hood of bar is s(x), ψ(x) is the exchange coefficients of heat and ψ(x) ≥ q with

q > 0 so the bar is nowhere isolated (Verhulst, 2006). Although this model does

not include explicit delay, it shares structural similarities with delayed systems

through strong source-diffusion interactions and the formation of layers.

4. Some financial data can be modeled by means of Black-Scholes equation:

∂C

∂t
+

1

2
δ2S2∂

2C

∂S2
+ rs

∂C

∂S
− rC = 0, (s, t) ∈ R+, x ∈ (0, T ],

C(S, T ) = max (S − E, 0) , S ∈ R,

C(0, t) = 0, C(S.t)→ S, for S →∞, t ∈ (0, T ].

Here, C(S, t) is the price of a European call option, where S and t are current
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values of the underlying asset and time, respectively. The parameters δ, E, T ,

and r correspond to volatility, strike price, maturity time, and risk-free interest

rate. The formulation exhibits several singular features, including an unbounded

spatial domain and a piecewise smooth initial condition (Li et al., 2017).

5. The convection-diffusion problem

D
∂2w

∂x2
− v∂w

∂x
=
∂w

∂t
, (1.2)

where D is dispersion, v is velocity, and w is concentration. Eq.(1.2) is referred

to as the convection-diffusion equation with diffusion D. The concentration

w(x, t) is a function of space and time. Thus, we assume that D and v are real,

scalar constants. From Eq.(1.2), the dispersion term isD
∂2w

∂x2
and the convection

term is v
∂w

∂x
. Depending on the relative magnitudes of these contributions, the

equation changes its character: when diffusion dominates, Eq.(1.2) reduces to

the parabolic heat equation, while convection dominance yields a first-order

hyperbolic form. Owing to this dual nature, Eq.(1.2) serves as a prototype for

understanding a wide range of physical phenomena, particularly in the modeling

of fluid flows where both parabolic and hyperbolic behaviors naturally emerge.

6. The reaction-diffusion problem

wt = D∆w + f(w), (1.3)

where w = w(x, t). Eq.(1.3) consists of two main components: the diffusion term

D∆w, which models the spread of the quantity w through space with diffusion

coefficient D, and a reaction term f(w), a smooth function that represents the

local changes or interactions within the system. In essence, D∆w governs the

spatial dispersion, while f(w) accounts for the reaction dynamics.

For further discussion on a class of singularly perturbed models interested readers

referred to (Stein, 1967; Tuckwell, 1989) and references therein.
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1.1.3 Overview of Two-Parameter Singular Perturbations

Up to this point, attention has been primarily directed toward SPPs involving a sin-

gle small parameter. A broader and more intricate class of problems arises when

two small parameters are present, commonly referred to as two–parameter singularly

perturbed problems (TP-SPPs). In such cases, not only the highest-order derivative

terms but also certain lower-order terms are multiplied by an additional small param-

eter, typically denoted by µ, thereby introducing further complexity into the model.

These problems frequently emerge in a wide range of scientific and engineering ap-

plications, including heat and mass transfer processes, elasticity theory, plate and

shell analysis, reservoir simulation, chemical reactor dynamics, and boundary layer

phenomena influenced by suction or injection. The study of convection–diffusion–

reaction models with two perturbation parameters is particularly important, as it

provides deeper insight into the intricate balance and interaction between diffusion

and convection mechanisms.

A good examples of problems with two perturbation parameters is a 1D electromag-

netic field for a moving media which is

− 1

µ

∂2w(x, t)

∂x2
= −σ

(
υ
∂w(x, t)

∂x
+
∂w(x, t)

∂t

)
,

where w(x, t), µ, σ and υ are the potential, permeability, conductivity and velocity of

the moving media respectively (Hahn et al., 1987), and a 1D flow through unsaturated

porous media given by

∂ϑ

∂t
− ∂

∂z

(
ρr
ρ
K
∂ψ

∂ϑ

∂ϑ

∂z

)
− ρr

ρ
g
∂K

∂z
= 0,

where ρr is the bulk density of media, ρ is the fluid density, θ is moisture content on

a dry weight basis, K is the coefficient of aqueous conductivity, ψ is the capillarity

pressure potential, and g is a gravity constant. Through assumptions and conditions

given in Bhathawala & Verma (1975), the equation is simplified to the form:

εF ′′(ζ) + 2µF ′(ζ)− F (ζ) = 0;
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where ε and µ are small perturbation parameters.

Problems of essential importance involving two perturbation parameters are typically

formulated as follows:

(εw′′ + µaw′ − bw = f) (x),

w(0) = ϕ0, w(1) = ϕ1.
(1.4)

The Eq.(1.4) represents a 1D steady-state ODE.

(εwxx + µawx − bw − wt = f) (x, t),

w(x, 0) = ϕ(x), w(0, t) = ϕ0(t), w(1, t) = ϕ1(t).
(1.5)

The equation in Eq.(1.5) represents a 1D time dependent parabolic PDE.

(ε∆w + µaOw − bw = f) (x, y),

w(x, 0) = ϕl(x), w(x, 1) = ϕr(x), w(0, y) = ϕ0(y), w(1, y) = ϕ1(y).
(1.6)

The problem in Eq.(1.6) is a 2D elliptic PDE (Teofanov & Roos, 2007). It is evident

that the BVPs and/or IBVPs in Eq.(1.4)-(1.6) exclude mixed derivatives and are re-

stricted to simple sub-domains of at most 2Ds. The elliptic operator involved is the

Laplacian, a choice made to reduce complexity in constructing uniformly convergent

schemes and to preserve simplicity when extending to higher-dimensional geometries.

The class of problems represented by Eq. (1.4) has been extensively explored in the

existing literature, whereas comparatively less attention has been given to the formu-

lation in Eq. (1.5). Due to time limitations, the present study focuses on the formula-

tion, development, and rigorous analysis of parameter-uniform numerical techniques

for TP-SPPPs that are further complicated by time delays, discontinuous convec-

tion coefficients, and non-smooth source terms. These complexities are not merely

of theoretical interest, they arise naturally in practical models describing transport

and reaction processes in heterogeneous media, where abrupt physical or chemical

transitions and delayed system responses are common. However, the inclusion of

such effects leads to significant analytical challenges, including reduced smoothness of

the exact solution, coupling of multiple scales, and the formation of unconventional
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boundary and interior layer structures, all of which demand specially designed nu-

merical approaches to ensure uniform accuracy and stability.

In the problem considered here, it needs an investigation as both perturbation pa-

rameters ε and µ tend to zero, roughly speaking the order of the DEs drops to zeroth-

order which is completely different from the original. The behavior of solutions to

these problems varies for: case(i) ε/µ2 → 0, case(ii) ε = µ2, and case(iii) µ2/ε goes

to zero. The first case is, perhaps, the most interesting one as the second-order DEs

degenerate to their zeroth-order. In case (ii), The DEs degenerate to first-order, that

is, ε = 0, and in case(iii) the DEs resemble almost when µ = 0(reaction diffusion).

The study combines theoretical analysis with computational implementation to vali-

date the proposed methods. The objectives include establishing rigorous error bounds

that are independent of the perturbation parameters, designing stable and efficient

algorithms, and testing them on benchmark problems. In doing so, this disserta-

tion contributes to the broader goal of advancing reliable numerical tools for solving

complex parabolic problems that arise in scientific and industrial applications.

1.1.4 Basic Definitions and Terminologies

This section is devoted to presenting some fundamental concepts, notations and con-

ventions that will serve as foundation for the subsequent analysis in this dissertation.

Definition 1.1. (Truncation error). A truncation error arises when an exact mathe-

matical operation is replaced by an approximate one, typically due to representing an

infinite process through a finite number of steps.

In this work, we focused on errors associated with finite difference formulas and dis-

cretizations of DEs. These errors appear in two primary forms: local and global.

• The local truncation error quantifies the deviation between the DE and its

discrete analogue at a grid point, serving as a measure of how accurately the

finite difference scheme captures the original equation. Increasing the order of

approximation, often by extending the stencil reduces this error and enhances

accuracy (LeVeque, 1998).
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• The global truncation error represents the cumulative effect of local errors, com-

monly evaluated in various norms such as the maximum, energy, or square norm.

In this dissertation, the maximum norm is adopted throughout, as it provides a

sharper indication of boundary-layer behavior (Farrell et al., 2000), and is partic-

ularly effective for parabolic layer problems (Miller et al., 1996). As a standard goal,

the analysis seeks to determine the smallest possible upper bound for the overall error.

Definition 1.2. (Stability). In a numerical system, stability describes how numerical

errors that result from truncation, rounding, or initial data behave during computa-

tion. In order to prevent tiny disturbances from growing uncontrollably and distorting

the solution, a system is deemed stable if such errors remain confined or decrease over

subsequent iterations. On the other hand, the method is considered unstable if these

errors increase indefinitely (Neill & Hashemi, 2018).

Definition 1.3. An M-matrix is a square matrix distinguished by non-negative diag-

onal entries and non-positive off-diagonal entries. Formally, a matrix A = [aij] is an

M-matrix if:

• aii ≥ 0 for all diagonal elements,

• aij ≤ 0 for all off-diagonal elements i 6= j.

M-matrices are also referred to as monotone matrices and possess structural properties

that make them valuable in numerical analysis and applied mathematics.

Definition 1.4. A finite difference scheme is said to be monotone when its associ-

ated system matrix A possesses the monotonicity property; that is, either A or −A

qualifies as a monotone matrix, ensuring non-negativity preservation and stability of

the discrete solution.

Definition 1.5. Finite difference methods (FDMs) approximate derivatives by replac-

ing them with difference quotients based on nearby function values. Common types

are forward, backward and central differences, and such approximations are derived

using Taylor’s series expansion for any mesh function wi at a mesh points xi with
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mesh size h = xi+1 − xi. Their standard notations are as follows:

D+wi =
wi+1 − wi

h
+O(h),

D−wi =
wi − wi−1

h
+O(h),

D0wi =
wi+1 − wi−1

2h
+O(h2),

δ2wi =D+D−wi =
wi+1 − wi + wi−1

h2
+O(h2).

Definition 1.6. (Consistency). Consistency refers to the extent to which a numerical

scheme accurately represents the underlying DE. A scheme is said to be consistent

with the original problem if, when the time step ∆t → 0 and the spatial mesh size

∆x→ 0, the difference equation reduces to the corresponding DE. In other words, the

local truncation error, the discrepancy between the exact differential operator and its

discrete approximation must vanish as the grid is refined. Thus, consistency ensures

that the discrete model faithfully approximates the continuous equation in the limit of

infinitesimally small discretization parameters.

Definition 1.7. (Convergence). A numerical scheme is termed convergent if the solu-

tion obtained from discretized problem approaches the exact solution of the underlying

DE as the mesh parameters, such as the spatial step and time step, tend to zero.

Equivalently, convergence requires that the global error between the numerical approx-

imation and the exact solution vanishes in the limit of infinitely fine discretization.

Theorem 1.1. A consistent and stable FDM is convergent. But the converse may

not be true (LeVeque, 1998; Morton, 1996; Peiró & Sherwin, 2005).

Definition 1.8 (Rate of Convergence). The rate (or order) of convergence character-

izes how efficiently a numerical method reduces its error as the mesh size decreases. In

simple terms, if the step length is reduced by a certain factor, the rate of convergence

indicates the corresponding reduction in the numerical error. It is determined by

R =
log
(
Eh1
)
− log

(
Eh2
)

log(h1)− log(h2)
,

where Eh1 and Eh2 represent the maximum absolute errors for two uniform mesh sizes

h1 and h2, respectively. The computed rate should be consistent with the theoretical

order of accuracy expected for the proposed numerical scheme (O’Malley, 1974).
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Definition 1.9. (Miller et al., 1996) Let Pε denote a family of SPPs depending on

a small perturbation parameter ε ∈ (0, 1]. Denote by wε the exact solution and by

WN,M its numerical approximation constructed on a mesh DN,M , where N and M

correspond to the temporal and spatial discretization parameters, respectively. A nu-

merical scheme is said to be ε−uniformly convergent if there exist constants C > 0,

p > 0, and q > 0, along with an integer N0, all independent of N,M, and ε, such that

for all N ≥ N0 and M ≥M0,

sup
0<ε≤1

∣∣WN,M − wε
∣∣
DN,M

≤ C
(
N−p +M−q) .

Here, p and q denote the ε−uniform orders of convergence in time and space, respec-

tively, while C represents the ε−uniform error bound.

1.2 Statement of the Problem

Singularly perturbed parabolic problems frequently arise in diverse areas of science

and engineering, including fluid dynamics, chemical kinetics, control theory, and bi-

ological systems, where small perturbation parameters introduce pronounced multi-

scale behavior (Miller et al., 2004; Kevorkian & Cole, 2013). Such problems typically

exhibit rapid solution variations confined to narrow regions, known as boundary or in-

terior layers, whose accurate numerical resolution remains a long-standing challenge.

The situation becomes even more intricate when multiple small parameters, time de-

lays, discontinuous coefficients, or irregular source terms coexist within the model.

Two-parameter singularly perturbed boundary value problems are encountered in nu-

merous real-world phenomena, such as reaction-diffusion processes, viscoelastic mate-

rials, thermal memory models, and population dynamics (Miller et al., 1996; Kumar et

al., 2018; Duressa, 2021; Zahra & El Mhlawy, 2013). Time-delay effects introduce de-

pendence on past states, reflecting memory-driven dynamics, while discontinuities in

convection coefficients or source terms often correspond to abrupt physical transitions

within the medium. These complexities pose significant difficulties for conventional

numerical techniques, which often fail to maintain stability and accuracy across sharp

layer regions, motivating the development of uniformly convergent schemes.
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The behavior of TP-SPPPs is strongly influenced by the interplay between the small

perturbation parameters ε and µ. Specifically, when µ = 1, the system effectively

reduces to a convection-diffusion equation, where boundary layers of thickness O(ε)

form near x = 0 and x = 1, with their location and intensity determined by the

convection coefficients. In contrast, if µ = 0, the system exhibits boundary layers of

width O(
√
ε) at both endpoints, reflecting a different scaling of perturbation effects.

The qualitative characteristics of the solution, whether predominantly dissipative or

dispersive are dictated by the ratio µ2/ε. Dissipative effects dominate when ε/µ2 → 0

as µ → 0, leading to solutions where diffusion smooths out sharp gradients. Con-

versely, dispersive effects become significant if µ2/ε → 0 as ε → 0, resulting in

oscillatory or wave-like behavior within the layers (O’malley, 1967). Understanding

this parameter-dependent behavior is essential for designing robust numerical schemes

that can accurately capture both boundary layer structures and the multiscale dy-

namics inherent in TP-SPPPs.

To tackle these multiscale complexities, a range of analytical and computational meth-

ods have been proposed. Asymptotic approaches provide valuable insights into layer

structures but often fail to yield explicit solutions for realistic problems. Numer-

ical techniques, such as finite difference, finite element, and spline-based methods

have therefore become essential tools. However, classical schemes typically require

extremely fine meshes to resolve steep gradients, resulting in excessive computational

cost. To overcome this, advanced techniques including nonstandard finite differences

(Patidar, 2008; Munyakazi, 2015), adaptive meshing, higher-order discretizations, and

exponential fitting methods (Das & Natesan, 2012, 2013a; Kadalbajoo & Jha, 2012;

Linß, 2009) have been introduced. More recently, parameter-uniform schemes have

been extended to handle non-smooth data and discontinuous coefficients (Chandru et

al., 2017, 2018, 2019; Roy & Jha, 2023; Singh et al., 2023).

Despite these contributions, existing research predominantly focuses on single-parameter

formulations or assumes smoothness in coefficients and source terms. Comprehensive

numerical investigations addressing TP-SPPPs with time delays, discontinuous co-

efficients, and irregular source functions remain limited. This gap underscores the

pressing need for unified, parameter-uniform frameworks capable of maintaining ac-
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curacy and stability across such heterogeneous conditions.

Therefore, the present study is devoted to the development and analysis of uniform

numerical schemes for various classes of TP-SPPPs. The investigation encompasses

both delayed and non-delayed cases, incorporating discontinuities in convection coef-

ficients and source terms. The objective is to construct and rigorously analyze reliable

schemes that ensure uniform convergence, while accurately capturing the influence of

delays, discontinuities, and multiscale effects on the overall solution behavior.

1.3 Research Objectives

This dissertation is motivated by the need to develop, analyze, enhance, and optimize

uniform convergent numerical methods for solving TP-SPPPs involving convection,

reaction, and diffusion processes.

1.3.1 General Objective

The general objective of this study is to develop, analyze, and implement uniformly

convergent numerical schemes for various classes of two-parameter singularly per-

turbed parabolic problems.

1.3.2 Specific Objectives

The specific objectives of this study are to:

• formulate fitted numerical schemes for solving a class of TP-SPPPs.

• establish the stability properties of the constructed numerical methods.

• establish parameter-uniform convergence of the proposed numerical schemes.

• investigate the influence of perturbation parameters and non-smooth data on

the solution behavior, particularly in the boundary layer regions.
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1.4 Significance of the Study

The problem under investigation possesses wide-ranging applications across science

and engineering. Research in this area has long been central to advancing both the-

oretical mathematics and practical applications, and it continues to provide essential

tools for tackling complex real-world problems (Nohel et al., 1997). Although this

dissertation is primarily theoretical, its contributions extend beyond the realm of ab-

stract analysis. The numerical methods developed here not only enhance accuracy,

efficiency, and simplicity but also offer robust frameworks that can be adapted to

applied research. These techniques can serve as valuable resources for scientists and

engineers working on simulations, control systems, population dynamics, heat trans-

fer, and other physical phenomena, thereby bridging the gap between mathematical

theory and practical problem-solving.

1.5 Scope of the Study

This dissertation is delimited to a specific class of TP-SPPPs and concentrates on their

formulation and numerical investigation across the following problem categories.

Governing Problem I

Consider a TP-SPPPs on the domain G = Ω × Λ as our first governing model as:


Lε,µw ≡

(
∂w

∂t
− ε∂

2w

∂x2
− µa∂w

∂x
+ bw = $

)
(x, t), (x, t) ∈ G,

w|∧
b

= ζb(x), x ∈ Ω,

w|∧
l

= ζl(t), w|∧
r

= ζr(t), t ∈ Λ,

(1.7)

where 0<ε� 1 and 0 ≤ µ ≤ 1 are the perturbation parameters.

Governing Problem II

The second model problem is considered as:


Lε,µw ≡

(
ε
∂2w

∂x2
+ µa

∂w

∂x
− bw − ∂w

∂t

)
(x, t) = −cw(x, t− γ) +$(x, t),

w|∧
b

= Υb(x, t),

w|∧
l

= Υl(t), w|∧
r

= Υr(t),

(1.8)
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where 0<ε� 1 and 0 ≤ µ ≤ 1 are the perturbation parameters.

Governing Problem III

As a third model problem, we consider a TP-SPPPs characterized by discontinuities

in both the source term and the convection coefficient

Lε,µw ≡
(
ε
∂2w

∂x2
+ µa

∂w

∂x
− bw − c∂w

∂t
= $

)
(x, t), (x, t) ∈ D− ∪D+,

w(0, t) = B(t) in Dl, w(1, t) = R(t) in Dr,

w(x, 0) = I(x) in Db,

|[a] (ϕ)| ≤ C, |[$] (ϕ)| ≤ C,

a(x, t) ≤ −α1 < 0, (x, t) ∈ D−,

a(x, t) ≥ α2 > 0, (x, t) ∈ D+.

(1.9)

Here, 0<ε� 1, 0 ≤ µ ≤ 1 are perturbation parameters and ϕ is a discontinuity point.

1.6 Mathematical Procedure of the Study

In this dissertation, to achieve the stated objective, we have followed the following

mathematical procedures:

1. Defining the problems.

2. Examination of the analytical properties of the continuous solution.

3. Formulating numerical schemes for the problem under study.

4. Establishing the stability and convergence of the developed numerical schemes.

5. Developing an algorithm and writing MATLAB code for the presented schemes.

6. Validation of accuracy through carefully chosen numerical experiments.

7. Presentation of results in the form of tables and graphical illustrations.

8. Comparative analysis with existing methods reported in the literature.

9. Drawing conclusions based on the performance of the proposed schemes.
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1.7 Organization of the Dissertation

The intent and content of this dissertation consists of nine chapters and it is orga-

nized as follows. Chapter 1 contains the background of the study and definitions of

numerical analysis which are used in successive chapters of this dissertation. It also

introduces the background of related work done and its progress in the field of SPPs.

The theoetical framework of the study is presented in Chapter 2 and is achieved by

surveying pertinent literature to the present work. The relevant literature is organized

in publication year chronological order to show the advancement of methods used to

solve SPPs clearly. In our review of the literature, we examined the methods used

and identified gaps.

Chapters 3-8 constitute the core component of this dissertation, encompassing the

principal methodologies, analytical formulations, and computational frameworks em-

ployed in the study. In Chapter 3, a parameter-uniform numerical approach is de-

veloped through a two-stage discretization strategy. The temporal derivative is ap-

proximated using the Crank-Nicolson method, ensuring second-order accuracy and

temporal stability, while the spatial variable is discretized via the two-point Gaussian

quadrature scheme, which enhances the precision of spatial integration and effectively

captures the layer behavior inherent in the SPP formulated in Eq. (1.7).

Chapter 4 introduces a fitted operator-based numerical algorithm for Eq. (1.7) that

further refines the uniform convergence characteristics of the solution. The method

integrates the Crank-Nicolson time discretization with a Simpson’s one-third rule for

spatial integration, allowing improved accuracy and stability in the presence of steep

boundary and interior gradients. This hybrid framework not only strengthens the

numerical robustness but also provides a reliable foundation for analyzing complex

SPPs with multiple small parameters.

Chapter 5 focuses on the numerical solution of Eq. (1.8) using parameter-uniform

framework that effectively captures the influence of multiple small perturbation pa-

rameters and delay effects. The Crank-Nicolson scheme ensures second-order tempo-

ral accuracy, while a fitted spatial integration technique resolves the sharp gradients

caused by singular perturbations. The formulation employs an adaptive operator-
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fitting mechanism that balances the perturbation parameters within the spatial oper-

ator, achieving uniform convergence throughout the domain. The incorporated delay

term, which adds dynamic complexity, is efficiently treated through the combined

temporal-spatial discretization, preserving both stability and accuracy.

Chapters 6 and 7 focus on the problem formulated in Eq. (1.9), which represents

a class of TP-SPPPs involving discontinuous data. These discontinuities, combined

with the presence of multiple small perturbation parameters, give rise to complex layer

structures that necessitate specialized numerical strategies for accurate resolution. In

Chapter 6, a numerical scheme is developed by employing the implicit Euler method

for temporal discretization, ensuring stability and reliability over fine temporal grids.

The spatial variable is discretized using a non-polynomial spline technique constructed

on a piecewise uniform mesh, which effectively captures sharp gradients and discon-

tinuities across the domain while maintaining computational efficiency. Chapter 7

extends the study by developing a parameter-uniformly convergent scheme for the

same problem. The implicit Euler method is used for temporal discretization, while

a nonstandard finite difference technique ensures spatial accuracy with respect to

the perturbation parameters. To enhance precision, Richardson extrapolation is em-

ployed, improving the convergence order and refining the numerical solution.

Chapter 8 focuses on the numerical treatment of Eq. (1.9), employing the implicit

Euler method for time discretization and a cubic spline in tension for spatial approx-

imation. The influence of perturbation parameters is effectively managed using a

Shishkin mesh, ensuring uniform accuracy across layers. Finally, Chapter 9 summa-

rizes the key findings of the proposed schemes, and outlines recommendations and

future research directions for advancing singular perturbation analysis.
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Chapter 2

Review of Related Literature

Singularly perturbed problems play a vital role in modeling physical, chemical, and

biological processes characterized by sharp gradients or layer phenomena. Since

Prandtl’s pioneering work, research in singular perturbation theory has expanded

enormously, making it difficult for any single study to capture the entire scope. The

complexity increases further when small parameters, delay terms, or discontinuities

are introduced, demanding specialized numerical methods for accurate solutions. This

chapter reviews the key contributions in the literature, with emphasis on numerical

techniques developed for tackling such challenging tasks.

2.1 Singularly Perturbed Problems

A considerable amount of research has been devoted to the development of uniformly

convergent numerical techniques for SPDEs. In addressing such problems, extensive

literature is available in the form of books and monographs that emphasize either

asymptotic analysis or numerical methodologies (see,e.g., Van Dyke (1975); O’malley

et al. (1991); Miller et al. (1996); Farrell et al. (2000); Holmes (2007); Nayfeh &

Balachandran (2008); Roos (2008); Shishkin & Shishkina (2008); Linß (2009)). In

addition to these foundational works, several comprehensive surveys have also been

published, specifically reviewing the progress made in this area (Kadalbajoo & Reddy,

1989; Kadalbajoo & Patidar, 2002, 2003; Kumar et al., 2007; Kadalbajoo & Gupta,

2010; Roos, 2012; Duressa et al., 2023).

Furthermore, there have been several published studies on recently developed uni-
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formly convergent numerical methods for SPPs. For example, Munyakazi & Patidar

(2014) formulated a fitted operator FDM for SPPs of the form:

Lw := (εw′′ + aw′ − bw = f) (x), x ∈ Ω = (−1, 1),

w(−1) = A, w(1) = B,

where A and B are given real constants and ε ∈ (0, 1], and the coefficients a(x), b(x),

and f(x) are sufficiently smooth function in Ω. The suggested method is robust with

respect to ε and is of order almost one. However, the authors improve the accuracy

of the methods by employing Richardson extrapolation.

Aga et al. (2021) considered the SPP reaction-diffusion IBVP as:

(
ε
∂2w

∂x2
− bw − ∂w

∂t

)
(x, t) = f(x, t), x ∈ Ω = (0, 1)× (0, 1),

w(x, 0) = s(x), ∀x ∈ [0, 1],

w(0, t) = q0(t), w(1, t) = q1(t), ∀t ∈ [0, T ],

where ε is perturbation parameter and assume that the coefficient function is suf-

ficiently smooth. The authors proposed a FOMs to solve problems whose solution

exhibits twin boundary layers. The Richardson extrapolation technique was used to

accelerate the rate of convergence.

2.2 Singularly Perturbed Delay Problems

In many practical scenarios, it is commonly assumed that a system evolves accord-

ing to the principle of causality; meaning its future behavior depends solely on its

current state, independent of past states. However, upon closer examination, this

assumption often serves only as a first-order approximation. In reality, many systems

are influenced by their historical states, requiring more accurate models that incorpo-

rate memory effects. Such systems are typically described by DEs with delay(or lag)

terms, reflecting the dependence on past conditions.

Singularly perturbed problems with time delays are mathematical problems that com-

bine DEs with a singular perturbation parameter, and a time delay parameter. These

problems incorporate time delays, which introduce complexities by including memory
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effects and feedback dynamics in the system. The presence of time delay can lead to

oscillations, or the emergence of complex dynamics (Zak et al., 2003). The literature

contains various numerical methods that have been developed for addressing these

types of problems. These methods aim to accurately capture the dynamics of systems

with time delay, enabling the analysis and prediction of their behavior with improved

precision and reliability. For example, Ansari et al. (2007) investigated a SPPPs with

time delays on D = (0, 1)× (0, T ] of the form:

Lwε ≡
(
∂wε
∂t
− ε∂

2wε
∂x2

+ awε

)
(x, t) = −bwε (x, t− τ) + f(x, t), (x, t) ∈ D,

wε(x, t) = φl(t), wε(x, t) = φr(t), wε(x, t) = φb(x, t),

(2.1)

where 0 < ε ≤ 1 and τ > 0 is a delay term and the coefficients are sufficiently smooth

and bounded functions. The authors proposed a standard finite difference scheme

(FDS), employing a spatially centered and temporally implicit discretization. The

method proved highly effective in resolving boundary layer behavior and exhibited

strong robustness with respect to ε. Moreover, the numerical solutions obtained

showed uniform convergence in the maximum norm to the exact solution over the

entire range of the perturbation parameter ε ∈ (0, 1]. It was rigorously demonstrated

that the errors were bounded in the maximum norm by C
(
N−2
x ln−2Nx +N−1

t

)
.

Bashier & Patidar (2011), the authors studied a SPPPs with time delay of the form

given in Eq. (2.1). They proposed a fitted operator FDM to obtain its solution. The

developed scheme was shown to be unconditionally stable and convergent with an

accuracy of order O (k + h2). This performance was notably better than the method

presented in Ansari et al. (2007). In the same year, the authors extended their work

by developing a second-order fitted operator FDM specifically for SPPPs with time

delay of convection-diffusion type. This method was constructed by replacing the

classical differential operator with a fitted operator derived from the Crank-Nicolson

discretization scheme. The proposed method was rigorously analyzed and found to be

unconditionally stable and convergent with an improved accuracy of order O (k2 + h2).

Gowrisankar & Natesan (2017), suggested ε−uniformly convergent numerical scheme

comprises the backward-Euler method in the temporal direction with a constant step

size and the resulting system of DEs is approximated by the up-wind FDM on a
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piecewise uniform adaptive mesh for SPPPs with time delay on the domain D =

Ω × (0, T ] = (0, 1)× (0, T ] and Γ = Γl
⋃
Γb
⋃
Γr:

(
∂

∂t
+ Lε

)
w(x, t) = −b(x, t)w (x, t− τ) + f(x, t), (x, t) ∈ D,

w(x, t) = $b(x, t), (x, t) ∈ Γb,

w(0, t) = $l(t), on Γl = {(0, t) : 0 ≤ t ≤ T} ,

w(1, t) = $r(t), on Γr = {(1, t) : 0 ≤ t ≤ T} ,

(2.2)

where Lεw(x, t) = −ε∂
2w(x, t)

∂x2
+ c(x)

∂w

∂x
+ a(x, t)w(x, t), 0 < ε � 1 and τ > 0.

The functions a(x, t), b(x, t), c(x) in D and $b(x, t), $l(t), $r(t) in Γ are sufficiently

smooth and bounded functions. The terminal time satisfy the condition T = kτ, k ∈

Z+. The authors carried out the stability analysis of the method and obtained

ε−uniform convergence of first-order both in time and space.

Several studies Das & Natesan (2015); Salama & Al-Amery (2017); Das & Natesan

(2018); Kumar & Kumari (2019, 2020); Podila & Kumar (2020); Govindarao & Mo-

hapatra (2020); Kumar (2021) have addressed the same problem (2.2) involving both

small and large delay parameters in the time variable, proposing different numerical

approaches such as the fitted FDS, compact finite difference technique, extended B-

spline method, and hybrid schemes incorporating fitting strategies.

Singh et al. (2018) designed a domain decomposition method for solving singularly

perturbed parabolic delay differential equation(SPPDDEs) by discretizing the prob-

lem using the backward Euler scheme in the time and FDS on Shishkin-mesh in spatial

direction. The researchers considered the problem as:

Lw(x, t) =− b(x, t)w (x, t− τ) + f(x, t), (x, t) ∈ D = (0, 1)× (0, T ],

w(0, t) = φl(t), w(1, t) = φr(t), w(x, t) = φb(x, t),

where Lw(x, t) := wt − εwxx + aw. Here, 0 < ε � 1, τ > 0 and b ≤ 0, a + b ≥ 0

on D. Hence, the proposed scheme demonstrates uniform convergence with nearly

second-order accuracy in space and first-order accuracy in time.

Woldaregay et al. (2023) considered a SPPDDE on D = Ωx×Ωt = (0, 1)× (0, T ] with
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boundary ∂D, where D = Ωx × Ωt = [0, 1]× [0, T ], which is given by:

wt−εwxx + a(x)wx + b(x, t)w(x, t) = −c(x, t)w (x, t− τ) + f(x, t), (x, t) ∈ D,

w(x, t) = φb(x, t), (x, t) ∈ [0, 1]× [−τ, 0],

w(0, t) = φl(t), t ∈ Ωt, w(1, t) = φr(t), t ∈ Ωt,

where ε ∈ (0, 1] is a perturbation parameter and τ > 0 is the delay parameter. To

numerically solve a problem, the authors proposed a fitted exact difference method.

This approach combines the Crank-Nicolson scheme for time discretization with a

fitted mesh exact FDM for spatial discretization.

2.3 Existing Studies on Two-Parameter Singularly

Perturbed Problems

Two-parameter singularly perturbed parabolic problems with and without time delay

find numerous applications across various fields. For instance, in engineering, they are

employed in modeling phenomena such as drift-diffusion in semiconductors (Polak et

al., 1987), and fluid dynamics (Schlichting & Gersten, 2016; Govindarao et al., 2019).

To numerically solve these problems, researchers have devised uniformly convergent

numerical methods. Numerous studies have contributed to the advancement of these

techniques, focusing on ensuring their accuracy, stability, and reliability. These meth-

ods provide an effective and precise means for computing solutions to TP-SPPPs, both

with and without time delay. Some of such studies were found in O’malley (1967);

Vulanović (2001); Roos & Uzelac (2003); Patidar (2008); Kadalbajoo & Yadaw (2012);

Zahra & El Mhlawy (2013); Munyakazi (2015); Chandru et al. (2017, 2018); Mekonnen

& Duressa (2020); Govindarao et al. (2019); Sumit et al. (2020); Bullo et al. (2021);

Roy & Jha (2023); Negero et al. (2023).

Patidar (2008) consider the SPDE of the form:

Lε,µw ≡ (εw′′ + µaw′ − bw = f) (x), x ∈ Ω = (0, 1),

w(0) = α0, w(1) = α1,
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where 0 < ε and µ ≤ 1 are two small parameters. In his study, the author developed

FOMs tailored for a class of SPDEs involving two small parameters associated with

the derivatives. These techniques, classified as nonstandard FDMs, were employed to

compute accurate numerical solutions to the problems.

Kadalbajoo & Yadaw (2012) investigated a time-dependent singularly perturbed reaction-

diffusion BVP on D = Ω × (0, T ] with Ω = (0, 1) as:

ε
∂2w

∂x2
+µa(x)

∂w

∂x
− b(x)w(x)− ∂w

∂t
= f(x, t), (x, t) ∈ D,

w(x, 0) = w0(x), w(0, t) = 0 = w(1, t) = 0, t ∈ [0, T ],

with 0 < ε � 1 and 0 < µ � 1, such that
µ2

ε
→ 0 as ε → 0. The approach

employs Rothe’s method, an implicit finite difference scheme in time on a uniform

mesh combined with a finite element method in space using a Shishkin-type piecewise

uniform mesh. It has been demonstrated that the method is unconditionally stable

and achieves an accuracy of order O
(
N−2 (lnN)2 + ∆t

)
.

Zahra & El Mhlawy (2013) investigated a class of two-parameter singularly perturbed

semi-linear BVPs of the form:

Lw(x) ≡ −εdw′′ + εcp(x)w′ + f(x,w) = 0, x ∈ (0, 1),

subject to w(0) = µ1 and w(1) = µ2, where 0 < εd � 1 and 0 < εc � 1. The authors

employed an exponential spline method on a Shishkin mesh. The proposed method

exhibits uniform convergence with respect to both perturbation parameters.

Munyakazi (2015) studied a class of time-dependent TP-SPPPs which respectively

influence the diffusion and the convection terms. The problem is given by:

Lε,µw ≡ ε
∂2w

∂x2
+ µa(x)

∂w

∂x
− b(x)w(x)− ∂w

∂t
= f(x, t), (x, t) ∈ (0, 1),

w(x, 0) = w0(x), x ∈ Ω, w(0, t) = w(1, t) = 0, t ∈ [0, T ],

where 0 < ε, µ ≤ 1. To approximate the solution, the authors applied the backward

Euler method for time discretization and nonstandard finite difference approach in-

troduced by Mickens, for spatial discretization.

28



Mekonnen & Duressa (2020) investigated a 1D parabolic convection-diffusion prob-

lems characterized by the presence of two small perturbation parameters associated

with the convection and diffusion terms. The governing equation is:

Lε,µw ≡
∂w

∂t
− ε∂

2w

∂x2
− µa(x, t)

∂w

∂x
+ b(x, t)w = f(x, t), (x, t) ∈ D,

w(x, 0) = w0(x), x ∈ Ω, w(0, t) = 0 = w(1, t), t ∈ [0, T ],

(2.3)

where ε and µ are small positive parameters(0 < ε � 1, 0 < µ � 1). To solve the

problem numerically, the authors employed the Crank-Nicolson method for temporal

discretization on a uniform mesh and applied a nonstandard FDS for spatial dis-

cretization. The results demonstrated that the scheme is more accurate than several

existing methods reported in the literature.

Govindarao et al. (2019) examined a class of two-parameter singularly perturbed

parabolic initial-boundary value problems(IBVPs) with time delay. The problem is

defined on the domain Ω = (0, 1)× (0, T ] and is governed by the following equation:

(
∂

∂t
+ Lε,µ

)
w(x, t) =− c(x, t)w (x, t− τ) + f(x, t), x ∈ Ω = (0, 1)× (0, T ],

w(x, t) = w0(x, t), (x, t) ∈ Γb = [0, 1]× [−τ, 0],

w(0, t) = φl(t), on Γl = {(0, t)|0 ≤ t ≤ T} ,

w(1, t) = φr(t), on Γr = {(1, t)|0 ≤ t ≤ T} ,

(2.4)

where the differential operator is defined by

Lε,µ := −εwxx(x, t)− µa(x)wx(x, t) + b(x, t)w(x, t), G = Ω × (0, T ].

They employed the implicit Euler method for time discretization and an upwind FDS

on Shishkin meshes (standard and Bakhvalov-Shishkin) for space. The scheme was

shown to be uniformly convergent and first-order accurate, independent of ε and µ.

In Gupta et al. (2019), the authors proposed a numerical approach for solving a

time-dependent TP-SPPPs described by Eq. (2.3). The method applies the implicit

Euler scheme for time discretization on a uniform mesh and a hybrid monotone differ-

ence operator on a piecewise-uniform Shishkin mesh for space. This hybrid operator
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combines central-upwind and midpoint-upwind schemes for the outer and inner layer

regions, respectively, achieving nearly second-order spatial accuracy. By incorporat-

ing Richardson extrapolation, the time discretization was enhanced to second-order

accuracy, resulting in a uniformly convergent, higher-order method effective for prob-

lems with pronounced boundary and interior layers.

In Sumit et al. (2020), the authors studied a 1D singularly perturbed IBVP with

delay, involving two small parameters, as given in Eq. (2.4). They proposed a hybrid

monotone finite difference scheme on a rectangular mesh, combining the implicit Eu-

ler method for time discretization with a spatial hybrid operator formed from central,

upwind, and midpoint differences. This formulation ensures stability and reliability

under delay and perturbation effects, achieving nearly second-order spatial and first-

order temporal convergence uniformly in both small parameters.

Bullo et al. (2019) formulated a higher-order uniform scheme by combining implicit

Euler time discretization with a fitted central difference in space for Eq.(2.4). Using

Richardson extrapolation, its accuracy was enhanced from second to fourth-order.

Subsequently, Bullo et al. (2021) introduced a robust FDM for Eq.(2.4), employing

Mickens type discretization with a fitted operator on a uniform mesh. Although ini-

tially first-order accurate, applying Richardson extrapolation improved accuracy.

Negero et al. (2023) introduced fitted operator FDMs for solving 1D,TP-SPPPs

that involve a delay in the time variable. The problem is defined on the domain

D = Ωx × (0, T ], where Ωx = (0, 1):

Lε,µw(x, t) ≡ wt − εwxx − µa(x, t)wx + b(x, t)w = g(x, t), (x, t) ∈ D, (2.5)

subject to the initial and boundary conditions:

w(x, t) = Ψb(x, t), (x, t) ∈ Γb = [0, 1]× [−τ, 0],

w(0, t) = Ψl(t), Γl, w(1, t) = Ψr(t), Γr = {(1, t) : 0 ≤ t ≤ T} ,
(2.6)

where the source term is defined as g(x, t) = −c(x, t)w(x, t−τ)+f(x, t), with param-

eters 0 < ε ≤ 1, 0 ≤ µ ≤ 1 and τ > 0 denoting the time delay. To numerically approx-

imate the solution, the Crank-Nicolson scheme was employed for time discretization,
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while a non-standard fitted operator method was applied for spatial discretization.

Ayele et al. (2023) developed a numerical framework for TP-SPPPs with time delays,

as formulated in (2.5-2.6). The interplay of the small perturbation parameters gen-

erates twin boundary layers near the spatial domain, with their intensity dictated by

the parameter magnitudes. The scheme employs a θ−method for time discretization

on a uniform grid, while the spatial domain is treated using a cubic spline formulation

enhanced by an appropriate fitting factor. The authors also establish the scheme’s

stability and derive its corresponding error bounds.

Daba et al. (2024) developed a fitted collocation scheme based on third-degreeB−splines

for solving TP-SPPPs incorporating a time delay, as given in equations (2.5-2.6). The

method integrates the Crank-Nicolson technique for temporal discretization with a

cubic B−spline approach for spatial approximation. The numerical experiments con-

ducted demonstrate that the proposed method achieves higher accuracy compared to

several existing schemes in the literature. Furthermore, a detailed parameter-uniform

convergence analysis confirms that the method is uniformly convergent with respect

to ε and µ, thereby establishing its (ε, µ)−uniform convergence.

2.4 Two-Parameter Singular Perturbations with Dis-

continuous Data

Since TP-SPPPs are relevant to heat transport, chemical processes, fluid movement,

and biological systems, they are extensively researched. Sharp border or inner layers

are created by the presence of several tiny parameters, and complicated and realistic

models are further enhanced by the addition of discontinuous convection coefficients

and source terms, which are typical in heterogeneous or piecewise media.

Roy & Jha (2023) proposed method tailored for two-parameter singularly perturbed

BVPs involving non-smooth data. The study focused on equations featuring discon-

31



tinuities in both the source and convection parameters, expressed as:

Lw(x) :≡ (εw′′ + µaw′ − bw = f) (x), x ∈
(
Ω− ∪Ω+

)
,

a(x) ≤ −α1 < 0, for x ∈ Ω−, a(x) ≥ α2 > 0, for x ∈ Ω+,

|[a] (d)| ≤ C, |[f ] (d)| ≤ C,

where 0 < ε, µ � 1, α1, α2 ∈ R, and Ω− = (0, d), Ω+ = (d, 1), d ∈ Ω = (0, 1). The

source term and the convection coefficient are discontinuous at the point d. Their

approach utilizes Shishkin-Bakhvalov type mesh combined with an upwind FDS to

accurately capture sharp boundary and interior layers. The developed numerical

scheme demonstrates uniform convergence concerning both perturbation parameters

and attains first-order precision, proving its robustness and reliability in tackling

problems involving discontinuities and steep solution gradients.

Chandru et al. (2017) developed a numerical method for solving TP-SPPPs with

non-smooth data. The study focuses on a class of IBVPs defined on the domain

Γ = Ωx × Ωt, incorporating both reaction-diffusion and convection-diffusion effects.

The governing equation is given by:

Lε,µw(x, t) :≡ (εwxx + µawx − bw − cwt = f) (x, t), (x, t) ∈
(
Γ− ∪ Γ+

)
, (2.7)

with the following boundary and initial constraints:

w(x, t) = p(x, t), (x, t) ∈ Γc,

w(x, t) = q(x, t), (x, t) ∈ Γl, w(x, t) = r(x, t), (x, t) ∈ Γr
(2.8)

where, ε and µ are singular perturbation parameters satisfying 0 < ε � 1 and

0 ≤ µ ≤ 1. The convection coefficient and the source term are assumed to be

smooth within the subdomains (Γ− ∪ Γ+), with a(x, t) satisfying the sign condi-

tions: a(x, t) ≤ −α1 < 0, (x, t) ∈ Γ− and a(x, t) ≥ α2 > 0, (x, t) ∈ Γ+, where,

α = min (α1, α2), and α1, α2 are positive constants. Furthermore, the authors ac-

counted for the discontinuities in a(x, t) and f(x, t) at an interior point (d, t), with

the jumps satisfying: |[a] (d, t)| ≤ C, |[f ] (d, t)| ≤ C, where the jump of ω at (d, t)

is defined by [ω] (d, t) = ω(d+, t) − ω(d−, t). The presence of these discontinuities
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introduces interior layers near x = d, in addition to boundary layers caused by the

small perturbation parameters. The proposed numerical method ensuring accurate

resolution despite the non-smooth nature of the data.

Chandru et al. (2018) examined a parabolic convection-diffusion-reaction problem in

which the diffusion and convection terms are governed by two distinct small pertur-

bation parameters, as defined in Eqs. (2.7-2.8). The study further addressed cases

where the convection coefficient and source term exhibit jump discontinuities within

the domain. These discontinuities, combined with the small parameters, lead to the

emergence of boundary and interior layers, posing significant numerical challenges. To

address this, the authors proposed a parameter-uniform scheme that achieves nearly

first-order accuracy in both spatial and temporal directions. Their method employs

a Shishkin-type piecewise uniform spatial mesh along with a uniform time mesh, ef-

ficiently resolving the layer behavior.

In a later study, Chandru et al. (2019) extended this approach to the same class of

problems, utilizing a backward Euler scheme for time discretization with uniform time

steps and an upwind FDM on a pre-defined piecewise uniform mesh refined near an-

ticipated layer regions. Both theoretical analysis and numerical experiments verified

that the scheme maintains first-order temporal accuracy and nearly first-order spa-

tial accuracy, while preserving parameter-uniform convergence consistent with their

previous findings.

Kumar & Kumari (2021) introduced a numerical technique for SPPs characterized by

small diffusion and convection parameters (ε, µ), where both the convection and source

terms contain jump discontinuities within the domain, as formulated in Eqs. (2.7-2.8).

The method applies an implicit discretization framework on a predefined S-mesh. Ow-

ing to the existence of twin boundary layers and an interior layer, the solution exhibits

a distinct structure compared to cases with smooth data, necessitating a specialized

analytical treatment. A detailed convergence analysis confirmed that the scheme

maintains parameter-uniform convergence, delivering second-order accuracy in time

and nearly first-order accuracy in space.

Singh et al. (2023) recently investigated numerical approaches for problem (2.7-2.8)

and developed an efficient spline-based technique for TP-SPPPs with discontinuous
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convection and source terms. The method employs the Crank-Nicolson scheme for

temporal discretization and trigonometric B−spline basis functions for spatial ap-

proximation. Initially, it achieved nearly first-order spatial and second-order temporal

accuracy. To further improve precision, Richardson extrapolation was applied, suc-

cessfully enhancing the spatial convergence from first to second order. The approach

was validated through two numerical experiments, which captured the expected layer

structures and confirmed the theoretical convergence rates, clearly showing the effec-

tiveness of the Richardson extrapolation in improving spatial accuracy.

In summary, extensive efforts have focused on designing uniformly convergent nu-

merical schemes for TP-SPPPs in both steady-state and transient forms, owing to

the absence of closed form analytical solutions. Most studies employ uniform tem-

poral discretization using classical schemes such as backward or forward Euler and

Crank-Nicolson, while spatial discretization emphasizes accurate resolution of bound-

ary and interior layers through operator or mesh-fitting strategies, particularly on

Shishkin-type meshes. Further developments have extended these techniques to ad-

dress discontinuities and degeneracy in convection coefficients and source terms. The

reviewed works also reveal that factors such as the convection coefficient’s sign, pertur-

bation magnitudes, and delay effects significantly shape the layer behavior. Although

notable progress has been achieved, existing methods remain open to improvement,

leaving scope for continued refinement and innovation in this research area.

Despite significant progress, time-dependent TP-SPPPs remain far less explored than

their steady-state counterparts. Even with existing approaches, the accuracy obtained

is often limited, and only a few studies report higher-order convergence. Although

recent works mark important strides toward robust numerical schemes, achieving uni-

form convergence in the simultaneous presence of two perturbation parameters, par-

ticularly under non-smooth or discontinuous data, continues to be a major challenge.

This research seeks to address that gap by developing stable and accurate schemes

that ensure parameter-uniform convergence, thereby enhancing the reliability and

applicability of numerical solutions to a broader class of such complex problems.
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Chapter 3

An Exponentially Fitted Gaussian

Quadrature Method for

Two-Parameter Singularly

Perturbed Parabolic Problems

This chapter focuses on the numerical analysis of a time-dependent two-parameter

singularly perturbed IBVP Eq. (3.1), adopting a uniform mesh strategy that differs

from the approaches presented in Ganesh Kumar & Phaneendra (2020); Mekonnen &

Duressa (2020). The proposed numerical method is constructed through a two-stage

procedure involving semi-temporal discretization followed by spatial discretization.

Initially, the time variable is discretized using the Crank-Nicolson scheme. Sub-

sequently, the resulting semi-discrete problems are further discretized in space by

applying the two-point Gaussian quadrature rule, coupled with finite difference ap-

proximation for the first derivatives. To handle sharp solution variations, the fitting

factor is derived based on singular perturbation theory. Numerical experiments con-

firm that the developed scheme exhibits uniform convergence and delivers improved

accuracy compared to several existing techniques in the literature.
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3.1 Introduction

Two-parameter singularly perturbed parabolic problems arise in models where the

interaction of two small parameters generates multiple boundary layers and intricate

multi-scale behavior. Compared to single parameter SPPs, these problems have re-

ceived far less numerical attention. Although O’malley (1967) initiated asymptotic

studies in the mid 1960s, the development of uniformly convergent numerical methods

progressed slowly for several decades. The combined influence of two perturbation

parameters leads to sharper gradients and complex layer interactions, making the con-

struction of reliable discretization techniques significantly more challenging. Notable

advances were achieved with the works of Vulanović (2001); O’Riordan et al. (2003);

Roos & Uzelac (2003); Chandru et al. (2017); Andisso & Duressa (2024), which es-

tablished important methodological foundations for TP-SPPPs.

Recent studies have shown that the two-point Gaussian quadrature is effective for

problems involving sharp layer structures. While conventional integration techniques

deteriorate in the presence of steep gradients, the two-point Gaussian quadrature

integrates polynomials of degree up to three with high precision using only two

nodes, making it well suited for weighted residual formulations, finite element meth-

ods(FEMs), and fitted finite difference schemes. Its versatility has been demonstrated

in Phaneendra & Lalu (2019a) for SPODEs, in Phaneendra & Lalu (2019b) for delay

DEs, and in Tefera et al. (2022) for parabolic convection-diffusion problems.

Motivated by these developments, this chapter formulates a uniform numerical scheme

for time-dependent TP-SPPPs. The method employs the Crank–Nicolson scheme for

time discretization to ensure temporal stability and second-order accuracy, and a

fitted two-point Gaussian quadrature with an exponential fitting factor for spatial

discretization on a uniform mesh. The fitted quadrature captures the intrinsic layer

behavior within the spatial operator, enabling accurate approximation of both smooth

and rapidly varying solution components. A rigorous stability and convergence anal-

ysis confirms that the resulting scheme achieves uniform convergence with respect to

both perturbation parameters.

The chapter is organized as follows: Section 3.2 presents the mathematical formulation
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of Eq. (3.1), while Section 3.3 discusses the fundamental properties of its continu-

ous solution. The proposed numerical scheme is developed in Section 3.4, with its

convergence analysis detailed in Section 3.5. Section 3.6 provides numerical experi-

ments that illustrate the methods accuracy and effectiveness. The chapter concludes

in Section 3.7 with a summary of the key findings.

3.2 Definition of the Problem

Consider a 1D, time-dependent parabolic convection-diffusion problems involving two

perturbation parameters. The problem is defined over the domain G = Q×Λ, where

Q = (0, 1) and Λ = (0, T ]. The boundary of the domain, Γ = Γb ∪ Γl ∪ Γr, consists

of three parts: the left boundary Γl =
{

(x, t) : x = 0, t ∈ Λ
}

, the bottom boundary

Γb =
{

(x, t) : t = 0, x ∈ Q
}

, and the right boundary Γr =
{

(x, t) : x = 1, t ∈ Λ
}

.

Within this domain, we study the following problem:


Lε,µw :≡

(
∂w

∂t
− ε∂

2w

∂x2
− µa∂w

∂x
+ bw = $

)
(x, t), (x, t) ∈ G,

w|Γb = ζb(x), x ∈ Q, w|Γl = ζl(t), t ∈ Λ,

w|Γr = ζr(t), t ∈ Λ,

(3.1)

where 0<ε� 1 and 0 ≤ µ ≤ 1 are perturbation parameters that control the strenght

of diffusion and convection effects, respectively. To guarantee the existence and

uniqueness of the solution of Eq. (3.1), we impose the following assumptions:

• All functions involved in Eq. (3.1) are assumed to be sufficiently smooth, bounded,

and possess continuous up to second derivatives.

• The coefficients satisfy the bounds 0 < α ≤ a(x, t), 0 < % ≤ b(x, t), ∀(x, t) ∈ G.

• Compatibility conditions are fulfilled at all corner points of the domain.

3.3 Properties of the Continuous Solution

This section examines key analytical properties of Eq. (3.1) defined over the 1D spatial

domain G. The differential operator Lε,µ in Eq. (3.1) satisfies the following maximum

principle and stability estimates.
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Lemma 3.1. (Continuous Maximum Principle). Let Ξ(x, t) ∈ C2(G) ∩ C0(G). If

Ξ(x, t) ≥ 0,∀(x, t) ∈ Γ and Lε,µΞ(x, t) ≥ 0,∀(x, t) ∈ G then, Ξ(x, t) ≥ 0,∀(x, t) ∈ G.

Proof. We can prove this lemma by contradiction. Assume there exists an arbitrary

point (x∗, t∗) in the plane G = (0, 1)× (0, T ) such that Ξ(x∗, t∗) = min(x,t)∈GΞ(x, t),

and suppose Ξ(x∗, t∗) < 0. By the definition of (x∗, t∗), it is clear that (x∗, t∗) /∈

{(0, 1)}×{(0, T )}, which implies (x∗, t∗) ∈ G. Applying the first and second derivative

tests for multivariable functions in calculus, we have Ξx(x
∗, t∗) = 0, Ξt(x

∗, t∗) = 0,

and Ξxx(x
∗, t∗) ≥ 0. Using the differential operator Lε,µ on Ξx(x

∗, t∗), we obtain

Lε,µΞ(x∗, t∗) =
∂Ξ(x∗, t∗)

∂t
− ε∂

2Ξ(x∗, t∗)

∂x2
− µa(x∗, t∗)

∂Ξ(x∗, t∗)

∂x
+ b(x∗, t∗)Ξ(x∗, t∗),

= ε
∂2Ξ(x∗, t∗)

∂x2
+ b(x∗, t∗)Ξ(x∗, t∗) < 0,

which leads to contradiction as Lε,µΞ(x, t) ≥ 0. Hence, Ξ(x, t) ≥ 0, ∀(x, t) ∈ G.

Lemma 3.2. (Continuous Stability Estimate). The solution w(x, t) of Eq. (3.1) is

bounded and satisfies the estimate below:

‖w‖ ≤
∣∣%−1

∣∣ ‖$‖+ max {|ζb(x)| , |ζl(t)| , |ζr(t)|} ,∀(x, t) ∈ G, (3.2)

where ‖·‖ is the L∞ norm given by ‖w‖ = max(x,t)∈G |w(x, t)| and 0 < % ≤ b(x, t).

Proof. Let Ξ±(x, t) be two barrier functions defined by

Ξ±(x, t) =
∣∣%−1

∣∣ ‖$‖+ max {|ζb(x)| , |ζl(t)| , |ζr(t)|} ± w(x, t).

The barrier functions Ξ±(x, t) on the initial value is

Ξ±(x, 0) =
∣∣%−1

∣∣ ‖$‖+ max {|ζb(x)| , |ζl(t)| , |ζr(t)|} ± w(x, 0) ≥ 0,

The barrier functions Ξ±(x, t) at the two end points are

Ξ±(0, t) =
∣∣%−1

∣∣ ‖$‖+ max {|ζb(x)| , |ζl(t)| , |ζr(t)|} ± w(0, t) ≥ 0,

Ξ±(1, t) =
∣∣%−1

∣∣ ‖$‖+ max {|ζb(x)| , |ζl(t)| , |ζr(t)|} ± w(1, t) ≥ 0,
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When we consider the differential operator Lε,µ, on G, we have

Lε,µΞ±(x, t) =
∂Ξ±(x, t)

∂t
− ε∂

2Ξ±(x, t)

∂x2
− µa(x, t)

∂Ξ±(x, t)

∂x
+ b(x, t)Ξ±(x, t),

=
∂

∂t

[∣∣%−1
∣∣ ‖$‖+ max {|ζb(x)| , |ζl(t)| , |ζr(t)|} ± w(x, t)

]
−

ε
∂2

∂x2

[∣∣%−1
∣∣ ‖$‖+ {|ζb(x)| , |ζl(t)| , |ζr(t)|} ± w(x, t)

]
−

µa(x, t)
∂

∂x

[∣∣%−1
∣∣ ‖$‖+ max {|ζb(x)| , |ζl(t)| , |ζr(t)|} ± w(x, t)

]
+ b(x, t)

[∣∣%−1
∣∣ ‖$‖+ max {|ζb(x)| , |ζl(t)| , |ζr(t)|} ± w(x, t)

]
,

= b(x, t)
(∣∣%−1

∣∣ ‖$‖+ max {|ζb(x)| , |ζl(t)| , |ζr(t)|} ± w(x, t)
)
± Lε,µw(x, t),

= b(x, t)
(∣∣%−1

∣∣ ‖$‖+ max {|ζb(x)| , |ζl(t)| , |ζr(t)|}
)
±$(x, t),

= b(x, t)
(
(max {|ζb(x)| , |ζl(t)| , |ζr(t)|}) +

∣∣%−1
∣∣ ‖$‖)±$(x, t).

Using the definition of the continuous operator Lε,µ and the equality b(x, t) ≥ % > 0

implies b(x, t)%−1 ≥ 1, and since ‖$‖ ≥ $(x, t), we have Lε,µΞ±(x, t) ≥ 0, ∀(x, t) ∈

G. Hence, the maximum principle given by Lemma 3.1 confirmsΞ±(x, t) ≥ 0,∀(x, t) ∈

G, which yields the desired result.

Lemma 3.1 implies the uniqueness of the solution. Indeed, the difference of any two

solutions satisfies the associated homogeneous problem with zero boundary and initial

conditions, and hence vanishes identically by the maximum principle. The existence

of a solution follows from the well-established theory of linear parabolic problems.

Furthermore, Lemma 3.2 guarantees that the solution is bounded, ensuring stability.

Consequently, the problem is well-posed.

Lemma 3.3. The derivative of the solution w of Eq. (3.1) satisfy the bounds for all

nonnegative integers k,m, such that 1 ≤ k + 2m ≤ 3.

1. If µ2 ≤ Cε( diffusion-dominated or not strong convective), then

∥∥∂kx∂mt w∥∥L∞ ≤ C

(
√
ε)
k

max

{
‖w‖L∞ ,

2∑
i+2j=0

(√
ε
)i ∥∥∂ix∂jt$∥∥L∞ , 4∑

i=0

∥∥∥∥diζbdxi

∥∥∥∥
Γb

+

∥∥∥∥diζdti
∥∥∥∥

Γl∪Γr

}
.
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2. If µ2 ≥ Cε(convection-dominated), then

∥∥∂kx∂mt w∥∥L∞ ≤ C
(µ
ε

)k (µ2

ε

)m
×

max

{
‖w‖L∞ ,

2∑
i+2j=0

(
ε

µ

)i(
ε

µ2

)j+1 ∥∥∂ix∂jt$∥∥L∞ , 4∑
i=0

∥∥∥∥diζbdxi

∥∥∥∥
Γb

+

∥∥∥∥diζdti
∥∥∥∥

Γl∪Γr

}
,

where C depends only on the coefficients a, b and their derivatives.

Proof. A proof for these bounds can be established using a conventional approach

(refer to Miller et al. (1998) for details). To begin, we apply an appropriate variable

stretching to reformulate the original problem into a more manageable form. Once the

problem is expressed in the new variables, we utilize the local estimates provided in

Ladyzhenskaia et al. (1968) to derive precise bounds for the transformed solution.

Lemma 3.4. Let ι,m be a non-negative integers such that 0 ≤ ι + 2m ≤ 4. Then,

the solution w(x, t) of Eq. (3.1) and its partial derivatives satisfy the bound

∥∥∥∥ ∂ι+mw∂xι∂tm

∥∥∥∥ ≤

C ε−

ι
2 , if µ2 ≤ ελ

α
,

C
(µ
ε

)ι(µ2

ε

)m
, if µ2 ≥ ελ

α
,

(3.3)

where λ ≈ min
(x,t)∈∆

b(x, t)

a(x, t)
, and C is a positive constant independent of ε and µ.

Proof. The characteristics of w(x, t) are influenced by the relative magnitudes of the

perturbation parameters ε and µ. Accordingly, we examine two distinct scenarios:

1. µ2 ≤ ελ

α
: In this scenario, the diffusion effects are predominant over the con-

vective contributions. By applying classical maximum principle arguments for

parabolic equations with weak diffusion (Ladyzhenskaia et al., 1968), one can

establish that the spatial derivatives exhibit the following scaling behavior:∥∥∥∥∂ιw∂xι
∥∥∥∥ ≤ Cε−ι/2, 0 ≤ ι ≤ 2. (3.4)

Estimates for the time derivatives can be obtained from the structure of Eq. (3.1)

∂w

∂t
= ε

∂2w

∂x2
+ µa

∂w

∂x
− bw +$(x, t),
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and since µ2 � ε, we obtain∥∥∥∥∂mw∂xm

∥∥∥∥ ≤ C, m = 0, 1, 2. (3.5)

Applying mathematical induction to the mixed-derivatives and synthesizing the

results from Eq. (3.4) and Eq. (3.5), we deduce that∥∥∥∥ ∂ι+mw∂xι∂tm

∥∥∥∥ ≤ Cµ−ι/2. (3.6)

2. µ2 ≥ ελ

α
: In this case, the convection term becomes significant relative to

diffusion. Here, we apply a scaling argument of the form ξ =
µx

ε
and τ =

µ2t

ε
to balance convection and diffusion. Under this transformation, Eq. (3.1) is

rewritten in a form where the derivatives are order-one with respect to ξ and τ .

Transforming back to the original variables gives:

∂ι

∂xι
=
(µ
ε

)ι ∂ι
∂ξι

,
∂m

∂tm
=

(
µ2

ε

)m
∂m

∂τm
.

It follows that the mixed-derivatives obey the relation:∥∥∥∥ ∂ι+m

∂xι∂tm

∥∥∥∥ ≤ C
(µ
ε

)ι(µ2

ε

)m
. (3.7)

The constant C appearing in Eqs. (3.6) and (3.7) does not depend on ε or µ but

is determined entirely by the smoothness and upper bounds of the coefficient

function a(x, t), b(x, t), and $(x, t). Integrating the results from both cases,

that is Eqs. (3.6) and (3.7), we establish the piecewise bound:

∥∥∥∥ ∂ι+mw∂xι∂tm

∥∥∥∥ ≤

C ε−

ι
2 , if µ2 ≤ ελ

α
,

C
(µ
ε

)ι(µ2

ε

)m
, if µ2 ≥ ελ

α
,

which proves the Lemma.
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3.4 Formulation of the Numerical Scheme

This section outlines a numerical scheme developed to solve Eq. (3.1). The approach

employs the Crank-Nicolson method to discretize the time derivative and two-point

Gaussian quadrature is applied over a uniformly spaced grid for spatial derivatives, en-

abling accurate and efficient numerical integration. Together, these techniques provide

a stable and precise framework for approximating the solution of the given problem.

3.4.1 Temporal Semi-discretization

The continuous problem (3.1) is semi-discretized in time over [0, T ] by employing the

Crank-Nicolson scheme on a uniform temporal grid. The interval is divided into M

equal subintervals, leading to a constant time step size k = T/M . The corresponding

time mesh is defined as ΛM
t = {tj = jk : j = 0, 1, . . . ,M, t0 = 0, tM = T} , where M

is the total number of mesh elements along time axis. To construct the Crank-Nicolson

scheme, the Taylor expansion of w(x, t) about midpoint
(
x, tj+ 1

2

)
is used:

wj+1(x) = wj+
1
2 (x) +

k

2

∂wj+
1
2 (x)

∂t
+
k2

8

∂2wj+
1
2 (x)

∂t2
+
k3

48

∂3wj+
1
2 (x)

∂t3
+ · · · , (3.8)

wj(x) = wj+
1
2 (x)− k

2

∂wj+
1
2 (x)

∂t
+
k2

8

∂2wj+
1
2 (x)

∂t2
− k3

48

∂3wj+
1
2 (x)

∂t3
+ · · · . (3.9)

Subtracting Eq. (3.9) from Eq. (3.8) eliminates the midpoint term wj+
1
2 (x), yielding

∂wj+
1
2 (x)

∂t
=
wj+1(x)− wj(x)

k
+ TEj+ 1

2 (x), (3.10)

where TEj+ 1
2 (x) denotes the local truncation error (LTE), expressed as

TEj+ 1
2 (x) =

k3

24

∂3wj+
1
2 (x)

∂t3
+ higher-order terms, (3.11)
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which is of order O(k3). The semi-discrete form of Eq. (3.1) with time discretized

and space remaining continuous takes the following form:

− ε (wxx(x))j+1 − µaj+1(x) (wx(x))j+1 +

(
bj+1(x) +

2

k

)
wj+1(x) =

ε (wxx(x))j + µaj(x) (wx(x))j −
(
bj(x)− 2

k

)
wj(x) +$j+1(x) +$j(x).

(3.12)

At each time level (j + 1), the semi-discrete approximation w(x, tj+1) satisfies the

following BVP in the spatial variable x:

LMε,µW j+1(x) ≡ −ε (Wxx(x))j+1 − µaj+1(x) (Wx(x))j+1 +(
bj+1(x) +

2

k

)
W j+1(x) = Hj(x),

W j+1(0) = ζl(tj+1), W j+1(1) = ζr(tj+1), 0 ≤ j ≤M,

W 0(x) = ζb(x), x ∈ (0, 1),

(3.13)

where

Hj(x) = ε (Wxx(x))j + µaj(x) (Wx(x))j −
(
bj(x)− 2

k

)
W j(x) +$j+1(x) +$j(x).

Here, W (x, tj+1) denotes the semi-discrete approximation to the exact solution w(x, tj+1)

of Eq. (3.1). To verify the uniform convergence of the proposed numerical method,

we first analyze the semi-discrete problem (3.13). This analysis includes deriving the

consistency estimates and establishing the stability properties, which together form

the basis for the subsequent convergence proofs. The main analytical results are

summarized in the following lemmas.

Lemma 3.5. (Semi-discrete Maximum Principle). At the (j + 1)th time level, let

Ψ(x, tj+1) ∈ C2(Q) be a smooth function such that Ψ(0, tj+1) ≥ 0 and Ψ(1, tj+1) ≥ 0.

If LMε,µΨ(x, tj+1) ≥ 0, ∀x ∈ G, then Ψ(x, tj+1) ≥ 0, ∀x ∈ Q.

Proof. Let (χ∗, tj+1) ∈ {(x, tj+1) : x ∈ Q} be a point where

Ψ(χ∗, tj+1) = min
x∈Q

Ψ(x, tj+1).

Assume, for contradiction, that Ψ(χ∗, tj+1) < 0. Then (χ∗, tj+1) /∈ {(0, tj+1), (1, tj+1)},
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implying χ∗ ∈ Q. At this interior point, the necessary conditions hold:

Ψx(χ
∗, tj+1) = 0, Ψxx(χ

∗, tj+1) ≥ 0.

Applying the operator LMε,µ to Ψ(χ∗, tj+1) gives

LMε,µΨ(χ∗, tj+1) =− εΨxx(χ∗, tj+1)− µa(χ∗, tj+1)Ψx(χ
∗, tj+1)

+

(
b(χ∗, tj+1) +

2

k

)
Ψ(χ∗, tj+1) < 0,

which contradicts the assumption LMε,µΨ(x, tj+1) ≥ 0. Hence, the assumption is false,

and it follows that Ψ(χ∗, tj+1) ≥ 0. Therefore, Ψ(x, tj+1) ≥ 0 for all x ∈ Q.

To analyze the uniform convergence of the semi-discrete scheme defined in Eq. (3.13),

we first construct local truncation error (LTE), which is ej+1 = w(x, tj+1)−W (x, tj+1),

where w(x, tj+1) represents the exact solution andW (x, tj+1) denotes the semi-discrete

numerical approximation. The function W (x, tj+1) satisfies the discrete BVP:

−εWxx(x, tj+1)− µa(x, tj+1)Wx(x, tj+1) +B(x)W (x, tj+1) = H(x, tj),

W (0, tj+1) = ζl(tj+1), W (1, tj+1) = ζr(tj+1), 0 ≤ j ≤M,

W 0(x) = ζb(x), x ∈ (0, 1),

(3.14)

whereB(x) = b(x, tj+1)+ 2
k
, andH(x, tj) = εWxx(x, tj)+µa(x, tj)Wx(x, tj)−B(x)W (x, tj)+

$(x, tj+1)+$(x, tj). Based on the preceding lemmas, the consistency and stability of

the Crank-Nicolson time discretization can be established, both of which determine

the scheme’s temporal convergence behavior.

Lemma 3.6. If the solution w(x, tj+1) of Eq. (3.1) and its time derivatives are uni-

formly bounded for (x, t) ∈ [0, 1]× [0, T ], independent of ε, µ,N , and M , then the LTE

of Eq. (3.14) satisfies

‖ej+1‖∞ ≤ Ck3.

Proof. The proof directly follows from Eqs. (3.10) and (3.11).

Lemma 3.7. (Global Error Estimate). The global error estimate Ej at the (j)th time
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level is bounded by

‖Ej‖∞ ≤ C(k2),∀j ≤ T/k.

Proof. By summing the local error bounds derived in Lemma 3.6 over all time levels

up to the (j)th step, and applying the stability properties of the semi-discretization

scheme, we obtain the folowing global error estimate at (j)th time level.

‖Ej‖∞ =

∥∥∥∥∥
j∑
i=1

ei

∥∥∥∥∥
∞

, j ≤ T

k
,

= ‖e1‖∞ + ‖e2‖∞ + ...+ ‖ej−1‖∞ + ‖ej‖∞ ,

≤ C1

(
k3
)

+ C2

(
k3
)

+ C3

(
k3
)

+ ...+ Cj
(
k3
)
,

≤ C∗(j)
(
k3
)
, by Lemma 3.6,

≤ C∗(jk)(k2) ≤ C∗T (k2) ≤ C(k2), where C = C∗T .

Here, C denotes a positive constant independent of the perturbation parameters and

the time step k. Hence, the temporal semi-discretization exhibits uniform second-

order accuracy, remaining stable and precise for all parameter values.

Lemma 3.8. Let W j(x) denote the semi-discrete solution of Eq. (3.14). For deriva-

tives up to order q, determined by the smoothness of W j(x), the following bound holds:∣∣∣∣dβW j(x)

dxβ

∣∣∣∣ ≤ C
(

1 + ϑβ1e
−pϑ1x + ϑβ2e

−pϑ2(1−x)
)
, 0 ≤ β ≤ q, (3.15)

where C > 0 is a constant and p is any real number satisfying 0 < p < 1.

Proof. To prove the bound for the derivatives of W j(x), we use the smoothness prop-

erties of the semi-discrete solution and exponential decay estimates for the coefficients

ϑ1 and ϑ2. By differentiating Eq. (3.15) β times with respect to x, we obtaina system

of equations involving the derivatives of W j(x) up to order β. Using the exponential

decay estimates for the coefficients ϑ1 and ϑ2, there exist positive constants r, s, and

p(0 < p < 1) such that ϑ1 ≤ re−pϑ1x, ϑ2 ≤ se−pϑ1(1−x), for all x ∈ [0, 1]. These

estimates indicate that ϑ1 and ϑ2 decay exponentially as x approaches the boundaries

of the interval [0, 1]. The constants r and s control the rate of decay, while p deter-

mines the speed of exponential decay. We can estimate each term in the system of
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equations. Specifically, we have:∣∣∣∣dβW j(x)

dxβ

∣∣∣∣ ≤ C
(
|1|+

∣∣∣ϑβ1e−pϑ1x∣∣∣+
∣∣∣ϑβ2e−pϑ2(1−x)

∣∣∣) ,
= C

(
1 + ϑβ1e

−pϑ1x + ϑβ2e
−pϑ2(1−x)

)
.

Therefore, for each derivative order β with 0 ≤ β ≤ q, derivative bound holds true.

To analyze the boundary layer in Eq. (3.13), consider the characteristic equation

ελ2(x) + µaj+1(x)λ(x)− βj+1(x) = 0, (3.16)

The roots of Eq. (3.16) define two continuous functions λ1,2(x) : [0, 1]→ R, given by

λ1(x) = −µa
j+1(x)

2ε
+

√(
µaj+1(x)

2ε

)2

+
βj+1(x)

ε
≥ 0,

λ2(x) = −µa
j+1(x)

2ε
−

√(
µaj+1(x)

2ε

)2

+
βj+1(x)

ε
≤ 0.

(3.17)

These roots characterize the exponential decay of the solution near the boundaries,

corresponding to layers at x = 0 and x = 1 (see (Shivhare et al., 2021; Mekonnen

& Duressa, 2020)). Define %1 = −maxx∈[0,1] λ2(x), %2 = minx∈[0,1] λ1(x), then the

following cases arise:

(i) If µ2

ε
→ 0 as ε→ 0, then %1 = %2 ≈

√
βj+1(x)

ε
, where 0 < β∗ < βj+1.

(ii) If ε
µ2
→ 0 as µ→ 0, then %1 ≈ µa∗

ε
and %2 ≈ 0, where 0 < a∗ < aj+1.

(iii) When %2 � %1, the solution exhibits a dominant boundary layer near both x = 0

and x = 1.

3.4.2 Spatial Semi-discretization

In this section, we develop a fully discrete scheme by applying the two-point Gaussian

quadrature method in the spatial domain within the framework of fitted operator

techniques. To effectively capture the boundary layer behavior, a fitting factor is

employed, the derivation of which is presented in the following section. To reformulate
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the second-order DE into a first-order delay form with a small deviating argument,

we apply the Taylor expansion to W j+1
x (x+ ε):

W j+1
x (x+ ε) ≈ W j+1

x (x) + εW j+1
xx (x) +O(ε2). (3.18)

From Eq. (3.18), we obtain

εW j+1
xx (x) = W j+1

x (x+ ε)−W j+1
x (x) +O(ε2). (3.19)

Substituting Eq. (3.19) into Eq. (3.12) yields an asymptotically equivalent first-order

neutral-type delay equation:

−(Wx(x+ ε))j+1 + (Wx(x))j+1 − µaj+1(x) (Wx(x))j+1 +(
bj+1(x) +

2

k

)
W j+1(x) = (Wx(x+ ε))j − (Wx(x))j +

µaj(x) (Wx(x))j −
(
bj(x)− 2

k

)
W j(x) +$j+1(x) +$j(x).

(3.20)

Since ε is small, the neglected term O(ε2) is negligible, making the transformation

from Eq. (3.12) to Eq. (3.20) asymptotically valid (see (Norkin et al., 1973)). Next,

we discretize the spatial domain [0, 1] as QNx = {xi = ih | i = 0, 1, . . . , N ; h = 1/N}.

Integrating Eq. (3.20) over [xi−1, xi], i = 1, . . . , N + 1, gives

−
∫ xi

xi−1

(Wx(x+ ε))j+1dx+

∫ xi

xi−1

(Wx(x))j+1dx− µ
∫ xi

xi−1

aj+1(x)(Wx(x))j+1dx

+

∫ xi

xi−1

(
bj+1(x) +

2

k

)
W j+1(x) dx =

∫ xi

xi−1

[
(Wx(x+ ε))j − (Wx(x))j+

µaj(x)(Wx(x))j +

(
bj(x)− 2

k

)
W j(x) +$j+1(x) +$j(x)

]
dx.

(3.21)

Using the Gauss–Legendre quadrature, the integral in Eq. (3.21) can be approximated

over the interval [−1, 1]. For any sufficiently smooth function F(x) ∈ C4[−1, 1], the

two-point Gaussian quadrature rule is given by (Sastry, 2012; Tefera et al., 2022)

∫ 1

−1

F(x) dx ≈ F
(
− 1√

3

)
+ F

(
1√
3

)
+ 1

135
F (4)(Y), −1 < Y < 1, (3.22)
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where the last term represents the truncation error. To extend this formula to an

arbitrary subinterval [xi−1, xi], we have to use the transformation: x = xi−xi−1

2
J +

xi+xi−1

2
= xi−xi−1

2
J + xi−xi−1+xi−1+xi−1

2
= xi−1 + h

2

(
1− 1√

3

)
. Thus x = xi−1 +κ, where

κ = h
2

(
1− 1√

3

)
. Similarly, x = xi − κ. But from Gauss-quadrature formula, we have

∫ xi

xi−1

F(x) dx =

∫ 1

−1

F(J )dJ ≈ h

2
[F(xi−1 + κ) + F(xi − κ)] , κ =

h

2

(
1− 1√

3

)
.

(3.23)

The Gauss–Legendre rule in Eq. (3.23) employs the zeros of the Legendre polynomial

P2(x) as integration nodes, providing exact results for all polynomials of degree up to

three. Unlike the trapezoidal rule, which fixes the evaluation points at the subinterval

endpoints, the Gaussian rule selects interior nodes {xi−1 +κ, xi−κ} to achieve higher

accuracy with the same number of evaluations. Hence, substituting Eq. (3.23) into

Eq. (3.21) yields the corresponding discrete approximation.

−W j+1 (xi + ε) +W j+1 (xi−1 + ε) +W j+1(xi)− wj+1(xi−1)−

µ
[
aj+1(xi)W

j+1(xi)− aj+1(xi−1)W j+1(xi−1)
]

+

hµ

2

[
a
′
(xi − κ, tj+1)W j+1(xi − κ) + a

′
(xi−1 + κ, tj+1)W j+1(xi−1 + κ)

]
+

h

2

[(
bj+1 (xi − k) +

2

k

)
W j+1(xi − κ) +

(
bj+1 (xi−1 + k) +

2

k

)
W j+1(xi−1 + κ)

]
= W j (xi + ε)−W j (xi−1 + ε)−W j(xi) +W j(xi−1) + µ

[
aj(xi)W

j(xi)−

aj(xi−1)W j(xi−1)
]
− hµ

2

[
a
′
(xi − κ, tj)W j(xi − κ) + a

′
(xi−1 + κ, tj)W

j(xi−1 + κ)
]

− h

2

[(
bj (xi − k)− 2

k

)
W j(xi − κ) +

(
bj (xi−1 + k)− 2

k

)
W j(xi−1 + κ)

]
+

h

2

[
$j+1(xi − κ) +$j+1(xi−1 + κ) +$j(xi − κ) +$j(xi−1 + κ)

]
.

(3.24)

Because the delay is of order ε, it is natural to linearize the shifted arguments through

a Taylor series expansion. Accordingly, the delayed terms W j+1(xi + ε), W j+1(xi−1 +

ε), W j(xi+ε), W j(xi−1 +ε), as well as W j+1(xi−κ), W j+1(xi−1 +κ), W j(xi−1 +κ),

are expanded about xi or xi−1 by retaining only the first-order terms. For example,

expanding W j+1(xi + ε) about xi yields W j+1(xi + ε) ≈ W j+1(xi) + εW j+1
x (xi). The

spatial derivative is then approximated using a finite difference scheme as W j+1
x (xi) ≈
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W j+1(xi+1)−W j+1(xi)
h

. Substituting this approximation gives

W j+1(xi + ε) ≈
(

1− ε

h

)
W j+1(xi) +

ε

h
W j+1(xi+1).

Following the same procedure for the remaining shifted terms and introducing the

compact notation W j+1
i = W j+1(xi), the discrete system corresponding to Eq. (3.24)

can be expressed in a simplified and computationally efficient form as

[
− ε
h

+ µaj+1
i−1 +

µκ

4
a
′
(xi − κ, tj+1) +

µ

4
(2h− 3κ) a

′
(xi−1 + κ, tj+1) +

κ
4

(
bj+1 (xi − κ) +

2

k

)
+ 1

4
(2h− 3κ)

(
bj+1 (xi−1 + κ) +

2

k

)]
W j+1
i−1 +[

2ε

h
− µaj+1

i +
hµ

2
a
′
(xi − κ, tj+1) + µκa

′
(xi−1 + κ, tj+1)

+h
2

(
bj+1 (xi − κ) +

2

k

)
+ κ

(
bj+1 (xi−1 + κ) +

2

k

)]
W j+1
i +[

− ε
h
− µκ

4
a
′
(xi − κ, tj+1)− µκ

4
a
′
(xi−1 + κ, tj+1)− κ

4

(
bj+1 (xi − κ) +

2

k

)
−κ

4

(
bj+1 (xi−1 + κ) +

2

k

)]
W j+1
i+1 =[ ε

h
− µaji−1 −

µκ

4
a
′
(xi − κ, tj)−

µ

4
(2h− 3κ) a

′
(xi−1 + κ, tj)−

κ
4

(
bj (xi − κ)− 2

k

)
− 1

4
(2h− 3κ)

(
bj (xi−1 + κ)− 2

k

)]
W j
i−1+[

−2ε

h
+ µaji −

hµ

2
a
′
(xi − κ, tj)− µκa

′
(xi−1 + κ, tj)− h

2

(
bj (xi − κ)− 2

k

)
−κ
(
bj (xi−1 + κ)− 2

k

)]
W j
i +[

ε

h
+
µκ

4
a
′
(xi − κ, tj) +

µκ

4
a
′
(xi−1 + κ, tj) + κ

4

(
bj (xi − κ)− 2

k

)
+

κ
4

(
bj (xi−1 + κ)− 2

k

)]
W j
i+1+

h

2
[$j+1(xi − κ) +$j+1(xi−1 + κ) +$j(xi − κ) +$j(xi−1 + κ)] .

(3.25)

To account for the influence of the perturbation parameter, an exponential fitting

factor σ(ρ) is incorporated into Eq. (3.25) by multiplying the term associated with ε
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as follows:

[
−εσ(ρ)

h
+ µaj+1

i−1 +
µκ

4
a
′
(xi − κ, tj+1) +

µ

4
(2h− 3κ) a

′
(xi−1 + κ, tj+1)

+κ
4

(
bj+1 (xi − κ) +

2

k

)
+ 1

4
(2h− 3κ)

(
bj+1 (xi−1 + κ) +

2

k

)]
W j+1
i−1 +[

2εσ(ρ)

h
− µaj+1

i +
hµ

2
a
′
(xi − κ, tj+1) + µκa

′
(xi−1 + κ, tj+1) +

h
2

(
bj+1 (xi − κ) +

2

k

)
+ κ

(
bj+1 (xi−1 + κ) +

2

k

)]
W j+1
i +[

−εσ(ρ)

h
− µκ

4
a
′
(xi − κ, tj+1)− µκ

4
a
′
(xi−1 + κ, tj+1)−

κ
4

(
bj+1 (xi − κ) +

2

k

)
− κ

4

(
bj+1 (xi−1 + κ) +

2

k

)]
W j+1
i+1 =[

εσ(ρ)

h
− µaji−1 −

µκ

4
a
′
(xi − κ, tj)−

µ

4
(2h− 3κ) a

′
(xi−1 + κ, tj)−

κ
4

(
bj (xi − κ)− 2

k

)
− 1

4
(2h− 3κ)

(
bj (xi−1 + κ)− 2

k

)]
W j
i−1+[

−2εσ(ρ)

h
+ µaji −

hµ

2
a
′
(xi − κ, tj)− µκa

′
(xi−1 + κ, tj)−

h
2

(
bj (xi − κ)− 2

k

)
− κ

(
bj (xi−1 + κ)− 2

k

)]
W j
i +[

εσ(ρ)

h
+
µκ

4
a
′
(xi − κ, tj) +

µκ

4
a
′
(xi−1 + κ, tj) + κ

4

(
bj (xi − κ)− 2

k

)
+κ

4

(
bj (xi−1 + κ)− 2

k

)]
W j
i+1+

h

2
[$j+1(xi − κ) +$j+1(xi−1 + κ) +$j(xi − κ) +$j(xi−1 + κ)] .

(3.26)

Following the techniques in Kadalbajoo & Jha (2012); Duressa & Mekonnen (2023),

the parameter σ(ρ) with ρ = h
ε

is given by:

σ(ρ) =


ρ µ aj+1(0)

2
coth

(
ρ µ aj+1(0)

2

)
, for x = 0,

ρ µ aj+1(1)

2
coth

(
ρ µ aj+1(1)

2

)
, for x = 1,

(3.27)

This fitting factor is not chosen arbitrarily; rather, it is systematically derived so that

the discrete scheme accurately replicates the inherent exponential behavior of the ex-

act solution, which is the key characteristic of SPPs.

Using this definition, Eq. (3.26) can be expressed equivalently as a three-term recur-
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rence relation of the form:

LN,Mε,µ W j+1
i ≡ A−i W

j+1
i−1 + AciW

j+1
i + A+

i W
j+1
i+1 =

B−i W
j
i−1 +Bc

iW
j
i +B+

i W
j
i+1 + F j

j ,

W 0
i = ζb(xi), i = 1, ..., N − 1,

W j+1
0 = ζl(tj+1), W j+1

N+1 = ζr(tj+1), 0 ≤ j ≤M − 1.

(3.28)

for i = 0, 1, ..., N and j = 0, 1, ...,M where



A−i = −σ(ρ)

ρ
+ µaj+1

i−1 +
µκ

4
a
′
(xi − κ, tj+1) +

µ

4
(2h− 3κ) a

′
(xi−1 + κ, tj+1)

+κ
4

(
bj+1 (xi − κ) +

2

k

)
+ 1

4
(2h− 3κ)

(
bj+1 (xi−1 + κ) +

2

k

)
,

Aci =
2σ(ρ)

ρ
− µaj+1

i +
hµ

2
a
′
(xi − κ, tj+1) + µκa

′
(xi−1 + κ, tj+1) +

h
2

(
bj+1 (xi − κ) +

2

k

)
+ κ

(
bj+1 (xi−1 + κ) +

2

k

)
,

A+
i = −σ(ρ)

ρ
− µκ

4
a
′
(xi − κ, tj+1)− µκ

4
a
′
(xi−1 + κ, tj+1)−

κ
4

(
bj+1 (xi − κ) +

2

k

)
− κ

4

(
bj+1 (xi−1 + κ) +

2

k

)
,

B−i =
σ(ρ)

ρ
− µaji−1 −

µκ

4
a
′
(xi − κ, tj)−

µ

4
(2h− 3κ) a

′
(xi−1 + κ, tj)−

κ
4

(
bj (xi − κ)− 2

k

)
− 1

4
(2h− 3κ)

(
bj (xi−1 + κ)− 2

k

)
,

Bc
i = −2σ(ρ)

ρ
+ µaji −

hµ

2
a
′
(xi − κ, tj)− µκa

′
(xi−1 + κ, tj)−

h
2

(
bj (xi − κ)− 2

k

)
− κ

(
bj (xi−1 + κ)− 2

k

)
,

B+
i =

σ(ρ)

ρ
+
µκ

4
a
′
(xi − κ, tj) +

µκ

4
a
′
(xi−1 + κ, tj) + κ

4

(
bj (xi − κ)− 2

k

)
+κ

4

(
bj (xi−1 + κ)− 2

k

)
,

F j
i =

h

2
[$j+1(xi − κ) +$j+1(xi−1 + κ) +$j(xi − κ) +$j(xi−1 + κ)] .

(3.29)

This scheme is constructed using the two-point Gauss quadrature rule, ensuring high

accuracy and stability even in the presence of boundary layers. The resulting discrete

system in Eq. (3.28) is efficiently solved using the matrix inversion technique. For

sufficiently fine spatial discretizations, it follows from the tridiagonal structure of
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Eqs. (3.28) and (3.29) that

|Aci | ≥
∣∣A−i ∣∣+

∣∣A+
i

∣∣ . (3.30)

This inequality confirms that the coefficient matrix corresponding to LN,Mε,µ is irre-

ducibly diagonally dominant and hence non-singular. Consequently, the system ma-

trix qualifies as an M -matrix, guaranteeing the existence and uniqueness of the dis-

crete solution. With the imposed boundary conditions, the matrix inversion method

provides a stable and reliable means to compute the numerical solution of Eq. (3.28).

3.5 Convergence Analysis

We proved that the exact solution and its derivatives are uniformly bounded. Then,

we derived bounds for temporal and spatial discretization errors to verify stability

and consistency. Combining these results yielded the total error estimate, confirming

convergence of the proposed scheme.

Lemma 3.9. (Discrete Maximum Principle). Assume Ξj+1(x) be a mesh function

satisfying, Ξ(0, tj+1) ≥ 0,Ξ(1, tj+1) ≥ 0, and LN,Mε,µ Ξ(xi, tj+1) ≥ 0 on ΛN
x ×ΛM

t . Then

Ξ(xi, tj) ≥ 0 at each point Λ
N

x × Λ
M

t , where ΛN
x and ΛM

t are discretized domain.

Proof. Let (xϑ, tj+1) ∈ {(xi, tj+1) : i = 1(1)N} such that

Ξj+1(xϑ) = min
1≤i≤N

Ξj+1(xi),

and let Ξj+1(xϑ) < 0. From this (xϑ, tj+1) /∈ {(0, tj+1), (1, tj+1)}, which implies that

(xϑ, tj+1) ∈ {(xi, tj+1) : i = 1(1)N − 1}. Then, from Eq. (3.28), we have

LN,Mε,µ Ξj+1
ϑ = A−i Ξj+1

ϑ−1 + AciΞ
j+1
ϑ + A+

i Ξj+1
ϑ+1 ≤ 0,

since
∣∣A−i ∣∣ > 0, |Aci | > 0 and

∣∣A+
i

∣∣ > 0, which is a contradiction. As a result,

Ξj+1(xϑ) ≥ 0. Therefore Ξj+1(xi) ≥ 0,∀(xi, tj+1) ∈ {(xi, tj+1) : i = 1(1)N − 1}.

Lemma 3.9 establishes that the discrete operator LN,Mε,µ satisfies the discrete maxi-

mum principle, thereby ensuring that its coefficient matrix is monotone. Furthermore,

since the matrix is irreducibly diagonally dominant, it constitutes an M−matrix,

which in turn guarantees the existence and uniqueness of the discrete solution.
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Lemma 3.10. (Uniform Stability Estimate for the Discrete Scheme). The solution

W j+1
i of the discrete scheme in Eq. (3.28) on LN,Mε,µ gratifies the following estimate:

∥∥W j+1
i

∥∥ ≤ ξ−1
∥∥LN,Mε,µ W j+1

i

∥∥+ max {|ζl(tj+1)| , |ζr(tj+1)| , |ζb(xi)|} , (3.31)

for i = 1(1)N − 1 and 0 < % ≤ b(x, t).

Proof. Let Γ = ξ−1
∥∥LN,Mε,µ W j+1

i

∥∥ + max {|ζl(tj+1)| , |ζr(tj+1)| , |ζb(xi)|} and describe

the barrier functions as: (
5±
)j+1

i
= Γ ±W j+1

i . (3.32)

The discrete function 5±(xi, tj+1) on the boundary and initial conditions are

5± (0, tj+1) = Γ + max {|Υl(tj+1)| , |ζr(tj+1)| , |ζb(0)|} ± ζl(tj+1) ≥ 0,

5± (1, tj+1) = Γ + max {|ζl(tj+1)| , |ζr(tj+1)| , |ζb(1)|} ±Υr(tj+1) ≥ 0,

5± (xi, 0) = Γ + max {|ζl(0)| , |ζr(0)| , |ζb(xi, 0)|} ± ζb(xi, 0) ≥ 0.

Additionally, on the discretized domain, it is given as

LN,Mε,µ

(
5±
)j+1

i
= Γ ±W j+1

i = A−i
(
Γ ±W j+1

i−1

)
+ Aci

(
Γ ±W j+1

i

)
+ A+

i

(
Γ ±W j+1

i+1

)
,

=
(
A−i + Aci + A+

i

)
Γ ±Hj

i ≥ 0,

where Hj
i is right hand side of Eq. (3.28). The proof is right away when Lemma 3.9

is applied and initial conditions ζb(x) are integrated into the scheme.

Lemma 3.11 (Error in Gaussian quadrature). The definite integral is given by

IF =

∫ xi

xi−1

F(x)dx,

and Gaussian quadrature with change of intervals is:

G(F) =
h

2

n∑
i=0

[
AiF

(
xi − xi−1

2
oi +

xi + xi−1

2

)]
,

where oi is the Gauss nodes on [−1, 1]. The error of Gaussian quadrature rule is given
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by (Norkin et al., 1973; Sastry, 2012):

E(F) = I(F)−G(F) =
h6

(7!)400
Wxxxx(ν), xi−1 < ν < xi.

To establish a parametric uniform convergence of the discrete scheme of Eq. (3.28),

let TEj+1(h) represent a LTE of the proposed discrete scheme. The LTE is given as:

TEj+1(h) =
h2

2

[
µκ

2
a
′
(xi − κ, tj+1) + µ

(
h− 2κ

2

)
a
′
(xi−1 + κ, tj+1)

]
+O(h3). (3.33)

We can rewrite Eq. (3.28) as follows:

(
−σ(ρ)

ρ
+ ωi

)
W j+1
i−1 +

(
2
σ(ρ)

ρ
+ µi

)
W j+1
i +

(
−σ(ρ)

ρ
+ zi

)
W j+1
i+1 +Ki + TEj+1

i ,

(3.34)

where Ki is the right hand side of Eq. (3.28) and



ωi = −µaj+1
i−1 +

µκ

4
a
′
(xi − κ, tj+1) +

µ

4
(2h− 3κ) a

′
(xi−1 + κ, tj+1) +

κ
4

(
bj+1 (xi − κ) +

2

k

)
+ 1

4
(2h− 3κ)

(
bj+1 (xi−1 + κ) +

2

k

)
,

µi = −µaj+1
i +

hµ

2
a
′
(xi − κ, tj+1) + µκa

′
(xi−1 + κ, tj+1) +

h
2

(
bj+1 (xi − κ) +

2

k

)
+ κ

(
bj+1 (xi−1 + κ) +

2

k

)
,

zi = −µκ
4
a
′
(xi − κ, tj+1)− µκ

4
a
′
(xi−1 + κ, tj+1)−

κ
4

(
bj+1 (xi − κ) +

2

k

)
− κ

4

(
bj+1 (xi−1 + κ) +

2

k

)
,

(3.35)

By imposing the boundary conditions W j+1(0) = ζl(t
j) and W j+1(1) = ζr(t

j), we

obtain system of equations for each time level tj+1, in matrix form as:

[A+ B]W + X + TEj+1(h) = 0, where (3.36)

A = trid

(
−σ(ρ)

ρ
, 2
σ(ρ)

ρ
, −σ(ρ)

ρ

)
, B = trid (ωi−1, µi, zi+1) ,

X =

[
K1 +

(
σ(ρ)

ρ
+ ω1

)
ζj+1
l (0),K2, ...,KN−1 +

(
σ(ρ)

ρ
+KN−1

)
ζj+1
r (1)

]
,

W =
[
W j+1

1 ,W j+1
2 , ...,W j+1

N−1

]T
, TEj+1

i (h) =
[
TEj+1

1 , ..., TEj+1
N−1

]T
.
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Let W =
[
W

j+1

1 ,W
j+1

2 , ...,W
j+1

N−1

]T ∼= W satisfy the following:

[A+ B]U + X = 0, (3.37)

Subtracting Eq. (3.36) from Eq. (3.37), we have

[A+ B] Ψ = TEj+1(h), (3.38)

where Ψ = W−W = W
j+1

i −W
j+1
i = [e1, e2, ..., ei−1]T is the discretization error. Since

ε is small, for a given small h, the matrix [A+ B] is irreducible and monotone (Tefera

et al., 2022). Hence, there exists [A+ B]−1 and [A+ B]−1 ≥ 0. By manipulating

matrix properties and the principles of matrix multiplication and norms, including

their inverses, we establish that ‖Ψ‖ ≤ O(h2). This implies that the spatial semi-

discretization of the proposed method exhibits quadratic convergence.

Theorem 3.1. Let w(xi, tj+1) and W j+1
i denote the continuous solution of Eq. (3.1)

and the numerical solution obtained from the fully discrete scheme Eq. (3.28), respec-

tively. By comparing these two solutions, we derive the global error estimate for the

fully discrete scheme, which is given by

sup
0<ε≤1,0≤µ≤1

[
max

0≤i≤N,0≤j≤M

∣∣w(xi, tj+1)−W j+1
i

∣∣] ≤ C
(
k2 + h2

)
, (3.39)

where C is a constant independent of ε, µ, h and k.

Proof. To establish the theorem, we begin by considering the left-hand side of Eq. (3.39).

We introduce the semi-discrete solution W j+1(xi) and employ the triangular inequal-

ity to decompose the expression as follows:

max
0≤i≤N,0≤j≤M

∣∣w(xi, tj+1)−W j+1
i

∣∣ = max
0≤i≤N,0≤j≤M

∣∣w(xi, tj+1)−W j+1(xi) +W j+1(xi)−W j+1
i

∣∣ ,
≤ max

0≤i≤N,0≤j≤M

∣∣w(xi, tj+1)−W j+1(xi)
∣∣+

max
0≤i≤N,0≤j≤M

∣∣W j+1(xi)−W j+1
i

∣∣ ,
≤ C

(
k2
)

+ C
(
h2
)
≤ C

(
k2 + h2

)
.

Thus, the claim follows.
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3.6 Numerical Examples, Results, and Discussion

In this section, the performance of the proposed numerical scheme is validated through

two representative test examples. To support the theoretical analysis, numerical re-

sults are tabulated, showing the maximum pointwise errors and the corresponding

convergence rates. These quantities are evaluated using the double-mesh technique,

which estimates the maximum pointwise error EN,M
ε,µ and the numerical rate of con-

vergence R
N,M

ε,µ as follows:

EN,M
ε,µ = max

0≤i≤N, 0≤j≤M

∣∣∣WN,M
i,j −W 2N,2M

i,j

∣∣∣ , R
N,M

ε,µ =
log
(
EN,M
ε,µ

)
− log

(
E2N,2M
ε,µ

)
log(2)

,

where WN,M
i,j and W 2N,2M

i,j denote the numerical solutions on meshes of sizes N ×M

and 2N × 2M , respectively. To further confirm parameter-uniform convergence with

respect to ε and µ, the uniform maximum error EN,M and the uniform convergence

rate R
N,M

are computed by

EN,M = max
ε,µ

EN,M
ε,µ , R

N,M
=

log
(
EN,M

)
− log

(
E2N,2M

)
log(2)

.

These metrics provide a comprehensive assessment of the uniform convergence of the

proposed scheme across various mesh densities and perturbation parameters.

Example 3.1. Shivhare et al. (2021); Duressa & Mekonnen (2023). Consider a class

of time-dependent TP-SPPPs of the form Eq. (3.1)


∂w

∂t
− ε∂

2w

∂x2
− µ(1 + exp(x))

∂w

∂x
+ (1 + x5)w = −10 exp(t2)x2(1− x2),

w(x, 0) = 0, w(0, t) = 0 = w(1, t).

(3.40)

Example 3.2. Ganesh Kumar & Phaneendra (2020); Das & Mehrmann (2016). Con-

sider a class of time-dependent TP-SPPPs of the form Eq. (3.1)


∂w

∂t
− ε∂

2w

∂x2
− µ(1 + x− x2 + t2)

∂w

∂x
+ (1 + 5xt)w = (x2 − x)(et − 1),

w(x, 0) = 0, w(0, t) = 0 = w(1, t).

(3.41)

The computed maximum pointwise errors EN,M
ε,µ and convergence rates R

N,M

ε,µ for
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Table 3.1: Computed values of EN,M
ε,µ , EN,M , R

N,M

ε,µ and R
N,M

for Example 3.1 at
µ = 10−6.

ε N = M = 16 N = M = 32 N = M = 64 N = M = 128 N = M = 256 N = M = 512
↓

10−4 1.6273e− 02 4.3478e− 03 1.1160e− 03 2.8003e− 04 6.9103e− 05 1.7015e− 05
1.9041 1.9619 1.9947 2.0188 2.0219 −

10−6 1.6372e− 02 4.3839e− 03 1.1325e− 03 2.8759e− 04 7.2394e− 05 1.8152e− 05
1.9009 1.9527 1.9774 1.9901 1.9957 −

10−8 1.6374e− 02 4.3846e− 03 1.1328e− 03 2.8773e− 04 7.2451e− 05 1.8177e− 05
1.9009 1.9526 1.9771 1.9896 1.9949 −

10−10 1.6374e− 02 4.3846e− 03 1.1328e− 03 2.8776e− 04 7.2480e− 05 1.8195e− 05
1.9009 1.9526 1.9770 1.9892 1.9940 −

10−12 1.6374e− 02 4.3846e− 03 1.1328e− 03 2.8776e− 04 7.2480e− 05 1.8195e− 05
1.9009 1.9526 1.9770 1.9892 1.9940 −

10−14 1.6374e− 02 4.3846e− 03 1.1328e− 03 2.8776e− 04 7.2480e− 05 1.8195e− 05
1.9009 1.9526 1.9770 1.9892 1.9940 −

EN,M 1.6374e− 02 4.3846e− 03 1.1328e− 03 2.8776e− 04 7.2480e− 05 1.8195e− 05

R
N,M

1.9009 1.9526 1.9770 1.9892 1.9940 −

(a) N =M = 64, ε = 10−2, µ = 10−8 (b) N =M = 128, ε = 10−12, µ = 10−6

Figure 3.1: The numerical solution profile for Example 3.1.

(a) N =M = 64, ε = 10−4, µ = 10−2 (b) N =M = 128, ε = 10−8, µ = 10−6

Figure 3.2: The numerical solution profile for Example 3.2.
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Table 3.2: Computed maximum pointwise error and rate of convergence for Example
3.1 at µ = 10−6.

ε N = 32 N = 64 N = 128 N = 256 N = 512 N = 1024
↓ M = 10 M = 20 M = 40 M = 80 M = 160 M = 320

10−6 3.1504e− 03 8.1321e− 04 2.0669e− 04 5.2012e− 05 1.2694e− 05 2.9297e− 06
1.9538 1.9762 1.9906 2.0347 2.1153 −

10−8 3.1502e− 03 8.1293e− 04 2.0647e− 04 5.2034e− 05 1.3066e− 05 3.2772e− 06
1.9542 1.9772 1.9884 1.9936 1.9953 −

10−10 3.1502e− 03 8.1295e− 04 2.0649e− 04 5.2043e− 05 1.3070e− 05 3.2782e− 06
1.9542 1.9771 1.9883 1.9934 1.9953 −

10−12 3.1502e− 03 8.1295e− 04 2.0649e− 04 5.2043e− 05 1.3070e− 05 3.2782e− 06
1.9542 1.9771 1.9883 1.9934 1.9953 −

10−14 3.1502e− 03 8.1295e− 04 2.0649e− 04 5.2043e− 05 1.3070e− 05 3.2782e− 06
1.9542 1.9771 1.9883 1.9934 1.9953 −

EN,M 3.1504e− 03 8.1321e− 04 2.0669e− 04 5.2043e− 05 1.3070e− 05 3.2782e− 06

R
N,M

1.9538 1.9762 1.9906 1.9934 1.9953 −

Table 3.3: Comparison of EN,M
ε,µ and R

N,M
for Example 3.1.

µ = 10−6 N = 32 N = 64 N = 128 N = 256 N = 512
M = 10 M = 20 M = 40 M = 80 M = 160

Proposed Method
EN,M 3.1504e− 03 8.1321e− 04 2.0669e− 04 5.2043e− 05 1.3070e− 05

R
N,M

1.9538 1.9762 1.9906 1.9934 −
Result in Duressa & Mekonnen (2023)(Exponentially Fitted Method)
EN,M 3.9334e− 03 1.1115e− 03 2.9600e− 04 7.6401e− 05 1.9400e− 05

R
N,M

1.8233 1.9088 1.9539 1.9775 −
Result in Shivhare et al. (2021)(Quadratic B-spline Collocation Method)
EN,M 3.9420e− 02 1.9392e− 02 9.5791e− 03 4.7594e− 03 2.3718e− 03

R
N,M

1.023 1.017 1.009 1.005 −
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=10-6
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=10-10

=10-12

(a) Table 3.1

102 103
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10-6
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10-3
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10-1
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O(N-2)

=10-6

=10-8
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=10-12

=10-14

(b) Table 3.4

Figure 3.3: Log-log graph illustrating the peak absolute error corresponding to
Example 3.1.
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Table 3.4: Computed maximum pointwise error and rate of convergence for Example
3.1 at ε = 10−6 and varying values of µ.

µ N = 32 N = 64 N = 128 N = 256 N = 512 N = 1024
↓ M = 10 M = 20 M = 40 M = 80 M = 160 M = 320

10−6 3.1504e− 03 8.1321e− 04 2.0669e− 04 5.2012e− 05 1.2694e− 05 2.9297e− 06
1.9538 1.9762 1.9906 2.0347 2.1153 −

10−8 3.1503e− 03 8.1313e− 04 2.0666e− 04 5.1994e− 05 1.2686e− 05 2.9270e− 06
1.9539 1.9762 1.9908 2.0351 2.1157 −

10−10 3.1503e− 03 8.1313e− 04 2.0666e− 04 5.1994e− 05 1.2686e− 05 2.9269e− 06
1.9539 1.9762 1.9908 2.0351 2.1158 −

10−12 3.1503e− 03 8.1313e− 04 2.0666e− 04 5.1994e− 05 1.2686e− 05 2.9269e− 06
1.9539 1.9762 1.9908 2.0351 2.1158 −

10−14 3.1503e− 03 8.1313e− 04 2.0666e− 04 5.1994e− 05 1.2686e− 05 2.9269e− 06
1.9539 1.9762 1.9908 2.0351 2.1158 −

EN,M 3.1504e− 03 8.1321e− 04 2.0669e− 04 5.2012e− 05 1.2694e− 05 2.9297e− 06

R
N,M

1.9538 1.9762 1.9906 2.0347 2.1153 −

102 103
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=10-10
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=10-14

(a) Table 3.5
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=10-14

(b) Table 3.7

Figure 3.4: The Log-Log plot of the maximum absolute error for Example 3.2.

Examples 3.1 and 3.2 are summarized in Tables 3.1–3.7 for various values of ε, µ,N,

and M . Tables 3.3, 3.5, and 3.6 present a comparative analysis with results reported

in Duressa & Mekonnen (2023); Das & Mehrmann (2016); Ganesh Kumar & Phaneen-

dra (2020); Shivhare et al. (2021), where ε or µ are fixed or varied. The comparison

clearly demonstrates that the proposed two-point Gaussian quadrature scheme deliv-

ers superior accuracy relative to existing methods. The numerical findings validate

the theoretical predictions established in Lemma 3.7 and Theorem 3.1. As observed

in Tables 3.1, 3.2, 3.4, 3.5, and 3.7, the error consistently decreases with mesh re-

finement and eventually stabilizes, confirming uniform convergence and second-order

convergence. Figures 3.1 and 3.2 illustrate the numerical solution surfaces for Exam-

ples 3.1 and 3.2 under different parameter and mesh settings.The solutions exhibit
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Table 3.5: Computed EN,M
ε,µ and R

N,M
for Example 3.2 at µ = 10−7.

ε N = 64 N = 128 N = 256 N = 512 N = 1024
↓ M = 16 M = 32 M = 64 M = 128 M = 256

Proposed Method
10−6 2.0524e− 04 5.1757e− 05 1.2586e− 05 2.8636e− 06 5.8638e− 07

1.9875 2.0399 2.1359 2.2879 −
10−7 2.0597e− 04 5.2454e− 05 1.3175e− 05 3.2435e− 06 7.6179e− 07

1.9733 1.9932 2.0222 2.0901 −
10−8 2.0604e− 04 5.2528e− 05 1.3247e− 05 3.3097e− 06 8.1081e− 07

1.9718 1.9874 2.0009 2.0293 −
10−9 2.0605e− 04 5.2535e− 05 1.3255e− 05 3.3170e− 06 8.1742e− 07

1.9716 1.9867 1.9986 2.0207 −
10−10 2.0605e− 04 5.2536e− 05 1.3256e− 05 3.3177e− 06 8.1816e− 07

1.9716 1.9867 1.9984 2.0197 −
10−12 2.0605e− 04 5.2536e− 05 1.3256e− 05 3.3177e− 06 8.1816e− 07

1.9716 1.9867 1.9984 2.0197 −
EN,M 2.0605e− 04 5.2536e− 05 1.3256e− 05 3.3177e− 06 8.1816e− 07

R
N,M

1.9716 1.9867 1.9984 2.0197 −
Result in Das & Mehrmann (2016)(Mesh-adaptive upwind scheme)
10−6 9.6949e− 4 4.9906e− 4 2.5231e− 4 1.2824e− 4 6.446e− 5

0.95802 0.98400 0.97638 0.99233 −
10−7 9.8712e− 4 5.0049e− 4 2.5485e− 4 1.2853e− 4 6.449e− 5

0.97987 0.97368 0.98758 0.99493 −
10−8 9.51284e− 4 5.0026e− 4 2.5237e− 4 1.2781e− 4 6.442e− 5

0.92720 0.98713 0.98156 0.98839
10−9 9.6744e− 4 5.0012e− 4 2.5461e− 4 1.28036e− 4 6.437e− 5

0.95193 0.97394 0.99186 0.99188 −

distinct boundary layers on the left or right sides, depending on the magnitude of ε

and µ, which is consistent with the expected physical behavior of SPPs. Furthermore,

Figures 3.3 and 3.4 display the log–log plots of the maximum pointwise errors for Ex-

amples 3.1 and 3.2, while Figure 3.3a illustrates the same behavior for Example 3.1

using the data from Table 3.1. These plots clearly reveal that the proposed numerical

method achieves uniform convergence as the perturbation parameters approach zero.

3.7 Conclusion

In this chapter, a TP-SPPPs was analyzed using the Crank–Nicolson scheme for

time discretization and a two-point Gaussian quadrature with an exponential fitting

factor for spatial approximation. The proposed technique provides an elegant and
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Table 3.6: Comparison of EN,M
ε,µ and EN,M for Example 3.2.

µ = 10−7 N = 64 N = 128 N = 256 N = 512
M = 16 M = 32 M = 64 M = 128

Present Method
EN,M 2.0605e− 04 5.2536e− 05 1.3256e− 05 3.3177e− 06
Result in Das & Mehrmann (2016)(Mesh-adaptive upwind scheme)
EN,M 9.8712e− 04 5.0026e− 04 2.5485e− 04 1.2853e− 04
Result in Ganesh Kumar & Phaneendra (2020)(Exponential fitting factor)
EN,M 4.6780e− 04 1.192e− 04 3.0257e− 05 7.5982e− 06

Table 3.7: Computed values of EN,M
ε,µ , EN,M , R

N,M
for Example 3.2 at ε = 10−9.

µ (N,M) = 16 (N,M) = 32 (N,M) = 64 (N,M) = 128 (N,M) = 256 (N,M) = 512
↓

10−6 1.2818e− 03 3.4545e− 04 8.9673e− 05 2.2737e− 05 5.6084e− 06 1.2751e− 06
1.8916 1.9457 1.9796 2.0194 2.1370 −

10−8 1.2819e− 03 3.4561e− 04 8.9842e− 05 2.2911e− 05 5.7841e− 06 1.4519e− 06
1.8911 1.9437 1.9713 1.9859 1.9942 −

10−10 1.2819e− 03 3.4561e− 04 8.9844e− 05 2.2912e− 05 5.7858e− 06 1.4537e− 06
1.8911 1.9437 1.9713 1.9855 1.9928 −

10−12 1.2819e− 03 3.4561e− 04 8.9844e− 05 2.2912e− 05 5.7858e− 06 1.4537e− 06
1.8911 1.9437 1.9713 1.9855 1.9928 −

10−14 1.2819e− 03 3.4561e− 04 8.9844e− 05 2.2912e− 05 5.7858e− 06 1.4537e− 06
1.8911 1.9437 1.9713 1.9855 1.9928 −

EN,M 1.2819e− 03 3.4561e− 04 8.9844e− 05 2.2912e− 05 5.7858e− 06 1.4537e− 06

R
N,M

1.8911 1.9437 1.9713 1.9855 1.9928 −

competent means of addressing the difficulties posed by SPPs without relying on

asymptotic expansions or fitted meshes. Owing to the dual perturbation parameters,

boundary layers of varying thickness arise at both ends of the domain. The developed

method attains second-order convergence in both time and space. Comparative stud-

ies further demonstrate that its accuracy matches or exceeds that of existing FDM

(Das & Mehrmann, 2016; Ganesh Kumar & Phaneendra, 2020; Shivhare et al., 2021;

Duressa & Mekonnen, 2023), confirming its stability and improved computational per-

formance. The method ensures a clear formulation, uniform convergence, and strong

stability across perturbation ranges. Its parameter-independent performance makes it

particularly effective for convection-dominated flow problems with large Reynolds or

Péclet numbers, offering a reliable and accurate alternative to traditional numerical

schemes. The chapter concludes by noting that, although the developed scheme is

uniformly convergent, further gains in spatial accuracy can be achieved through alter-

native fitted integration strategies. This motivates the development of an improved

method presented in Chapter 4.
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Chapter 4

Exponentially Fitted Simpson’s

One-Third Rule for Two-Parameter

Singularly Perturbed Parabolic

Convection-Diffusion Problems

Building on the numerical framework developed in Chapter 3, this chapter intro-

duces an enhanced discretization strategy motivated by the need for improved spatial

accuracy. While the previous chapter employed a two-stage approach using Crank–

Nicolson time discretization and a two-point Gaussian quadrature rule in space, the

resulting method is still limited in its ability to capture some fine scale solution fea-

tures with higher-order precision, even though it is uniformly convergent. To address

these limitations, this chapter advances the methodology by incorporating a FOM

combined with Simpson’s 1/3 rule, offering a more accurate treatment of the spa-

tial domain. The proposed scheme applies the Crank–Nicolson method on a uniform

temporal mesh and employs the FOM Simpson hybrid in space, yielding improved ap-

proximation properties. A rigorous convergence analysis demonstrates the method’s

uniform convergence across varying perturbation parameters. Numerical experiments

further validate its performance, demonstrating higher accuracy compared to existing

methods and to the scheme developed in Chapter 3.

62



4.1 Introduction

A wide range of scientific and engineering phenomena give rise to TP-SPPPs, including

water quality modeling in rivers, high Reynolds number Navier-Stokes flows (Hirsch,

1990), vibration or heat transfer processes such as turbulent channel flows (Kuerten

et al., 2011), flow past circular cylinders (Ma & Duan, 2020), and high-speed gas

dynamics (Van Dyke, 1975). In these systems, the highest-order spatial derivatives

are multiplied by ε, producing boundary layers where the solution changes rapidly

over narrow regions while remaining smooth elsewhere. This multiscale nature intro-

duces major analytical and numerical challenges, as conventional methods demand

extremely fine meshes to capture steep gradients, leading to high computational cost

and possible instability. Therefore, parameter-uniform numerical techniques are es-

sential for obtaining reliable approximations (Farrell et al., 2000; Eugene & Shishkin,

2012; Das & Natesan, 2018; Roos, 2012; Bullo et al., 2021; Duressa, 2021).

Several numerical strategies such as collocation, FDM, and FEMs have been proposed

for TP-SPPPs (O’malley, 1967; Kadalbajoo & Yadaw, 2012; Das & Mehrmann, 2016;

Zahra & El Mhlawy, 2013; Roos & Uzelac, 2003; Phaneendra & Mahesh, 2017; Pati-

dar, 2008; Duressa & Mekonnen, 2023). Among them, integration-based approaches,

particularly Simpson’s one-third rule, offer a simple yet accurate framework for spa-

tial discretization. This higher-order quadrature rule approximates integrals by fit-

ting quadratic polynomials, achieving second-order accuracy and effectively capturing

steep gradients compared with basic trapezoidal or midpoint rules.

When combined with FOMs, Simpson’s rule enables the formulation of efficient FDS

that preserve the key features of the exact solution without the need for excessive

mesh refinement. Such schemes naturally handle variable coefficients and non-uniform

grids, reduce discretization errors, and maintain uniform convergence making them

well-suited for SPPs. To the best of our knowledge, no prior study has combined

the Crank-Nicolson time discretization with Simpson’s one-third rule enhanced by

an exponential fitting factor for TP-SPPPs. In this chapter, we propose a uni-

form numerical scheme that integrates these techniques on a uniform spatial mesh.

The method achieves high accuracy and parameter-uniform second-order convergence

while remaining computationally efficient and easy to implement. It effectively re-
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solves boundary layers, offering a reliable approach for a wide class of SPPPs.

The chapter is organized as follows: Section 4.2 formulates the problem, followed by

an analysis of the continuous solution in Section 4.3. Section 4.4 outlines the pro-

posed scheme, and Section 4.5 presents its convergence analysis. Numerical results

are discussed in Section 4.6, while Section 4.7 concludes with key findings.

4.2 Definition of the Problem

The model problem introduced in Chapter 3 (Eq. (3.1)) is retained in this chapter,

with only the essential assumptions and notations restated for clarity. The given data

are assumed to be sufficiently smooth and to satisfy the required corner compatibility

conditions at (0, 0) and (1, 0), ensuring well-posedness and supporting the subsequent

analysis, as specified below.

ζb(0) = ζl(0), ζb(1) = ζr(1), and (4.1)


∂ζl(0)
∂t
− ε∂

2ζb(0)
∂x2

− µa(0, 0)∂ζb(0)
∂x

+ b(0, 0)ϕb(0) = $(0, 0),

∂ζr(0)
∂t
− ε∂

2ζb(1)
∂x2

− µa(1, 0)∂ζb(1)
∂x

+ b(1, 0)ϕb(1) = $(1, 0).

(4.2)

The compatibility conditions in Eqs. (4.1) and (4.2) guarantee the uniqueness of the

solution. Moreover, the corner compatibility ensures the existence of constants Q1

and Q2 such that ∀(x, t) ∈ G (Bobisud, 1968),

|w(x, t)− ζb(x)| ≤ Q1t, |w(x, t)| ≤ Q2(1− x).

Hence, if w(x, t) is once differentiable in t, it follows from Kadalbajoo & Arora (2009);

Kadalbajoo & Jha (2012) that |wt(x, t)| ≤ C. The problems defined by Eq. (3.1)

represents TP-SPPPs, whose solutions exhibit sharp boundary layers at both ends

of the spatial domain. Even with smooth data, rapid variations arise within thin

transition regions whose thickness depends on the interaction between ε and µ. When

µ2/ε→0 as ε→0, layers of width O(
√
ε) appear near x = 0 and x = 1; conversely, if

ε/µ2→ 0 as µ→ 0, the layer at x = 0 scales as O(µ) and at x = 1 as O(ε/µ) (Bullo

et al., 2019). This general formulation encompasses classical convection-diffusion and

64



reaction-diffusion models (Kadalbajoo & Yadaw, 2012). For instance, setting µ = 1

yields a convection-diffusion equation with a single boundary layer of thickness O(ε)

determined by the convection direction (Aga et al., 2019), whereas µ = 0 reduces it

to a reaction-diffusion type exhibiting twin layers of width O(
√
ε) at both boundaries

(Ganesh Kumar & Phaneendra, 2020; Daba et al., 2024).

4.3 Properties of the Continuous Solution

This section analyzes the properties of exact solution to Eq. (3.1). To ensure well-

posedness, the existence of a solution is established through the following lemmas.

Lemma 4.1. Let a, b, f ∈ C l(G), ζb ∈ C2+l(Q) and ζl, ζr ∈ C1+l/2(Λ) for some

0 < l < 1. Assume the initial and boundary data satisfy Eqs. (4.1)- (4.2) and the

time/space derivatives match at (x, t) = (0, 0) and (1, 0). Then the IBVP Eq. (3.1)

has a unique classical solution w(x, t) ∈ C2+l,1+l/2(G).

Proof. Because 0 < ε� 1 but strictly positive, the principal part of the operator in x

is −ε∂2
x. Hence the PDE is uniformly parabolic on G (the parabolicity constant is ε >

0). The lower-order coefficients µa(x, t) and b(x, t) are continuous(indeed Hölder), so

the problem fits the framework of linear, second-order, uniformly parabolic equations

with Hölder coefficients (Ladyzhenskaia et al., 1968). To show its uniqueness, let

w1, w2 be two solutions in the class C2,1
(
G
)
. Set v = w1 − w2. Then v satisfies:

∂tv − εvxx − µa(x, t)vx + b(x, t)v = 0, in G,

with homogeneous initial and boundary data v(., 0) = 0, v(0, t) = v(1, t) = 0. Multi-

ply the PDE by v and integrate in x ∈ (0, 1):

∫ 1

0

v∂tvdx− ε
∫ 1

0

vvxxdx− µ
∫ 1

0

avvxdx+

∫ 1

0

bv2dx = 0.

Integrate by parts the diffusion term and estimate the convection term:

1

2

d

dt
‖v(., t)‖2

L2
+ ε ‖vx(., t)‖2

L2
− µ

2

∫ 1

0

axv
2dx+

∫ 1

0

bv2dx = 0,

where we used v(0, t) = v(1, t) = 0. Since ax, b are bounded on G, there exists

65



C ≥ 0(depending on ‖ax‖∞ , ‖b‖∞ , µ) such that

d

dt
‖v(., t)‖2

L2
≤ C ‖v(., t)‖2

L2
.

By Gröwall’s inequality and the initial condition ‖v(., 0)‖L2
= 0 and ‖v(., t)‖L2

= 0

for all t, hence v = w1 − w2 = 0 implies w1 = w2. Thus the solution is unique.

4.4 Formulation of the Numerical Scheme

The parabolic problem is semi-discretized in time using Rothe’s method with a Crank–

Nicolson scheme, and the resulting ODEs are discretized in space by Simpson’s one-

third rule on a uniform mesh.

4.4.1 Temporal Semi-discretization

This section introduces a Crank–Nicolson based numerical method for solving Eq. (3.1).

The time domain [0, T ] is uniformly partitioned into M subintervals of size k = T/M ,

forming the mesh ΛMt = {tj = k(j − 1), j = 1, 2, . . . ,M + 1}. Through temporal

semi-discretization of Eq. (3.1), the problem is reduced to a system of ODEs that

forms the basis for the fully discrete scheme.

ε

2

[
wjxx + wj−1

xx

]
+
µ

2

[
aj(x)wjx + aj−1(x)wj−1

x

]
− 1

2

[
bj(x)wj(x) + bj−1(x)wj−1(x)

]
=
wj(x)− wj−1(x)

k
− 1

2

[
$j(x) +$j−1(x)

]
,

⇒ε

2

[
wjxx + wj−1

xx

]
+
µ

2

[
aj(x)wjx + (a′(x))jwj(x) + (a′(x))j−1wj−1(x) + aj−1(x)wj−1

x

]
=

1

2

[
bj(x)wj(x) + bj−1(x)wj−1(x)

]
+
wj(x)− wj−1(x)

k
− 1

2

[
$j(x) +$j−1(x)

]
+
µ

2

[
(a′(x))jwj(x) + (a′(x))j−1wj−1(x)

]
,

⇒ε

2

[
wjxx + wj−1

xx

]
+
µ

2

[
aj(x)wj(x) + aj−1(x)wj−1(x)

]′
=

1

2

[
bj(x)wj(x) + bj−1(x)wj−1(x)

]
+
wj(x)− wj−1(x)

k
− 1

2

[
$j(x) +$j−1(x)

]
+
µ

2

[
(a′(x))jwj(x) + (a′(x))j−1wj−1(x)

]
.
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The foregoing expression can now be reformulated as follows:

ε
2

[wjxx + wj−1
xx ] +

µ

2
[aj(x)wj(x) + aj−1(x)wj−1(x)]

′−
1

2
[bj(x)wj(x) + bj−1(x)wj−1(x)] =

wj(x)− wj−1(x)

k
−

1

2
[$j(x) +$j−1(x)] +

µ

2
[(a′(x))jwj(x) + (a′(x))j−1wj−1(x)] ,

wj(0) = ζl(tj), wj(1) = ζr(tj), 1 ≤ j ≤M + 1,

w0(x) = ζb(x), x ∈ (0, 1).

(4.3)

At the (j)th time level, the semi-discrete solution w(x, tj) satisfies the following spatial

DE derived from Eq. (3.1).

LMε,µw(x, tj) :=
ε

2
(wxx(x))j +

µ

2
aj(x) (wx(x))j −(

1

2
bj(x) +

1

k

)
wj(x) = Gj(x),

wj(0) = ζl(tj), wj(1) = ζr(tj), 1 ≤ j ≤M + 1,

w0(x) = ζb(x), x ∈ (0, 1),

(4.4)

where Gj(x) = −ε
2

(wxx(x))j−1 − µ

2
aj−1(x) (wx(x))j−1 +

(
1

2
bj−1(x) +

1

k

)
wj−1(x) +

1

2
[$j(x) +$j−1(x)] . The operator LMε,µ obeys discrete maximum principle, ensuring

the stability of Eq. (4.4) (Zahra & El Mhlawy, 2013). The semi-discretization yields

the LTE ej(x) = wj − wj, where wj denotes the numerical solution of the BVP.

Lemma 4.2. (Estimation of LTE). Suppose that

∣∣∣∣∂lw(x, t)

∂tl

∣∣∣∣ ≤ C, (x, t) ∈ G, 0 ≤ l ≤

2. The LTE estimate in the temporal direction is given by

∥∥ej∥∥∞ ≤ C1k
3. (4.5)

Proof. Using Taylor series expansion, we have

w(x, tj) = w(x, tj+1/2) +
k

2
wt(x, tj+1/2) +

k2

8
wtt(x, tj+1/2) +

k3

12
wttt(x, tj+1/2) +O(k4),

(4.6)

w(x, tj−1) = w(x, tj+1/2)− k
2
wt(x, tj+1/2)+

k2

8
wtt(x, tj+1/2)− k

3

12
wttt(x, tj+1/2)+O(k4).

(4.7)
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Upon performing the subtraction of Eq. (4.7) from Eq. (4.6), we derive:

w(x, tj)− w(x, tj−1)

k
= wt(x, tj+1/2) +O(k2),

= εwxx

(
x, tj +

k

2

)
+ µa

(
x, tj +

k

2

)
wx

(
x, tj +

k

2

)
−

b

(
x, tj +

k

2

)
w

(
x, tj +

k

2

)
−G

(
x, tj +

k

2

)
,

where

w

(
x, tj +

k

2

)
=
w(x, tj) + w(x, tj−1)

2
+O(k2),

G

(
x, tj +

k

2

)
=
G(x, tj) +G(x, tj−1)

2
+O(k2),

a

(
x, tj +

k

2

)
=
a(x, tj) + a(x, tj−1)

2
, b

(
x, tj +

k

2

)
=
b(x, tj) + b(x, tj−1)

2
.

The solution for the LTE isL
M
ε,µe

j = O(k3),

ej(0) = ζl(tj), ej(1) = ζr(tj).

Hence, by invoking the maximum principle, the intended result is established.

As shown in Lemma 4.2, the LTE governs the total temporal discretization error.

The global error at the jth time level is stated below.

Lemma 4.3. (Global Error Estimate). The global error estimate at jth time level is

∥∥Ej
∥∥
∞ ≤ C3k

2. (4.8)

Proof. A detailed proof can be found in Chapter 3, Lemma 3.7. As a result, the

proposed time semi-discrete formulation achieves second-order accuracy.

4.4.2 Spatial Semi-discretization

The spatial domain [0, 1] is divided into N elements of size h = 1/N , forming the

mesh QNx = {xi = ih, i = 0, 1, . . . , N}, where xi are the mesh points. Integrating
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Eq. (4.3) over each interval (xi−1, xi+1) for i = 1, 2, . . . , N − 1 yields

ε

2

∫ xi+1

xi−1

[
wjxx + wj−1

xx

]
dx+

µ

2

∫ xi+1

xi−1

[
(ajwj + aj−1wj−1)′

]
dx

− 1

2

∫ xi+1

xi−1

[
bjwj + bj−1wj−1

]
dx =

1

k

∫ xi+1

xi−1

[
wj − wj−1

]
dx

− 1

2

∫ xi+1

xi−1

[
$j +$j−1

]
dx+

µ

2

∫ xi+1

xi−1

[
(a′)jwj + (a′)j−1wj−1

]
dx,

(4.9)

Rewriting Eq. (4.9), we obtain

ε

2

[
wjx(xi+1)− wjx(xi−1) + wj−1

x (xi+1)− wj−1
x (xi−1)

]
+
µ

2

[
aj(xi+1)wj(xi+1)− aj(xi−1)wj(xi−1)

+ aj−1(xi+1)wj−1(xi+1)− aj−1(xi−1)wj−1(xi−1)
]

=

∫ xi+1

xi−1

Rj(x) dx.

(4.10)

where

Rj(x)dx =
1

2

[
bj(x)wj(x) + bj−1(x)wj−1(x)

]
+

1

k

[
wj(x)− wj−1(x)

]
−

1

2

[
$j(x) +$j−1(x)

]
+
µ

2

[
(a′(x))jwj(x) + (a′(x))j−1wj−1(x)

]
.

Adopting wj(xi) = W j
i and employing Simpson’s 1/3rd integration rule, we obtain:

ε

2

[
(Wx)

j
i+1 − (Wx)

j
i−1 + (Wx)

j−1
i+1 − (Wx)

j−1
i−1

]
+

µ

2

[
aji+1W

j
i+1 − a

j
i−1W

j
i−1 + aj−1

i+1W
j−1
i+1 − a

j−1
i−1W

j−1
i−1

]
=
h

3

[
Rj
i+1 + 4Rj

i +Rj
i−1

]
.

(4.11)

We then approximate the first derivative in Eq.(4.11) using appropriate non-symmetric

finite difference formulas.
(Wx)

j
i ≈

W j
i+1 −W

j
i−1

2h
,

(Wx)
j
i+1 ≈

3W j
i+1 − 4W j

i +W j
i−1

2h
,

(Wx)
j
i−1 ≈

−W j
i+1 + 4W j

i − 3W j
i−1

2h
,

(4.12)
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By inserting the approximations given in Eq. (4.12) into Eq. (4.11), we derive

ε

h

[
W j
i+1 − 2W j

i +W j
i−1 +W j−1

i+1 − 2W j−1
i +W j−1

i−1

]
+

µ

2

[
aji+1W

j
i+1 − a

j
i−1W

j
i−1 + aj−1

i+1W
j−1
i+1 − a

j−1
i−1W

j−1
i−1

]
=
h

3

[
Rj
i+1 + 4Rj

i +Rj
i−1

]
.

(4.13)

Introducing the fitting paramter σ, designed to accommodate the boundary layer

structure, allows Eq. (4.13) to be be rewritten in the following form

εσ

h

[
W j
i+1 − 2W j

i +W j
i−1 +W j−1

i+1 − 2W j−1
i +W j−1

i−1

]
+

µ

2

[
aji+1W

j
i+1 − a

j
i−1W

j
i−1 + aj−1

i+1W
j−1
i+1 − a

j−1
i−1W

j−1
i−1

]
=
h

3

[
Rj
i+1 + 4Rj

i +Rj
i−1

]
.

(4.14)

Let ρ =
h

ε
and taking the limit of Eq. (4.14) as h→ 0

lim
h→0

σ

ρ

[
W j
i+1 − 2W j

i +W j
i−1 +W j−1

i+1 − 2W j−1
i +W j−1

i−1

]
+

lim
h→0

µ

2

[
aji+1W

j
i+1 − a

j
i−1W

j
i−1 + aj−1

i+1W
j−1
i+1 − a

j−1
i−1W

j−1
i−1

]
= 0.

(4.15)

4.4.3 Derivation of the Fitting Factor

In the framework of singular perturbation theory (O’malley et al., 1991), the solution

of Eq. (3.1) at the (j)th time level admits an asymptotic decomposition that captures

its inherent multiscale nature, characterized by smooth components together with

boundary layer corrections. Motivated by this structure and following the exponential

fitting strategy in Duressa & Mekonnen (2023), the fitting parameter σ is constructed

so that the discrete scheme accurately reproduces the underlying exponential behavior

of the exact solution within the layer regions. Consequently, σ is defined as

σ =


ρµaj(0)

2
coth

(
ρµaj(0)

2

)
, for x = 0,

ρµaj(1)

2
coth

(
ρµaj(1)

2

)
, for x = 1,

(4.16)
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where ρ = h/ε. This formulation ensures that the numerical method remains stable

and uniformly accurate, effectively resolving the sharp boundary layers without loss

of accuracy as ε→ 0. Substituting Eq. (4.16) into (4.14) and solving for Rj
i gives

[
σ

ρ
− µ

2
aji−1 −

h

6
bji−1 −

h

3k
− h

6
µ(a′)ji−1

]
W j
i−1+[

−2σ

ρ
− 2h

3
bji −

4h

3k
− 2h

3
µ(a′)ji

]
W j
i +[

σ

ρ
+
µ

2
aji+1 −

h

6
bji+1 −

h

3k
− h

6
µ(a′)ji+1

]
W j
i+1 =[

−σ
ρ

+
µ

2
aj−1
i−1 +

h

6
bj−1
i−1 −

h

3k
+
h

6
µ(a′)j−1

i−1

]
W j−1
i−1 +[

2σ

ρ
+

2h

3
bj−1
i − 4h

3k
+

2h

3
µ(a′)j−1

i

]
W j
i +[

−σ
ρ
− µ

2
aj−1
i+1 +

h

6
bj−1
i+1 −

h

3k
+
h

6
µ(a′)j−1

i+1

]
W j−1
i+1 −

h

6

[
$j
i+1 +$j−1

i+1

]
− 2h

3

[
$j
i +$j−1

i

]
− h

6

[
$j
i−1 +$j−1

i−1

]
.

(4.17)

The scheme in Eq. (4.17) can be written as three term recurrence relation:

LN,Mε,µ W j
i = A−i W

j
i−1 + AciW

j
i + A+

i W
j
i+1 = B−i W

j−1
i−1 +Bc

iW
j−1
i +B+

i W
j−1
i+1 + F j

j ,

W 1
i = ζb(xi), W j

0 = ζl(tj), W j
N+1 = ζr(tj),

(4.18)

for i = 0, 1, ..., N and j = 1, 2, ...,M + 1 where

A−i =
σ

ρ
− µ

2
aji−1 −

h

6
bji−1 −

h

3k
− h

6
µ(a′)ji−1,

Aci = −2σ

ρ
− 2h

3
bji −

4h

3k
− 2h

3
µ(a′)ji ,

A+
i =

σ

ρ
+
µ

2
aji+1 −

h

6
bji+1 −

h

3k
− h

6
µ(a′)ji+1,

B−i = −σ
ρ

+
µ

2
aj−1
i−1 +

h

6
bj−1
i−1 −

h

3k
+
h

6
µ(a′)j−1

i−1 ,

Bc
i =

2σ

ρ
+

2h

3
bj−1
i − 4h

3k
+

2h

3
µ(a′)j−1

i ,

B+
i = −σ

ρ
− µ

2
aj−1
i+1 +

h

6
bj−1
i+1 −

h

3k
+
h

6
µ(a′)j−1

i+1 ,

F j
i = −h

6

[
$j
i+1 +$j−1

i+1

]
− 2h

3

[
$j
i +$j−1

i

]
− h

6

[
$j
i−1 +$j−1

i−1

]
.

(4.19)
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The resulting linear system is solved using the matrix inversion technique, ensuring

an efficient and straightforward computational approach. Examining the tri-diagonal

structure of the system defined by Eqs. (4.18) and (4.19), it is evident that the coef-

ficients satisfy the inequalities:

|Aci | ≥
∣∣A−i ∣∣+

∣∣A+
i

∣∣ and |Bc
i | ≥

∣∣B−i ∣∣+
∣∣B+

i

∣∣ . (4.20)

These relations demonstrate that the coefficient matrix associated with LN,Mε,µ is irre-

ducibly diagonally dominant, which is a key property in guaranteeing stability and

uniqueness of the solution. According to Nichols (1989), such matrices are classified

as M -matrices, and therefore they possess a well-defined inverse. Consequently, the

linear system can be reliably solved using the matrix inversion method, ensuring both

numerical stability and accuracy. The diagonal dominance and M -matrix property

not only confirm solvability but also imply that the numerical scheme preserves mono-

tonicity, which is particularly important for SPPs to prevent spurious oscillations near

boundary layers. This makes the FOM especially suitable for problems where sharp

gradients or layers are present.

4.5 Convergence Analysis

We have shown that the continuous solution and its derivatives are bounded. Errors

from temporal discretization are quantifiable, and spatial error analysis ensures the

stability and consistency of the fully discrete scheme.

Lemma 4.4. (Discrete Maximum Principle). Assume Ξj(x) be a mesh function

satisfying, Ξ(0, tj) ≥ 0, Ξ(1, tj) ≥ 0, and LN,Mε,µ Ξ(xi, tj) ≥ 0 on QNx × ΛMt . Then

Ξ(xi, tj) ≥ 0 at each point QNx × Λ
M

t .

Proof. A detailed proof can be found in Chapter 3, Lemma 3.9. This Lemma indi-

cates that LN,Mε,µ satisfies the discrete maximum principle, yielding a monotone and

irreducibly diagonally dominant M−matrix. This ensures the existence of a unique

discrete solution. The following lemma establishes its uniform stability.

Lemma 4.5. The solution W j
i of Eq. (3.1) at the jth time level satisfies the estimate
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given below and is bounded:

∥∥W j
i

∥∥ ≤ %−1
∥∥LN,Mε,µ W j

i

∥∥+ max {|ζl(tj)| , |ζr(tj)| , |ζb(xi)|} , (4.21)

for i = 1, 2, ..., N − 1 and 0 < % ≤ b(x, t).

Proof. A detailed proof can be found in Chapter 3, Lemma 3.10.

To demonstrate uniform convergence of the discrete scheme in Eq. (4.18), let TEx(h)

denote the LTE at the jth time level for the proposed method:

TEx(h) = A−i W
j
i−1 +AciW

j
i +A+

i W
j
i+1−

(
B−i W

j−1
i−1 +Bc

iW
j−1
i +B+

i W
j
i+1 + F

)
(4.22)

To calculate the spatial truncation error, use Eq. (4.18) at xυ, υ = i, i±1 in Eq. (4.22).

TEx(h) =
[
A−i W

j
i−1 − h

(
εW j

xx + µaj(x)W j
x − βj(x)W j

)
i−1

]
+[

AciW
j
i − h

(
εW j

xx + µaj(x)W j
x − βj(x)W j

)
i

]
+[

A+
i W

j
i+1 − h

(
εW j

xx + µaj(x)W j
x − βj(x)W j

)
i+1

]
+[

B−i W
j−1
i−1 − h

(
εW j−1

xx + µaj−1(x)W j−1
x − βj−1(x)W j−1

)
i−1

]
+[

Bc
iW

j−1
i − h

(
εW j−1

xx + µaj−1(x)W j−1
x − βj−1(x)W j−1

)
i

]
+[

B+
i W

j−1
i+1 − h

(
εW j−1

xx + µaj−1(x)W j−1
x − βj−1(x)W j−1

)
i+1

]
(4.23)

Replacing a Taylor series expansion of W j
i±1,W

j−1
i±1 , (Wx)

j
i±1 , (Wx)

j−1
i±1 , (Wxx)

j
i±1 and

(Wxx)
j−1
i±1 into Eq. (4.23), we have

TEx(h) =
[
$j

0W
j
i +$j−1

0 W j−1
i

]
+
[
$j

1W
j
x,i +$j−1

1 W j−1
x,i

]
+[

$j
2W

j
xx,i +$j−1

2 W j−1
xx,i

]
+
[
$j

3W
j
xxx,i +$j−1

3 W j−1
xxx,i

]
,

(4.24)

where

$j
0 = A−i + Aci + A+

i + h
(
βji−1 + βji + βji+1

)
,

$j−1
0 = −

(
B−i +Bc

i +B+
i

)
+ h

(
βj−1
i−1 + βj−1

i + βj−1
i+1

)
,

$j
1 = h

(
A+
i − A−i

)
− hµ

(
aji−1 + aji + aji+1

)
− h2

(
βji−1 − β

j
i+1

)
,

$j−1
1 = h

(
B−i −B+

i

)
− hµ

(
aj−1
i−1 + aj−1

i + aj − 1i+1

)
+ h2

(
βj−1
i+1 − β

j−1
i−1

)
,
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$j
2 =

h2

2

(
A−i + A+

i

)
− 3hε+ h2µ

(
aji−1 − a

j
i+1

)
+
h3

2

(
βji−1 + βji+1

)
,

$j−1
2 = −h

2

2

(
A+
i + A−i

)
− 3hε+ h2µ

(
aj−1
i−1 − a

j−1
i+1

)
+
h3

2

(
βj−1
i−1 + βj−1

i+1

)
,

$j
3 =

h3

6

(
A+
i − A−i

)
− h3

2
µ
(
aji−1 + aji+1

)
− h4

6

(
βji−1 − β

j
i+1

)
,

$j−1
3 =

h3

6

(
B−i −B+

i

)
− h3

2
µ
(
aj−1
i−1 + aj−1

i+1

)
− h4

6

(
βj−1
i+1 − β

j−1
i−1

)
.

Substituting and simplifying the values of A−i , A
c
i , A

+
i , B

−
i , B

c
i , B

+
i and restricting the

expansion of coefficients to their first term gives $j
0 = $j−1

0 = $j
1 = $j−1

1 = 0 and

$j
2 =

h2σ

ρ
− 3hε− h3

6

(
11 (a′)

j
i + 5βij

)
+O(h3),

$j−1
2 =

h2σ

ρ
− 3hε− h3

6

(
11 (a′)

j−1
i + 5βij−1

)
+O(h3).

Thus using the boundedness of coefficient functions, we get

|TEx(h)| ≤ $j
2W

j
xx,i +$j−1

2 W j−1
xx,i ≤ hε(σ − 3)W j

xx,i, since ρ =
h

ε
. (4.25)

By utilizing the series representation of the hyperbolic cotangent function, the follow-

ing inequality is established.

coth(x) =
1

x
+
x

3
− x3

45
+O(x5)⇒ x coth(x) = 1 +

x2

3
+O(x4),

where x =
ρµaj(xi)

2
. Now |σ − 3| =

∣∣∣∣∣∣∣∣∣1 +

(
ρµaj(xi)

2

)2

3
− 3

∣∣∣∣∣∣∣∣∣ ≤ Cρ2µ2. Then

|TEx(h)| ≤ hε
(
Cρ2µ2

)
W j
xx,i = Ch3µ

2

ε
W j
xx,i. (4.26)

Thus, considering the ratio of µ2/ε and applying Lemma 3.8, we have

|TEx(h)| = Ch3µ
2

ε
. (4.27)

The numerical scheme Eq. (4.18) can be written as

(
σ

ρ
+ ui

)
W j
i−1 +

(
−2σ

ρ
+ yi

)
W j
i +

(
σ

ρ
+ zi

)
W j
i+1 +Ki + TEi = 0, (4.28)
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where

ui = −µ
2
aji−1 −

h

6
bji−1 −

h

3k
− h

6
µ(a′)ji−1,

yi = −h
6
bji+1 −

h

3k
− h

6
µ(a′)ji+1,

zi =
µ

2
aji+1 −

h

6
bji+1 −

h

3k
− h

6
µ(a′)ji+1,

Ki =

[
−σ
ρ

+
µ

2
aj−1
i−1 +

h

6
bj−1
i−1 −

h

3k
+
h

6
µ(a′)j−1

i−1

]
W j−1
i−1 +[

2σ

ρ
+

2h

3
bj−1
i − 4h

3k
+

2h

3
µ(a′)j−1

i

]
W j−1
i +[

−σ
ρ
− µ

2
aj−1
i+1 +

h

6
bj−1
i+1 −

h

3k
+
h

6
µ(a′)j−1

i+1

]
W j−1
i+1 −

h

6

[
$j
i+1 +$j−1

i+1

]
− 2h

3

[
$j
i +$j−1

i

]
− h

6

[
$j
i−1 +$j−1

i−1

]
.

(4.29)

By enforcing the boundary conditionsW j(0) = ζl(t
j) andW j(1) = ζr(t

j) on Eq. (4.28),

a system of algebraic equations corresponding to each time level tj = jk, can be for-

mulated in matrix representation as follows:

[E + Z]W + P + TEx(h) = 0, (4.30)

where

E =

(
σ

ρ
,−2σ

ρ
,
σ

ρ

)
=



−2σ

ρ

σ

ρ
0 0 . . . 0 0 0

σ

ρ
−2σ

ρ

σ

ρ
0 . . . 0 0 0

0
σ

ρ
−2σ

ρ

σ

ρ
. . . 0 0 0

...
...

... . . .
...

...
...

0 0 0 0 . . .
σ

ρ
−2σ

ρ

σ

ρ

0 0 0 0 . . . 0
σ

ρ
−2σ

ρ


,

Z = (ui, yi, zi) =



y1 z1 0 0 . . . 0 0 0

u2 y2 z2 0 . . . 0 0 0

0 u3 y3 z3 . . . 0 0 0
...

...
... . . .

...
...

...

0 0 0 0 . . . uN−2 yN−2 zN−2

0 0 0 0 . . . 0 uN−1 yN−1


,
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P =

[
K1 +

(
σ

ρ
+ u1

)
ζjl (0), K2, K3, ..., KN−2, KN−1 +

(
σ

ρ
+ ZN−1

)
ζjr (1)

]
,

W =
[
W j

1 ,W
j
2 , ...,W

j
N−1

]T
, and the truncation error at the mesh points is TEi =

[TE1, ..., TEN−1]T . Let W =
[
W

j

1, ...,W
j

N−1

]T ∼= W satisfy the following equation

[E + Z]W + P = 0 (4.31)

Subtracting Eq. (4.30) from Eq. (4.31) yields:

[E + Z] Ξ = TEx(h), (4.32)

where Ξ = W
j

i −W
j
i = [e1, e2, ..., ei−1]T is the discretization error. Let |ai| ≤ χ1, |bi| ≤

χ2 and |a′i| ≤ χ3, so that if zi,j is the (i, j)th element of the matrix Z, then we have

|Zi,i+1| = |zi| ≤
µ

2
χ1 −

h

6
(χ2 + µχ3)− h

3k
, i = 1, 2, ..., N − 2,

|Zi,i−1| = |wi| ≤ −
µ

2
χ1 −

h

6
(χ2 + µχ3)− h

3k
, i = 2, ..., N − 1.

Thus, as h→ 0 or h is sufficiently small,
−σ
ρ

+ |Zi,i+1| ≤
(
−σ
ρ

+
µ

2
χ1

)
6= 0, i = 1, 2, ..., N − 2

−σ
ρ

+ |Zi,i−1| ≤
(
−σ
ρ
− µ

2
χ1

)
6= 0, i = 2, ..., N − 1.

(4.33)

Hence, the matrix [E + Z] is irreducible (Daba & Duressa, 2022). For the jth time

level of matrix (E + Z), let Si be the sum of elements of the ith row. Hence, we have

S1 =
N−1∑
j=1

z1,j = −σ
ρ

+
µ

2
aji+1 −

2h

3
bji −

h

6
bji+1 −

2h

3
µ(a′)ji −

h

6
(a′)ji+1 −

5h

3k
, for i = 1,

SN−1 =
N−1∑
j=1

zN−1,j = −σ
ρ
− µ

2
aji−1 −

2h

3
bji −

h

6
bji−1 −

2h

3
µ(a′)ji −

h

6
(a′)ji−1 −

5h

3k
, for i = N,

Si =
N−1∑
j=2

zi,j =
µ

2

(
aji+1 − a

j
i−1

)
− h

6

(
bji−1 + 4aji + bji+1

)
−

hµ

6

(
(a′)ji−1 + 4(a′)ji + (a′)ji+1

)
− 2h

k
+O(h2), for i = 2(1)N − 2.

(4.34)

For sufficiently small h, the matrix (E + Z) is monotone (Daba & Duressa, 2022), so
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(E + Z)−1 exists and (E + Z)−1 ≥ 0. Hence, from Eq. (4.32), we have

Ξ = (E + Z)−1 TEx(h). (4.35)

An alternative representation of Eq. (4.35) can be formulated as follows:

‖Ξ‖ =
∥∥(E + Z)−1

∥∥ ‖TEx(h)‖ . (4.36)

Let zki denote the (k, i)th entry of the matrix (E + Z)−1. Since zki ≥ 0, the corre-

sponding matrix operator can be expressed as follows:

N−1∑
i=1

zki × Si = 1, k = 1, 2, ..., N − 1. (4.37)

Consequently, Eq. (4.37) is obtained.

N−1∑
i=1

zki ≤
1

min1≤i≤N−1 Si
≤ 1

Θi

≤ 1

|Θi|
, k = 1, 2, ..., N − 1, (4.38)

where Θi = min1≤i≤N {S0, Si, SN−1}. Thus, from Eqs. (4.28), (4.36) and (4.38), we

obtain:

Ξi =
N−1∑
i=1

zkiTEi(h) ≤ O(h2)

|Θi|
, i = 1, 2, ..., N − 1. (4.39)

For this reason, it follows that ‖Ξ‖ ≤ O(h2). This clearly indicates that the semi-

discretization procedure employed in the spatial domain exhibits a second-order (quadratic)

rate of convergence, thereby confirming the accuracy and robustness of the proposed

numerical scheme in capturing spatial variations.

Theorem 4.1. (Uniform convergence). Let w(xi, tj) and W j
i denote the solutions of

the continuous problem (3.1) and the discrete problem (4.18), respectively. The error

associated with the fully discrete scheme can then be estimated by the inequality

∣∣w(xi, tj)−W j
i

∣∣ ≤ C
(
k2 + h2

)
, (4.40)

which demonstrates that the numerical method attains second-order accuracy in both

the temporal and spatial discretizations.
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4.6 Numerical Examples, Results and Discussion

This section presents extensive numerical experiments, reporting maximum absolute

errors and corresponding convergence rates for the proposed scheme. All computa-

tions, carried out in MATLAB, validate the theoretical findings and are demonstrated

through three illustrative examples. The maximum pointwise error EN,M
ε,µ and the con-

vergence rate R
N,M

ε,µ of the scheme are evaluated through the double-mesh technique

described in Chapter 3, Section 3.6.

Example 4.1. Consider singularly perturbed IBVP in Shivhare et al. (2021)


∂w

∂t
− ε∂

2w

∂x2
− µ(1 + x)

∂w

∂x
+ w = −16x2(1− x)2,

w(x, 0) = 0, w(0, t) = 0 = w(1, t).

Example 4.2. Consider TP-SPPPs in Duressa & Mekonnen (2023)


∂w

∂t
− ε∂

2w

∂x2
− µ(1 + exp(x))

∂w

∂x
+ (1 + x5)w = −10 exp(t2)x2(1− x2),

w(x, 0) = 0, w(0, t) = 0 = w(1, t).

Example 4.3. Consider the singularly perturbed parabolic IBVP in Aga et al. (2019)



∂w

∂t
− ε∂

2w

∂x2
+ (1 + x2 +

1

2
sin(πx))

∂w

∂x
+ (1 + x2 1

2
sin

(
πt

2

)
)w =

x3(1− x)3t(1− t) sin(πt)),

w(x, 0) = 0, w(0, t) = 0 = w(1, t).

Example 4.3 exhibits a distinct structure compared to Examples 4.1 and 4.2. While

the first two involve TP-SPPPs, Example 4.3 is governed by a single perturbation pa-

rameter, making its analytical and numerical behavior comparatively different. To

further examine the effectiveness and adaptability of the proposed numerical integra-

tion technique, we introduce this additional example as a complementary test case.

Using the derived formulas, numerical results for the test examples are presented

through tables and plots. Table 4.1 lists the maximum absolute errors EN,M
ε,µ and cor-
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Table 4.1: Maximum pointwise error and rate of convergence for Example 4.1 for
µ = 10−6 and different values of ε.

ε N = 16 N = 32 N = 64 N = 128 N = 256 N = 512
↓ M = 16 M = 32 M = 64 M = 128 M = 256 M = 512

10−8 8.9594e− 05 2.2407e− 05 5.6004e− 06 1.3999e− 06 3.4995e− 07 8.7487e− 08
1.9995 2.0003 2.0002 2.0001 2.0000 −

10−10 8.9592e− 05 2.2399e− 05 5.5889e− 06 1.3911e− 06 3.4476e− 07 8.4720e− 08
1.9009 2.0028 2.0063 2.0126 2.0000 −

10−12 8.9592e− 05 2.2399e− 05 5.5889e− 06 1.3911e− 06 3.4476e− 07 8.4720e− 08
2.0000 2.0028 2.0063 2.0126 2.0248 −

10−14 8.9592e− 05 2.2399e− 05 5.5889e− 06 1.3911e− 06 3.4476e− 07 8.4720e− 08
2.0000 2.0028 2.0063 2.0126 2.0248 −

...
...

...
...

...
...

...
10−22 8.9592e− 05 2.2399e− 05 5.5889e− 06 1.3911e− 06 3.4476e− 07 8.4720e− 08

2.0000 2.0028 2.0063 2.0126 2.0248 −

(a) N =M = 64, ε1 = 10−8, µ = 1 (b) N =M = 128, ε1 = 10−2, µ = 10−10

Figure 4.1: The numerical solution profile for Example 4.1.

(a) N =M = 64, ε1 = 10−8, µ = 1 (b) N =M = 128, ε1 = 10−8, µ = 10−10

Figure 4.2: The behavior of spatial vs numerical solution graph for Example 4.1.

responding convergence rates R
N,M

ε,µ for Example 4.1, obtained via the proposed fitted

integration technique for improved accuracy and stability. As shown in Table 4.2,

the results not only confirm the theoretical predictions but also outperform those in
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Table 4.2: Comparison of maximum pointwise error and rate of convergence for
Example 4.1 with µ = 10−6 and various ε values.

ε N = 32 N = 64 N = 128 N = 256 N = 512
↓ M = 10 M = 20 M = 40 M = 80 M = 160

Present Method
10−2 2.2527e− 04 5.6208e− 05 1.4055e− 05 3.5132e− 06 8.7826e− 07

2.0028 1.9997 2.0002 2.0001
10−4 2.2889e− 04 6.1601e− 05 1.6622e− 05 3.8331e− 06 9.4099e− 07

1.8936 1.8900 2.1165 2.0263
10−6 2.2902e− 04 5.7426e− 05 1.4367e− 05 3.5923e− 06 8.9812e− 07

1.9957 1.9990 1.9998 1.9999
10−8 2.2898e− 04 5.7415e− 05 1.4364e− 05 3.5915e− 06 8.9791e− 07

1.9957 1.9990 1.9998 2.0000
10−10 2.2898e− 04 5.7404e− 05 1.4355e− 05 3.5863e− 06 8.9507e− 07

1.9960 1.9996 2.0001 2.0024
10−12 2.2898e− 04 5.7404e− 05 1.4355e− 05 3.5863e− 06 8.9507e− 07

1.9960 1.9996 2.0001 2.0024
Result from Shivhare et al. (2021) (by Quadratic B-spline Method)
10−2 8.6053e− 03 4.4951e− 03 2.2857e− 03 1.1438e− 03 5.7093e− 04

0.937 0.976 0.999 1.002
10−4 8.6095e− 03 4.4529e− 03 2.2631e− 03 1.1406e− 03 5.7256e− 04

0.951 0.976 0.988 0.994
10−6 8.6014e− 03 4.4513e− 03 2.2628e− 03 1.1406e− 03 5.7356e− 04

0.950 0.976 0.988 0.994
10−8 8.6006e− 03 4.4512e− 03 2.2628e− 03 1.1406e− 03 5.7356e− 04

0.950 0.976 0.988 0.994
10−10 8.6006e− 03 4.4512e− 03 2.2628e− 03 1.1406e− 03 5.7356e− 04

0.950 0.976 0.988 0.994
10−12 8.6006e− 03 4.4512e− 03 2.2628e− 03 1.1406e− 03 5.7356e− 04

0.950 0.976 0.988 0.994

(a) N =M = 64, ε1 = 10−6, µ = 1 (b) N =M = 128, ε1 = 10−12, µ = 10−4

Figure 4.3: The numerical solution profile for Example 4.2.
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Table 4.3: Maximum pointwise error and rate of convergence for Example 4.1 for
ε = 10−6 and different values of µ.

µ N = 32 N = 64 N = 128 N = 256 N = 512
↓ M = 10 M = 20 M = 40 M = 80 M = 160

10−4 2.2561e− 04 5.6241e− 05 1.4034e− 05 3.5065e− 06 9.7711e− 07
2.0041 2.0027 2.0008 1.8434

10−6 2.2902e− 04 5.7426e− 05 1.4367e− 05 3.5923e− 06 8.9812e− 07
1.9957 1.9990 1.9998 1.9999

10−8 2.2902e− 04 5.7426e− 05 1.4367e− 05 3.5923e− 06 8.9812e− 07
1.9957 1.9989 1.9998 1.9999

10−10 2.2902e− 04 5.7426e− 05 1.4367e− 05 3.5923e− 06 8.9812e− 07
1.9957 1.9989 1.9998 1.9999

...
...

...
...

...
...

10−22 2.2902e− 04 5.7426e− 05 1.4367e− 05 3.5923e− 06 8.9812e− 07
1.9957 1.9989 1.9998 1.9999

(a) N =M = 64, ε1 = 10−6, µ = 1 (b) N =M = 128, ε1 = 10−12, µ = 10−4

Figure 4.4: The behavior of spatial vs numerical solution graph for Example 4.2.

(a) Table 4.1 (b) Table 4.2

Figure 4.5: The Log-Log plot for Example 4.1.
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Table 4.4: Comparison of maximum pointwise error and rate of convergence for
Example 4.2 with µ = 10−6 and various ε values.

ε N = 32 N = 64 N = 128 N = 256 N = 512
↓ M = 10 M = 20 M = 40 M = 80 M = 160

Present Method
10−2 3.9346e− 03 1.1105e− 03 2.9572e− 04 7.6325e− 05 1.9390e− 05

1.8250 1.9089 1.9540 1.9768
10−4 4.1211e− 03 1.1714e− 03 3.1261e− 04 8.0790e− 05 2.0536e− 05

1.8148 1.9058 1.9521 1.9762
10−6 4.1228e− 03 1.1719e− 03 3.1276e− 04 8.0827e− 05 2.0546e− 05

1.8148 1.9057 1.9521 1.9760
10−8 4.1226e− 03 1.1718e− 03 3.1272e− 04 8.0817e− 05 2.0543e− 05

1.8148 1.9058 1.9521 1.9760
10−10 4.1226e− 03 1.1717e− 03 3.1268e− 04 8.0789e− 05 2.0526e− 05

1.8150 1.9058 1.9525 1.9767
10−12 4.1226e− 03 1.1717e− 03 3.1268e− 04 8.0789e− 05 2.0526e− 05

1.8150 1.9058 1.9525 1.9767
Result in Shivhare et al. (2021)(By Quadratic B-spline Collocation Method)
10−2 3.6825e− 02 1.8188e− 02 8.5040e− 03 4.2227e− 03 2.1179e− 03

1.018 1.097 1.010 0.995
10−4 3.9442e− 02 1.9359e− 02 9.5692e− 03 4.7539e− 03 2.3691e− 03

1.027 1.016 1.009 1.005
10−6 3.9402e− 02 1.9391e− 02 9.5773e− 03 4.7594e− 03 2.3717e− 03

1.023 1.018 1.009 1.005
10−8 3.9418e− 02 1.9392e− 02 9.5791e− 03 4.7594e− 03 2.3718e− 03

1.023 1.017 1.009 1.005
10−10 3.9420e− 02 1.9392e− 02 9.5791e− 03 4.7594e− 03 2.3718e− 03

1.023 1.017 1.009 1.005
10−12 3.9420e− 02 1.9392e− 02 9.5791e− 03 4.7594e− 03 2.3718e− 03

1.023 1.017 1.009 1.005

Table 4.5: Maximum pointwise error for Example 4.1 with M = N = 64.

µ ↓ ε→ 10−6 10−8 10−10 10−12 10−14

10−6 5.6122e− 06 5.6008e− 06 5.5891e− 06 5.5891e− 06 5.5891e− 06
10−8 5.6121e− 06 5.6136e− 06 5.6135e− 06 5.6133e− 06 5.6133e− 06
10−10 5.6121e− 06 5.6136e− 06 5.6136e− 06 5.6136e− 06 5.6136e− 06
10−12 5.6121e− 06 5.6136e− 06 5.6136e− 06 5.6136e− 06 5.6136e− 06
10−14 5.6121e− 06 5.6136e− 06 5.6136e− 06 5.6136e− 06 5.6136e− 06

Shivhare et al. (2021), demonstrating the robustness and efficiency of the proposed

scheme. Table 4.3 reports the errors and convergence rates for ε = 10−6 under varying

mesh sizes and decreasing µ, confirming the method’s stability and uniform conver-

gence even under strong perturbations. Furthermore, Tables 4.5 and 4.6 show that
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Table 4.6: Maximum pointwise error for Example 4.2 with M = N = 32.

µ ↓ ε→ 10−4 10−6 10−8 10−10 10−12

10−4 9.6360e− 04 7.9007e− 04 7.9067e− 04 7.9067e− 04 7.9067e− 04
10−6 5.1809e− 04 4.8024e− 04 4.7994e− 04 4.7993e− 04 4.7993e− 04
10−8 5.1359e− 04 4.8024e− 04 4.8024e− 04 4.8024e− 04 4.8024e− 04
10−10 5.1355e− 04 4.8024e− 04 4.8024e− 04 4.8024e− 04 4.8024e− 04
10−12 5.1355e− 04 4.8024e− 04 4.8024e− 04 4.8024e− 04 4.8024e− 04

Table 4.7: Maximum pointwise error and convergence rate for Example 4.2 with
different values of µ and ε = 10−7.

µ (N,M) = 16 (N,M) = 32 (N,M) = 64 (N,M) = 128 (N,M) = 256 (N,M) = 512
↓

10−6 1.8528e− 02 5.6001e− 03 1.5493e− 03 4.0953e− 04 1.0811e− 04 3.0213e− 05
1.7262 1.8538 1.9196 1.9215 1.8393 −

10−8 1.7993e− 02 5.5951e− 03 1.5444e− 03 4.0459e− 04 1.0330e− 04 2.5906e− 05
1.6852 1.8571 1.9325 1.9696 1.9955 −

10−10 1.7993e− 02 5.5951e− 03 1.5443e− 03 4.0454e− 04 1.0325e− 04 2.5862e− 05
1.6852 1.8572 1.9326 1.9701 1.9972 −

10−12 1.7993e− 02 5.5951e− 03 1.5443e− 03 4.0454e− 04 1.0325e− 04 2.5862e− 05
1.6852 1.8572 1.9326 1.9701 1.9972 −

10−14 1.7993e− 02 5.5951e− 03 1.5443e− 03 4.0454e− 04 1.0325e− 04 2.5862e− 05
1.6852 1.8572 1.9326 1.9701 1.9972 −

(a) Table 4.4

101 102 103

N

10-5

10-4

10-3

10-2

10-1

O(N-2)

=10-6

=10-8

=10-10

=10-12

=10-14

(b) Table 4.7

Figure 4.6: The Log-Log plot for Example 4.2.

the maximum error remains stable as (ε, µ) → 0, verifying parameter-uniform con-

vergence and mesh refinement consistency. The results summarized in Tables 4.1-4.7

closely align with theoretical estimates, confirming second-order accuracy. Compar-

ative analysis in Tables 4.2 and 4.4 further emphasize the higher accuracy of the

proposed approach over existing methods. Finally, Table 4.8 compares the scheme

with those in Aga et al. (2019); Mekonnen & Duressa (2020) for Example 4.3, show-

ing consistently smaller errors and superior overall performance.
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Table 4.8: Comparison of the maximum pointwise errors for Example 4.3 corre-
sponding to different values of ε.

ε N = 32 N = 64 N = 128 N = 256 N = 512
↓ M = 16 M = 32 M = 64 M = 128 M = 256

Present Method
10−0 5.2925e− 07 1.1702e− 07 2.8905e− 08 7.2239e− 09 1.8057e− 09
10−1 2.4156e− 06 6.0369e− 07 1.5077e− 07 3.7683e− 08 9.4202e− 09
10−2 1.3617e− 05 4.3614e− 06 1.1815e− 06 3.0182e− 07 7.5863e− 08
10−3 1.6642e− 05 8.4431e− 06 4.2416e− 06 1.9013e− 06 6.5198e− 07
10−4 1.6642e− 05 8.4435e− 06 4.2763e− 06 2.1531e− 06 1.0806e− 06
10−5 1.6642e− 05 8.4435e− 06 4.2763e− 06 2.1531e− 06 1.0806e− 06
Result in Aga et al. (2019)(By Quadratic B-spline Collocation Method)
10−0 8.7112e− 05 1.8949e− 05 4.1396e− 06 1.0346e− 06 2.5881e− 07
10−1 3.4987e− 04 8.7838e− 05 2.1985e− 05 5.4998e− 06 1.3751e− 06
10−2 1.7357e− 03 6.7495e− 04 1.9879e− 04 5.2071e− 05 1.3176e− 05
10−3 1.8971e− 03 1.0473e− 03 5.5534e− 04 2.7537e− 04 1.0935e− 04
10−4 1.8971e− 03 1.0473e− 03 5.5579e− 04 2.8673e− 04 1.4569e− 04
10−5 1.8971e− 03 1.0473e− 03 5.5579e− 04 2.8673e− 04 1.4569e− 04
Result in Mekonnen & Duressa (2020)(By Fitted B-spline Collocation Method)
10−0 5.9148e− 7 1.4804e− 7 3.6913e− 8 9.2256e− 9 2.3063e− 9
10−1 3.7660e− 6 9.4219e− 7 2.3590e− 7 5.8994e− 8 1.4750e− 8
10−2 3.9402e− 02 5.9951e− 6 1.6882e− 6 4.3637e− 7 1.1003e− 7
10−3 1.8817e− 5 9.1973e− 6 4.5437e− 6 2.1630e− 6 8.3111e− 7
10−4 1.8817e− 5 9.1973e− 6 4.5465e− 6 2.1630e− 6 1.1272e− 6
10−5 1.8817e− 5 9.1973e− 6 4.5465e− 6 2.1630e− 6 1.1272e− 6

(a) Surface plot
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(b) Line plot

Figure 4.7: The computed solution pattern for Example 4.3 is illustrated for the
case where N = M = 128 and ε = 10−4.

To illustrate the underlying physical behavior of the solutions, surface plots for Exam-

ples 4.1, 4.2, and 4.3 are depicted in Figures 4.1, 4.3, and 4.7a. These visualizations,

generated for various values of ε, µ,N , and M , vividly capture the solution profiles
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and provide deeper insight into the problem’s dynamic characteristics. Figures 4.2,

4.4, and 4.7b present line plots that vividly illustrate how the boundary layer behavior

evolves as the perturbation parameters ε and µ vary. These plots clearly reveal the

increasing steepness of the boundary layers with decreasing parameter values, high-

lighting the singularly perturbed nature of the problem. Furthermore, Figures 4.5

and 4.6 display the log-log plots of the maximum pointwise errors for Examples 4.1

and 4.2. These plots serve as a powerful tool for visually assessing the convergence

characteristics of the proposed method. From the observed linear trends in the log-log

graphs, it can be inferred that the scheme exhibits (ε, µ)−uniform convergence even

as the perturbation parameters become exceedingly small. This behavior confirms the

robustness and reliability of the method in capturing boundary layer effects without

deterioration in accuracy for diminishing parameter values.

4.7 Conclusion

In this chapter, a convergent numerical scheme has been formulated for 1D TP-

SPPPs. The method integrates Crank–Nicolson time discretization with a fitted

Simpson’s one-third rule, effectively capturing sharp boundary layers induced by small

perturbation parameters. A detailed convergence analysis, supported by the model

assumptions Eq. (3.1), confirms that the scheme attains uniform convergence with re-

spect to both mesh size and perturbation parameters. Extensive numerical tests that

show second-order accuracy and validate the theoretical results include error tables,

log-log plots, and graphical visualizations. Comparative results consistently produce

less maximum pointwise errors than existing approaches, further demonstrating the

improved precision and resilience of the suggested strategy.

Motivated by practical applications in which diffusion–reaction processes are influ-

enced by time delays, the present work naturally extends to more complex models

in the next chapter. Time delays introduce memory effects and modify the struc-

ture of boundary layers, requiring additional analytical care to preserve stability and

parameter-uniform convergence. Consequently, Chapter 5 advances the methodology

by adapting the fitted Crank–Nicolson-Simpson framework to TP-SPPPs with delay,

thereby generalizing the numerical strategy developed thus far.
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Chapter 5

An Exponentially Fitted Simpson’s

One-Third Numerical Scheme for

Two-Parameter Singularly

Perturbed Parabolic Problems

with Large Time Delay

Building upon the uniformly convergent fitted schemes developed in Chapters 3 and

4, this chapter extends the numerical framework to a more challenging class of equa-

tions: TP-SPPPs with time delay. Delay effects arise naturally in models with after-

reaction, transport lag, or memory-driven processes and they significantly complicate

the analytical structure of boundary and interior layers. These additional difficul-

ties necessitate a refinement of the previously developed techniques. To address this,

the Crank–Nicolson scheme is employed for time discretization on a uniform mesh,

ensuring temporal stability and accuracy, while spatial discretization utilizes a fit-

ted Simpson’s one-third rule to resolve layer structures. A parameter-uniform error

analysis confirms second-order convergence in both space and time. Extensive numer-

ical results demonstrate uniform convergence and robust performance of the proposed

approach when applied to delayed TP-SPPPs without known exact solutions.
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5.1 Introduction

Many phenomena in physics, biology, and chemistry such as population dynamics,

epidemiology, circadian rhythms, and tumor growth are modeled by SPDDEs. The

inclusion of delay terms introduces memory effects that capture the influence of past

states, making these models more realistic. However, the coexistence of delay terms,

boundary layers, and multiscale behavior renders their analytical and numerical treat-

ment highly challenging. Classical analytical methods often fail to handle these com-

plexities, leaving numerical approximation as the most practical approach (Wu, 2012;

Negero et al., 2023; Ayele et al., 2023; Singh et al., 2018, 2022).

Conventional numerical schemes lose accuracy/stability when perturbation parame-

ters become small, resulting in oscillatory or divergent solutions. To address this,

parameter-uniform numerical methods have been developed that maintain accuracy

independent of perturbation size, efficiently resolving layers without requiring dense

meshes. Notable studies include Ayele et al. (2023), Sumit et al. (2020), Negero (2023),

Singh et al. (2022), and Mohye et al. (2023), who employed FDMs, spline-based, and

nonstandard schemes to achieve uniform convergence for time-delay SPPPs.

Building on these advancements, this work introduces a reliable scheme for 1D time-

dependent SPPPs with dual small parameters and time delay. The temporal variable

is discretized using the Crank–Nicolson method on a uniform mesh, while spatial dis-

cretization employs a fitted numerical integration technique. Unlike standard FDMs,

this approach naturally accommodates variable coefficients and captures boundary

layers with higher precision by approximating integral averages instead of pointwise

derivatives. The resulting formulation produces a compact and stable scheme with

uniform convergence, preserving bounded error estimates as (ε, µ)→ 0 and providing

a reliable framework for solving time-delay SPPPs.

The chapter is structured as follows: Section 5.2 formulates the problem, Section 5.4

develops the proposed numerical scheme and Section 5.5 provides its error analysis.

Section 5.6 presents numerical experiments supporting the theory, while Section 5.7

concludes the chapter with key findings.
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5.2 Definition of the Problem

Consider a 1D time-dependent SPPDDE with two small positive parameters, defined

on the rectangular domain ∆ = ∆ ∪ ∂∆, where ∆ = (0, 1) × (0, T ] and ∂∆ =∧
b ∪
∧
l ∪
∧
r, with

∧
b = [0, 1] × [−τ, 0],

∧
l = {0} × (0, T ], and

∧
r = {1} × (0, T ].

The governing problem is formulated as:



Lε,µw :≡ (εwxx + µ awx − bw − wt) (x, t) =

−c(x, t)w(x, t− τ) +$(x, t), (x, t) ∈ ∆,

w|∧
b

= Υb(x, t),

w|∧
l

= Υl(t), w|∧
r

= Υr(t),

(5.1)

where 0 < ε � 1 and 0 ≤ µ ≤ 1 are perturbation parameters. The coefficients

(a, b, c, $, Υb) (x, t), Υl(t), Υr(t) are assumed to be sufficiently smooth and satisfy

0 < α ≤ a(x, t), 0 < β ≤ b(x, t), 0 < ς ≤ c(x, t), (x, t) ∈ ∆. At corner points,

(0, 0), (0, 1), (−τ, 0), and (−τ, 1) the compatibility conditions are

w(0, 0) = Υl(0), w(1, 0) = Υr(0), w(0,−τ) = Υl(τ), w(1,−τ) = Υr(−τ),

ε (Υb)xx (0, 0) + µa(0, 0) (Υb)x (0, 0)− b(0, 0) (Υb) (0, 0)− (Υb)t (0, 0) =

− c(0, 0) (Υb) (0,−τ) +$(0, 0),

ε (Υb)xx (1, 0) + µa(1, 0) (Υb)x (1, 0)− b(1, 0) (Υb) (1, 0)− (Υb)t (1, 0) =

− c(1, 0) (Υb) (1,−τ) +$(1, 0),

for Υb(x, t) (initial-boundary data) satisfies appropriate compatibility criteria at the

two corners, (0, 0) and (1, 0). In order to establish the existence of continuous solution

w(x, t) ∈ C1+d/2,2+d(∆) with d ∈ (0, 1), the assumptions of Hölder continuity are

made on all the coefficients and IBVPs involved in Eq. (5.1). Having a time delay

τ > 0, in Eq. (5.1), the entire time domain [−τ, kτ ] for k ∈ N, is divided into several

subdomains. For the analysis purpose k = 2 is used. Because, in the region, [0, 1] ×

[0, τ ] the solution depends upon the solution in [0, 1] × [−τ, 0], which is known and

hence, the analysis is similar as we do for any SPPDEs having no time delay(Kumar,

2021). So, our analysis is done for [0, 1]× [τ, 2τ ], where w(x, t− τ) is the solution in
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[0, 1]× [0, τ ], which is known. Now, Eq. (5.1) can be rewritten as follows:

(
Lε,µ −

∂

∂t

)
w(x, t) = f(x, t), (x, t) ∈ ∆, (5.2)

where

Lε,µw(x, t) =

(
ε
∂2w

∂x2
+ µa

∂w

∂x
− bw

)
(x, t), and

f(x, t) =

$(x, t)− c(x, t)Υb(x, t− τ), for (x, t) ∈ (0, 1]× (0, τ ],

$(x, t)− c(x, t)w(x, t− τ), for (x, t) ∈ (0, 1)× (τ, T ],

(5.3)

with interval and boundary condition stated in Eq. (5.1).

5.3 Properties of the Continuous Solution

In this section, the analytical properties of Eq. (5.1) are explored. The analysis first

establishes a minimum principle and then derives bounds on the solution’s derivatives.

Lemma 5.1 (Minimum Principle). Let Ξ(x, t) ∈ C2(∆) ∩ C0(∆) satisfy Ξ(x, t) ≥ 0

for all (x, t) ∈ ∂∆ and Lε,µΞ(x, t) ≤ 0 in ∆. Then, Ξ(x, t) ≥ 0 for all (x, t) ∈ ∆.

Proof. Assume, for contradiction, that there exists a point (χ∗, υ∗) ∈ ∆ such that

Ξ(χ∗, υ∗) = min
(x,t)∈∆

Ξ(x, t) < 0.

Since Ξ(x, t) ≥ 0 on ∂∆, the minimum must occur at an interior point (χ∗, υ∗) ∈ ∆.

By the first and second derivative test, we have

Ξx(χ
∗, υ∗) = 0, Ξt(χ

∗, υ∗) = 0, and Ξxx(χ
∗, υ∗) ≥ 0.

Evaluating Lε,µΞ at this point gives

Lε,µΞ(χ∗, υ∗) = εΞxx(χ
∗, υ∗) + µ a(χ∗, υ∗) Ξx(χ

∗, υ∗)︸ ︷︷ ︸
=0

−b(χ∗, υ∗)Ξ(χ∗, υ∗)− Ξt(χ∗, υ∗)︸ ︷︷ ︸
=0

= εΞxx(χ
∗, υ∗)− b(χ∗, υ∗)Ξ(χ∗, υ∗) > 0,

since ε > 0, Ξxx(χ
∗, υ∗) ≥ 0, and Ξ(χ∗, υ∗) < 0 while b(x, t) > 0. This contradicts
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the assumption Lε,µΞ(x, t) ≤ 0 in ∆. Hence, our assumption is false, and Ξ(x, t) ≥ 0

for all (x, t) ∈ ∆.

Lemma 5.2. The solution w of Eq.(5.1) is uniformly bounded, that is, there exists a

constant C such that

‖w‖ ≤ C.

Proof. Consider the auxiliary function z(x, t) defined by

z(x, t) =

w(x, t)−Υb(x, 0), for 0 ≤ t ≤ T,

w(x, t)−Υb(x, t), for − τ ≤ t ≤ 0,

where Υb(x, 0) is a smooth extension of the boundary data. The function z satisfies

the following differential equation in ∆x:

Lε,µz − zt = r(x, t)

where the residual term r(x, t) is given by:

r(x, t) = −c(x, t)w(x, t− τ) +$(x, t)−
(
Lε,µ −

∂

∂t

)
Υb(x, 0),

= $ − εΥxx(x, t) + µa(x, t)Υb(x, t)− b(x, t)Υ (x, t)− c(x, t)Υ (x, t− τ).

The corresponding boundary conditions for z are

z|Λb = 0, z|Λl = Υl(t)− Υb(0, 0), z|Λr = Υr(t)− Υb(1, 0),

where Λb, Λl, and Λr denote the bottom, left, and right boundaries of the space-time

domain, respectively. To establish the uniform bound, we introduce a suitable barrier

function v(x, t) defined by:

v(x, t) =

Ct, for t ∈ [0, T ],

0, for t ∈ [−τ, 0].
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where C > 0 is a sufficiently large constant. This function satisfies:

(
Lε,µ −

∂

∂t

)
v = −C(1 + bt),

together with homogeneous boundary conditions v|Λb = 0 and v|Λl = 0. By comparing∣∣(Lε,µ − ∂
∂t

)
z
∣∣ with

∣∣(Lε,µ − ∂
∂t

)
v
∣∣, and using the fact that |z(x, t)| ≤ v(x, t) on the

parabolic boundary ∂∆, the maximum principle implies that |z(x, t)| ≤ v(x, t) holds

in the closure of ∆. Finally, by choosing Υb(x, 0) = 0(without loss of generality, since

Υb is arbitrary and smooth), we obtain

|w(x, t)| = |z(x, t) + Υb(x, 0)| ≤ Ct, for (x, t) ∈ ∆.

Since t ∈ [0, T ] it follows that ‖w‖ ≤ C, where C is independent of the perturba-

tion parameters. For comprehensive derivations and detailed reasoning, the reader is

referred to the proof presented in(Kumar, 2021).

Lemma 5.3 (Uniform Stability Estimate). Let w(x, t) be the solution to the contin-

uous problem (5.1), then it satisfies the bound

‖w(x, t)‖∆ ≤
∣∣ζ−1

∣∣ ‖$(x, t)‖+ max {‖Υb(x, t)‖ , ‖Υl(t)‖ , ‖Υr(t)‖} ,∀(x, t) ∈ ∆,

(5.4)

where 0 < ζ ≤ (b(x, t) + c(x, t)) and ‖·‖∆ is used to denote maximum norm given by

‖w(x, t)‖∆ = max(x,t)∈∆ |w(x, t)|.

Proof. The proof is provided in Chapter 3, Lemma 3.2.

Lemma 5.4. For k,m ∈ Z+ satisfying 0 ≤ k + 2m ≤ 4, the solution w(x, t) and its

derivatives of Eq. (5.1), satisfy the bound:

∥∥∥∥ ∂k+mw

∂xk∂tm

∥∥∥∥ ≤
 Cε−

k
2 for µ2 ≤ εN

α
,

C
(
µ
ε

)k (µ2
ε

)m
for µ2 ≥ εN

α
,

where N ≈ min(x,t)∈∆
b(x, t)

a(x, t)
and the constant C is independent of ε and µ and depends

only on the bound derivatives of the coefficients and the source term.

Proof. A complete justification of this result is available in the work of Kumar (2021)

as well as in Lemma 3.4 of Chapter 4.
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5.4 Formulation of the Numerical Scheme

To construct an appropriate numerical scheme for Eq. (5.1), we adopt Rothe’s method.

In the first stage, the time variable is discretized using the Crank-Nicolson method.

Subsequently, spatial discretization is carried out on a uniform mesh by applying a

fitted numerical integration technique based on Simpson’s one-third rule. The main

distinction in this section lies in extending the methodology applied to TP-SPPPs in

Chapter 4 to the more intricate case of TP-SPPPs with time delay.

5.4.1 Temporal Semi-discretization

The time domain [0, T ] is partitioned into a uniform mesh. A parameter τ is chosen

such that T = kτ , with k > 1. Two sets of temporal nodes are introduced.

ΛM
t =

{
tj = kj, j = 0(1)M, tM = T, k =

T

M

}
,

Λmτ =
{
tj = jk, j = 0(1)m, tm = τ, k =

τ

m

}
.

Here, M and m denote the number of mesh points in [0, T ] and [−τ, 0], respectively.

To obtain a semi-discrete form of the problem, the Crank-Nicolson FDM is applied

in the temporal direction. Derivation of the scheme for w(x, t) at the intermediate

time level
(
x, tj+1/2

)
involves Taylor series expansions of wj+1 and wj, leading to the

Crank-Nicolson formulation through a systematic procedure outlined below:

wj+1(x) = wj+1/2(x) +
k

2

dwj+1/2(x)

dt
+
k2

8

d2wj+1/2(x)

dt2
+
k3

48

d3wj+1/2(x)

dt3
+ ... (5.5)

wj(x) = wj+1/2(x)− k

2

dwj+1/2(x)

dt
+
k2

8

d2wj+1/2(x)

dt2
− k3

48

d3wj+1/2(x)

dt3
+ ... (5.6)

Subtracting Eq. (5.5) from Eq. (5.6) removes the term wj+1/2(x), leading to:

dwj+1/2(x)

dt
=
wj+1(x)− wj(x)

k
+ Tj+1/2(x), (5.7)

where Tj+1/2(x) represents the LTE of the scheme, defined as

Tj+1/2(x) =
k3

24

d3wj+1/2(x)

dt3
+ Terms of higher degree (5.8)
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which is order three. By incorporating the previously described discretization into

problem (5.1), the semi-discretized form of the scheme can be written as

ε

2

[
wj+1
xx + wjxx

]
+
µ

2

[
aj+1(x)wj+1

x + aj(x)wjx
]
− 1

2

[
bj+1(x)wj+1(x) + bj(x)wj(x)

]
=
wj+1(x)− wj(x)

k
+ TEj+1/2(x) +

1

2

[
$j+1(x) +$j(x)

]
−

1

2

[
cj+1(x)wj+1−m(x) + cj(x)wj−m(x)

]
,

⇒ε

2

[
wj+1
xx + wjxx

]
+
µ

2

[
aj+1(x)wj+1

x + (a′(x))j+1wj+1(x) + (a′(x))jwj(x) + aj(x)wjx
]

=

1

2

[
bj+1(x)wj+1(x) + bj(x)wj(x)

]
+
wj+1(x)− wj(x)

k
+

1

2

[
$j+1(x) +$j(x)

]
−

1

2

[
cj+1(x)wj+1−m(x) + cj(x)wj−m(x)

]
+
µ

2

[
(a′(x))j+1wj+1(x) + (a′(x))jwj(x)

]
,

⇒ε

2

[
wj+1
xx + wjxx

]
+
µ

2

[
aj+1(x)wj+1(x) + aj(x)wj(x)

]′
=

1

2

[
bj+1(x)wj+1(x) + bj(x)wj(x)

]
+
wj+1(x)− wj(x)

k
+

1

2

[
$j+1(x) +$j(x)

]
−

1

2

[
cj+1(x)wj+1−m(x) + cj(x)wj−m(x)

]
+
µ

2

[
(a′(x))j+1wj+1(x) + (a′(x))jwj(x)

]
,

where (′) denotes derivative of the function. The foregoing expression is rewritten as:



LMε,µwj+1(x) := ε
2

[wj+1
xx + wjxx] +

µ

2
[aj+1(x)wj+1(x) + aj(x)wj(x)]

′−
1

2
[bj+1(x)wj+1(x) + bj(x)wj(x)] =

wj+1(x)− wj(x)

k
+

1

2
[$j+1(x) +$j(x)]−

1

2
[cj+1(x)wj+1−m(x) + cj(x)wj−m(x)] +

µ

2
[(a′(x))j+1wj+1(x) + (a′(x))jwj(x)] ,

wj+1(0) = Υl(tj+1), wj+1(1) = Υr(tj+1), 0 ≤ j ≤M,

wj+1(x) = Υb(x, tj+1), (x, tj+1) ∈ [0, 1]× [−τ, 0].

(5.9)

By performing additional simplifications, Eq. (5.9) takes the form

LMε,µwj+1(x) := ε
2

(wxx(x))j+1 +
µ

2

[
(aj+1(x)wj+1(x))

′ − (a′(x))j+1wj+1(x)
]

−
(

1

2
bj+1(x) + 1

k

)
wj+1(x) = Gj+1(x),

wj+1(0) = Υl(tj+1), wj+1(1) = Υr(tj+1), 0 ≤ j ≤M,

wj+1(x) = Υb(x, tj+1), (x, tj+1) ∈ [0, 1]× [−τ, 0],

(5.10)

93



where

Gj+1(x) =− ε

2
(wxx(x))j +

µ

2

[
(a′(x))jwj(x)−

(
aj(x)wj(x)

)′]
+

(
1

2
bj(x)− 1

k

)
wj(x)

+
1

2

[
$j+1(x) +$j(x)

]
− 1

2

[
cj+1(x)wj+1−m(x) + cj(x)wj−m(x)

]
.

Applying the initial condition, the right-hand side of Eq. (5.10) is evaluated as

Gj+1(x) =



− ε
2

(wxx(x))j +
µ

2

[
(a′(x))jwj(x)− (aj(x)wj(x))

′]
+(

1

2
bj(x)− 1

k

)
wj(x)− 1

2
[cj+1(x)Υb(x, tj+1−m) + cj(x)Υb(x, tj−m)]

+
1

2
[$j+1(x) +$j(x)] , j = 0(1)m,

− ε
2

(wxx(x))j +
µ

2

[
(a′(x))jwj(x)− (aj(x)wj(x))

′]
+(

1

2
bj(x)− 1

k

)
wj(x)− 1

2
[cj+1(x)w(x, tj+1−m) + cj(x)w(x, tj−m)]

+
1

2
[$j+1(x) +$j(x)] , j = m+ 1(1)M.

Lemma 5.5 (Semi-discrete Minimum Principle). Assume that
[
LMε,µwj+1(x)

]
is the

discrete operator given in Eq. (5.10) and Ξ(x, tj+1) is any mesh function satisfying

Ξ(x, tj+1)|∂∆ ≥ 0 and
[
LMε,µΞ(x, tj+1)

]
|∆ ≤ 0,∀x ∈ ∆, then Ξ(x, tj+1) ≥ 0,∀x ∈ ∆x.

Proof. Let (χ∗, tj+1) ∈
{

(x, tj+1) : x ∈ ∆x

}
be such that

Ξ(χ∗, tj+1) = min
x∈∆x

Ξ(x, tj+1),

and let Ξ(χ∗, tj+1) < 0. Then (χ∗, tj+1) /∈ {(0, tj+1), (1, tj+1)}, also Ξx(χ
∗, tj+1) =

0 and Ξxx(χ
∗, tj+1) ≥ 0. By using this assumption and Eq. (5.10), we arrive on

LMε,µΞ(x, tj+1) > 0, which is a contradiction to the hypothesis, LMε,µΞ(x, tj+1) ≤ 0.

Hence, our asumption is wrong so Ξ(χ∗, tj+1) ≥ 0 and⇒ Ξ(x, tj+1) ≥ 0, ∀x ∈ ∆x.

Definition 5.1. (Priyadarshana et al., 2022)The global and local errors associated

with the time semi-discretization of Eq. (5.10) are defined as

Ej = max
j+1≤T/k

∥∥wj+1(x)−W j+1(x)
∥∥ , ej+1 =

∣∣wj+1(x)−W j+1(x)
∣∣ , (5.11)

respectively. Here, the local error measures the contribution of a single time step to

the global error. At each semi-discretization stage, it is computed using the exact
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solution wj+1(x) rather than the numerical approximation W j+1(x). The temporal

order of convergence of the Crank–Nicolson scheme follows from its consistency and

stability, as established in the subsequent lemmas.

Lemma 5.6. (Estimate of local error). Suppose that

∥∥∥∥∂kw(x, t)

∂tk

∥∥∥∥ ≤ C, (x, t) ∈ ∆, k =

0, 1, 2. The error estimate in temporal direction for sufficiently large constant C is

‖ej+1‖ ≤ C
(
k3
)
.

Proof. Using Crank-Nicolson time discretization and the fourth-order Taylor expan-

sions from Eqs. (5.7)-(5.8), we obtain

wj+1(x)− wj(x)

k
=
∂wj+1/2(x)

∂t
+O(k3) (5.12)

Using Eq. (5.12) into Eq. (5.1), we get

Lε,µwj+1(x) = wj+1
t +O(k3).

Similarly, applying the semi-discrete minimum operator to ek+1 yields

Lε,µej+1(x) = O(k3).

Then, by applying Lemma 5.5, the LTE can be estimated as:

‖ej+1‖∞ ≤ C
(
k3
)
.

Lemma 5.7 (Estimate of global error). The global error Ej at the (j)th time level

satisfies the bound ‖Ej‖ ≤ C(k2), ∀j ≤ T/k.

Proof. Following the same reasoning as in Chapter 3, Lemma 3.7, we conclude that

the temporal semi-discretization scheme attains second-order accuracy.

To assess the proposed method, it is essential to understand the behavior of the

exact solution’s derivatives in the semi-discretized form of Eq. (5.9). After suitable
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rearrangements, the characteristic equation of its homogeneous part is obtained as:

ελ2 + µaj+1(x)λ− βj+1(x) = 0, (5.13)

where βj+1(x) = bj+1(x) + 2/k and Eq. (5.13) has two roots λ1 and λ2, where

λ1 = −µa
j+1(x)

2ε
+

√(
µaj+1(x)

2ε

)2

+
βj+1(x)

ε
≥ 0,

λ2 = −µa
j+1(x)

2ε
−

√(
µaj+1(x)

2ε

)2

+
βj+1(x)

ε
≤ 0.

These roots represent the boundary layer behavior of the solution in the neighborhood

of x = 0 and x = 1(Negero, 2023; Ayele et al., 2023). Let %1 = −maxx∈[0,1] λ2(x) and

%2 = minx∈[0,1] λ1(x), we have three cases:(i) when µ2

ε
→ 0, as ε→ 0, %1 = %2 =

√
βj+1

ε
,

where 0 < β∗ < βj+1 and (ii) when ε
µ2
→ 0, as µ → 0, %1 = %2 = µa∗

ε
and %2 = 0,

where 0 < a∗ < aj+1, (iii) when %2 << %1, the solutions exhibit a stronger boundary

layer along x = 0 and x = 1(Negero, 2023).

Next, we establish the semi-discrete bound for the solution wj+1(x) of Eq. (5.9).

Lemma 5.8. The solution wj+1(x) of Eq. (5.9) satisfies the derivative bound∣∣∣∣dqwj+1(x)

dxq

∣∣∣∣ ≤ C
(
1 + %q1e

−τ%1x + %q2e
−τ%2(1−x)

)
, q = 0(1)r, r > 1 and 0 < τ < 1.

(5.14)

Proof. The detailed proof of this lemma can be found in Chapter 4, Lemma 3.8.

5.4.2 Spatial Semi-discretization

We discretized the spatial domain [0, 1] into N equal number of mesh elements as:

ΛN
x = {xi = ih, i = 0(1)N, x0 = 0, xN = 1, h = 1/N}. Integrating Eq. (5.9), in the
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interval [xi−1, xi+1] , i = 1(1)N − 1, we obtain

ε

2

∫ xi+1

xi−1

[
wj+1
xx + wjxx

]
(x)dx+

µ

2

∫ xi+1

xi−1

[
aj+1(x)wj+1(x) + aj(x)wj(x)

]′
dx−

1

2

∫ xi+1

xi−1

[
bj+1(x)wj+1(x) + bj(x)wj(x)

]
dx =

1

k

∫ xi+1

xi−1

[
wj+1(x)− wj(x)

]
dx+

1

2

∫ xi+1

xi−1

[
$j+1(x) +$j(x)

]
dx− 1

2

∫ xi+1

xi−1

[
cj+1(x)wj+1−m(x) + cj(x)wj−m(x)

]
dx

+
µ

2

∫ xi+1

xi−1

[
(a′(x))j+1wj+1(x) + (a′(x))jwj(x)

]
dx,

⇒ε

2

[
(wx(xi+1))j+1 − (wx(xi−1))j+1 + (wx(xi+1))j − (wx(xi−1))j

]
+

µ

2

[
aj+1(xi+1)wj+1(xi+1)− aj+1(xi−1)wj+1(xi−1) + aj(xi+1)wj(xi+1)− aj(xi−1)wj(xi−1)

]
=

∫ xi+1

xi−1

Θj(x)dx,

(5.15)

where

Θj(x)dx =
1

2

[
bj+1(x)wj+1(x) + bj(x)wj(x)

]
+

1

k

[
wj+1(x)− wj(x)

]
+

1

2

[
$j+1(x) +$j(x)

]
−

1

2

[
cj+1(x)wj+1−m(x) + cj(x)wj−m(x)

]
+
µ

2

[
(a′(x))j+1wj+1(x) + (a′(x))jwj(x)

]
.

In Eq. (5.15), the definite integral is approximated using 1/3rd-Simpson’s rule. With

the notation wj(xi) = W j
i , Eq. (5.15) simplifies to:

ε

2

[
(Wx)

j+1
i+1 − (Wx)

j+1
i−1 + (Wx)

j
i+1 − (Wx)

j
i−1

]
+

µ

2

[
aj+1
i+1W

j+1
i+1 − a

j+1
i−1W

j+1
i−1 + aji+1W

j
i+1 − a

j
i−1W

j
i−1

]
=
h

3

[
Θj
i+1 + 4Θj

i + Θj
i−1

]
.

(5.16)

The first derivatives of wj+1(x) and wj(x) with respect to x at the grid point xi, i =

1, 2, . . . , N − 1, are approximated as follows:

(Wx)
j+1
i ≈

W j+1
i+1 −W

j+1
i−1

2h
,

(Wx)
j+1
i+1 ≈

3W j
i+1 − 4W j+1

i +W j+1
i−1

2h
,

(Wx)
j+1
i−1 ≈

−W j+1
i+1 + 4W j+1

i − 3W j+1
i−1

2h
,

(5.17)
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The expression in Eq. (5.17) is similarly applied at the jth time level. By substituting

Eq. (5.17) into Eq. (5.16) and performing simplification, we obtain the relation:

ε

h

[
W j+1
i+1 − 2W j+1

i +W j+1
i−1 +W j

i+1 − 2W j
i +W j

i−1

]
+

µ

2

[
aj+1
i+1W

j+1
i+1 − a

j+1
i−1W

j+1
i−1 + aji+1W

j
i+1 − a

j
i−1W

j
i−1

]
=
h

3

[
Θj
i+1 + 4Θj

i + Θj
i−1

]
.

(5.18)

To account for the influence of the perturbation parameter, an exponential fitting

factor σ(ρ) is applied to the ε− dependent term in Eq. (5.18) as follows:

εσ(ρ)

h

[
W j+1
i+1 − 2W j+1

i +W j+1
i−1 +W j

i+1 − 2W j
i +W j

i−1

]
+

µ

2

[
aj+1
i+1W

j+1
i+1 − a

j+1
i−1W

j+1
i−1 + aji+1W

j
i+1 − a

j
i−1W

j
i−1

]
=
h

3

[
Θj
i+1 + 4Θj

i + Θj
i−1

]
.

(5.19)

Let ρ =
h

ε
and taking the limit of Eq. (5.19) as h→ 0

lim
h→0

σ(ρ)

ρ

[
W j+1
i+1 − 2W j+1

i +W j+1
i−1 +W j

i+1 − 2W j
i +W j

i−1

]
+

lim
h→0

µ

2

[
aj+1
i+1W

j+1
i+1 − a

j+1
i−1W

j+1
i−1 + aji+1W

j
i+1 − a

j
i−1W

j
i−1

]
= 0.

(5.20)

5.4.3 Derivation of the Fitting Factor

From the theory of singular perturbations (Negero, 2023; Ayele et al., 2023), the

solution of Eq. (5.10) can be written as

W j+1(x) =


W j+1

0 (x) +
[
W j+1

0 (0)−Υj+1
l (0)

]
exp

(
−µa

j+1(0)

ε
(x)

)
, at Left Layer,

W j+1
0 (x) +

[
W j+1

0 (1)−Υj+1
r (1)

]
exp

(
µaj+1(1)

ε
(1− x)

)
, at Right Layer,

where W j+1
0 (x) is the solution of reduced problem (Negero, 2023; Singh et al., 2022).

By expanding a(x) in a Taylor series about x = 0 and x = 1, and assuming a
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sufficiently small h, the evaluation of Eq. (5.20) at x = xi = h yields:

W j+1
i =


(W0)j+1

i +
[
W j+1

0 (0)−Υj+1
l (0)

]
exp

(
−µa

j+1(0)

ε
(ih)

)
, left layer,

(W0)j+1
i +

[
W j+1

0 (1)−Υj+1
r (1)

]
exp

(
µaj+1(1)

ε
(1− ih)

)
, right layer.

(5.21)

For left layer, substituting Eq. (5.21) into Eq. (5.20) and taking ρ = h
ε

σ

ρ

[
e(−µa

j+1(0)ρ) − 2 + e(µa
j+1(0)ρ)

]
= −µ

2
aj+1(0)

[
e(−µa

j+1(0)ρ) + e(µa
j+1(0)ρ)

]
,

⇒− σ

ρ

e
µaj+1(0)ρ

2


− e

−µaj+1(0)ρ

2




2

=

−µ
2
aj+1(0)

e
µaj+1(0)ρ

2


− e

−µaj+1(0)ρ

2


 ,

After some arrangements, the left and right layers are formed accordingly. With σ(ρ)

identified and the limit h→ 0 applied to both sides, we arrive:

σ(ρ) =


ρµaj+1(0)

2
coth

(
µaj+1(0)ρ

2

)
, for x = 0,

ρµaj+1(1)

2
coth

(
µaj+1(1)ρ

2

)
, for x = 1.

(5.22)

where ρ = h/ε. Substituting Eq. (5.22) into (5.19) and solving for Θj
i , we arrive at:



[
σ(ρ)

ρ
− µ

2
aj+1
i−1 −

h

6
bj+1
i−1 −

h

3k
− h

6
µ(a′)j+1

i−1

]
W j+1
i−1 +[

−2σ(ρ)

ρ
− 2h

3
bj+1
i +

4h

3k
− 2h

3
µ(a′)j+1

i

]
W j+1
i +[

σ(ρ)

ρ
+
µ

2
aj+1
i+1 −

h

6
bj+1
i+1 −

h

3k
− h

6
µ(a′)j+1

i+1

]
W j+1
i+1 =[

−σ(ρ)

ρ
+
µ

2
aji−1 +

h

6
bji−1 −

h

3k
+
h

6
µ(a′)ji−1

]
W j
i−1+[

2σ(ρ)

ρ
+

2h

3
bji −

4h

3k
+

2h

3
µ(a′)ji

]
W j
i +[

−σ(ρ)

ρ
− µ

2
aji+1 +

h

6
bji+1 −

h

3k
+
h

6
µ(a′)ji+1

]
W j
i+1+

h

6

[
$j+1
i+1 +$j

i+1

]
+

2h

3

[
$j+1
i +$j

i

]
+
h

6

[
$j+1
i−1 +$j

i−1

]
−

(5.23)
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
h

6

[
cj+1
i−1W

j+1−m
i−1 + cji−1W

j−m
i−1

]
− 2h

3

[
cj+1
i W j+1−m

i + cjiW
j−m
i

]
−h

6

[
cj+1
i+1W

j+1−m
i+1 + cji−1W

j−m
i+1

]
.

Now, Eq. (5.23) can be expressed as a three-term recurrence relation as:



LN,Mε,µ W j+1
i = A−i W

j+1
i−1 + AciW

j+1
i + A+

i W
j+1
i+1 =

B−i W
j
i−1 +Bc

iW
j
i +B+

i W
j
i+1 + F j

j ,

W j+1
i = Υb(xi, tj+1), i = 1, ..., N − 1, −(m+ 1) ≤ j ≤ −1,

W j+1
0 = Υl(tj+1), W j+1

N+1 = Υr(tj+1), 0 ≤ j ≤M − 1,

(5.24)

for i = 0, 1, ..., N and j = 0, 1, ...,M where

A−i =
σ(ρ)

ρ
− µ

2
aj+1
i−1 −

h

6
bj+1
i−1 −

h

3k
− h

6
µ(a′)j+1

i−1 ,

Aci = −2σ(ρ)

ρ
− 2h

3
bj+1
i − 4h

3k
− 2h

3
µ(a′)j+1

i ,

A+
i =

σ(ρ)

ρ
+
µ

2
aj+1
i+1 −

h

6
bj+1
i+1 −

h

3k
− h

6
µ(a′)j+1

i+1 ,

B−i = −σ(ρ)

ρ
+
µ

2
aji−1 +

h

6
bji−1 −

h

3k
+
h

6
µ(a′)ji−1,

Bc
i =

2σ(ρ)

ρ
+

2h

3
bji −

4h

3k
+

2h

3
µ(a′)ji ,

B+
i = −σ(ρ)

ρ
− µ

2
aji+1 +

h

6
bji+1 −

h

3k
+
h

6
µ(a′)ji+1,

(5.25)

and the right hand side is given by:

F j
i =



−h
6

[
cj+1
i−1 Υb(xi−1, tj+1) + 2cj+1

i Υb(xi, tj+1) + cj+1
i+1 Υb(xi+1, tj+1)

]
−h

6

[
cji−1Υb(xi−1, tj) + 2cjiΥb(xi, tj) + cji+1Υb(xi+1, tj)

]
+

h

6

[
$j+1
i−1 + 2$j+1

i +$j+1
i+1

]
+
h

6

[
$j
i−1 + 2$j

i +$j
i+1

]
, for tj < m, j = 0(1)M − 1,

−h
6

[
cj+1
i−1W (xi−1, tj+1−m) + 2cj+1

i W (xi, tj+1−m) + cj+1
i+1W (xi+1, tj+1−m)

]
−h

6

[
cji−1W (xi−1, tj−m) + 2cjiW (xi, tj−m) + cji+1W (xi+1, tj−m)

]
+

h

6

[
$j+1
i−1 + 2$j+1

i +$j+1
i+1

]
+
h

6

[
$j
i−1 + 2$j

i +$j
i+1

]
, for tj > m, j = 0(1)M − 1.

To obtain the numerical solution of Eq. (5.1), the desired finite difference scheme for-

mulated in Eq. (5.24) is identified as a fitted operator FDM, derived using 1/3rd−Simpson’s

integration rule. By multiplying both sides of Eq. (5.23) by −1, the resulting co-
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efficient matrix is modified such that its row sums remain non-negative and its

off-diagonal entries become non-positive, thereby satisfying the requirements for an

M−matrix structure. For sufficiently small mesh sizes, it follows from the tridiagonal

systems defined in Eqs. (5.24) and (5.25) that

|Aci | ≥
∣∣A−i ∣∣+

∣∣A+
i

∣∣ . (5.26)

This inequality ensures that the coefficient matrix associated with the discrete opera-

tor LN,Mε,µ is irreducibly diagonally dominant and, consequently, non-singular. Hence,

the matrix qualifies as an M−matrix, guaranteeing stability and the existence of a

unique solution. With the imposed boundary conditions, the inverse of this matrix

can then be efficiently employed to compute the numerical solution of Eq. (5.24).

5.5 Convergence Analysis

The boundedness of the continuous solution and its derivatives has been established.

Next, the temporal discretization errors are evaluated followed by an analysis of spatial

and overall error estimates to verify the scheme’s stability and consistency.

Lemma 5.9 (Discrete Minimum Principle). Assume Ξj+1(x) be a mesh function sat-

isfying, Ξ(0, tj+1) ≥ 0,Ξ(1, tj+1) ≥ 0, and LN,Mε,µ Ξ(xi, tj+1) ≤ 0 on ∆N
x × ∆M

t . Then

Ξ(xi, tj) ≥ 0 at each point ∆
N

x ×∆
M

t , where ∆N
x and ∆M

t are discretized domain.

Proof. Let(xϑ, tj+1) ∈ {(xi, tj+1) : i = 1(1)N} such that Ξj+1(xϑ) = min1≤i≤N Ξj+1(xi),

and let Ξj+1(xϑ) < 0. From this (xϑ, tj+1) /∈ {(0, tj+1), (1, tj+1)}, which implies that

(xϑ, tj+1) ∈ {(xi, tj+1) : i = 1(1)N − 1}. Then, from Eq. (5.24), we have

LN,Mε,µ Ξj+1
ϑ = A−i Ξj+1

ϑ−1 + AciΞ
j+1
ϑ + A+

i Ξj+1
ϑ+1 ≥ 0,

since
∣∣A−i ∣∣ > 0, |Aci | > 0 and

∣∣A+
i

∣∣ > 0, which is a contradiction. As a result,

Ξj+1(xϑ) ≥ 0. Therefore Ξj+1(xi) ≥ 0,∀(xi, tj+1) ∈ {(xi, tj+1) : i = 1(1)N − 1}.

From Lemma 5.9, the discrete operator LN,Mε,µ satisfies the discrete minimum prin-

ciple, ensuring the monotonicity of the associated coefficient matrix. Moreover, its
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irreducible diagonal dominance confirms that it is an M−matrix, thereby guarantee-

ing the existence and uniqueness of the discrete solution.

Lemma 5.10 (Estimating Discrete Uniform Stability). The solution W j+1
i of the

discrete scheme in Eq. (5.24) on LN,Mε,µ gratifies the following estimate:

∥∥W j+1
i

∥∥ ≤ ζ−1
∥∥LN,Mε,µ W j+1

i

∥∥+ max {|Υl(tj+1)| , |Υr(tj+1)| , |Υb(xi, tj+1)|} , (5.27)

for i = 1(1)N − 1 and 0 < ζ ≤ b(x, t) + c(x, t).

Proof. Let Γ = ζ−1
∥∥LN,Mε,µ W j+1

i

∥∥+ max {|Υl(tj+1)| , |Υr(tj+1)| , |Υb(xi, tj+1)|} and de-

scribe the barrier functions as:

(
5±
)j+1

i
= Γ ±W j+1

i . (5.28)

The discrete function 5±(xi, tj+1) on the boundary and interval functions are

5± (0, tj+1) = Γ + max {|Υl(tj+1)| , |Υr(tj+1)| , |Υb(0, tj+1)|} ±Υl(tj+1) ≥ 0,

5± (1, tj+1) = Γ + max {|Υl(tj+1)| , |Υr(tj+1)| , |Υb(1, tj+1)|} ±Υr(tj+1) ≥ 0,

5± (xi, 0) = Γ + max {|Υl(0)| , |Υr(0)| , |Υb(xi, 0)|} ±Υb(xi, 0) ≥ 0.

Additionally, on the discretized domain, it is given as

LN,Mε,µ

(
5±
)j+1

i
= Γ ±W j+1

i = A−i
(
Γ ±W j+1

i−1

)
+ Aci

(
Γ ±W j+1

i

)
+ A+

i

(
Γ ±W j+1

i+1

)
,

=
(
A−i + Aci + A+

i

)
Γ ±Hj

i ≥ 0,

where Hj
i is right hand side of Eq. (5.24). Using Lemma 5.9, the proof is immediate.

To demonstrate the parameter-uniform convergence of the discrete scheme in

Eq. (5.24), let Ti(h) denote the LTE associated with the proposed method. The

expression for the LTE is formulated as:

Ti(h) = A−i W
j+1
i−1 + AciW

j+1
i + A+

i W
j+1
i+1 −

(
B−i W

j
i−1 +Bc

iW
j
i +B+

i W
j
i+1 + F

)
(5.29)
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To calculate the spatial truncation error, use Eq. (5.24) at xι, ι = i, i±1 in Eq. (5.29).

Ti(h) =



[
A−i W

j+1
i−1 − h (εW j+1

xx + µaj+1(x)W j+1
x − βj+1(x)W j+1)i−1

]
+[

AciW
j+1
i − h (εW j+1

xx + µaj+1(x)W j+1
x − βj+1(x)W j+1)i

]
+[

A+
i W

j+1
i+1 − h (εW j+1

xx + µaj+1(x)W j+1
x − βj+1(x)W j+1)i+1

]
+[

B−i W
j
i−1 − h (εW j

xx + µaj(x)W j
x − βj(x)W j)i−1

]
+[

Bc
iW

j
i − h (εW j

xx + µaj(x)W j
x − βj(x)W j)i

]
+[

B+
i W

j
i+1 − h (εW j

xx + µaj(x)W j
x − βj(x)W j)i+1

]

(5.30)

Replacing a Taylor’s series expansion of

W j+1
i−1
∼= W j+1

i − h

1!

dW j+1
i

dx
+
h2

2!

d2W j+1
i

dx2
− h3

3!

d3W j+1
i

dx3
+
h4

4!

d4W j+1
i

dx4
+O(h5),

W j+1
i+1
∼= W j+1

i +
h

1!

dW j+1
i

dx
+
h2

2!

d2W j+1
i

dx2
+
h3

3!

d3W j+1
i

dx3
+
h4

4!

d4W j+1
i

dx4
+O(h5),

W j
i−1
∼= W j

i −
h

1!

dW j
i

dx
+
h2

2!

d2W j
i

dx2
− h3

3!

d3W j
i

dx3
+
h4

4!

d4W j
i

dx4
+O(h5),

W j
i+1
∼= W j

i +
h

1!

dW j
i

dx
+
h2

2!

d2W j
i

dx2
+
h3

3!

d3W j
i

dx3
+
h4

4!

d4W j
i

dx4
+O(h5),

(Wx)
j+1
i−1
∼= (Wx)

j+1
i − h

1!
(Wxx)

j+1
i +

h2

2!
(Wxxx)

j+1
i − h3

3!
(Wxxxx)

j+1
i +O(h4),

(Wx)
j+1
i+1
∼= (Wx)

j+1
i +

h

1!
(Wxx)

j+1
i +

h2

2!
(Wxxx)

j+1
i +

h3

3!
(Wxxxx)

j+1
i +O(h4),

(Wx)
j
i−1
∼= (Wx)

j
i −

h

1!
(Wxx)

j
i +

h2

2!
(Wxxx)

j
i −

h3

3!
(Wxxxx)

j
i +O(h4),

(Wx)
j
i+1
∼= (Wx)

j
i +

h

1!
(Wxx)

j
i +

h2

2!
(Wxxx)

j
i +

h3

3!
(Wxxxx)

j
i +O(h4),

(Wxx)
j+1
i−1
∼= (Wxx)

j+1
i − h

1!
(Wxxx)

j+1
i +

h2

2!
(Wxxxx)

j+1
i +O(h3),

(Wxx)
j+1
i+1
∼= (Wxx)

j+1
i +

h

1!
(Wxxx)

j+1
i +

h2

2!
(Wxxxx)

j+1
i +O(h3),

(Wxx)
j
i+1
∼= (Wxx)

j
i +

h

1!
(Wxxx)

j
i +

h2

2!
(Wxxxx)

j
i +O(h3),

(Wxx)
j
i−1
∼= (Wxx)

j
i +

h

1!
(Wxxx)

j
i +

h2

2!
(Wxxxx)

j
i +O(h3),

(5.31)

into Eq. (5.30), we have

Ti(h) =
[
ξj+1

0 W j+1
i + ξj0W

j
i

]
+
[
ξj+1

1 W j+1
x,i + ξj1W

j
x,i

]
+[

ξj+1
2 W j+1

xx,i + ξj2W
j
xx,i

]
+
[
ξj+1

3 W j+1
xxx,i + ξj3W

j
xxx,i

]
+ Residual terms,

(5.32)
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where the coefficients are given as:

ξj+1
0 =

(
A−i + Aci + A+

i

)
+ h

(
βj+1
i−1 + βj+1

i + βj+1
i+1

)
,

ξj0 = −
(
B−i +Bc

i +B+
i

)
+ h

(
βji−1 + βji + βji+1

)
,

ξj+1
1 = h

(
A+
i − A−i

)
− hµ

(
aj+1
i−1 + aj+1

i + aj+1
i+1

)
− h2

(
βj+1
i−1 − β

j+1
i+1

)
,

ξj1 = h
(
B−i −B+

i

)
− hµ

(
aji−1 + aji + aji+1

)
+ h2

(
βji+1 − β

j
i−1

)
,

ξj+1
2 =

h2

2

(
A−i + A+

i

)
− 3hε+ h2µ

(
aj+1
i−1 − a

j+1
i+1

)
+
h3

2

(
βj+1
i−1 + βj+1

i+1

)
,

ξj2 = −h
2

2

(
A+
i + A−i

)
− 3hε+ h2µ

(
aji−1 − a

j
i+1

)
+
h3

2

(
βji−1 + βji+1

)
,

ξj+1
3 =

h3

6

(
A+
i − A−i

)
− h3

2
µ
(
aj+1
i−1 + aj+1

i+1

)
− h4

6

(
βj+1
i−1 − β

j+1
i+1

)
, and

ξj3 =
h3

6

(
B−i −B+

i

)
− h3

2
µ
(
aji−1 + aji+1

)
− h4

6

(
βji+1 − β

j
i−1

)
.

Substituting and simplifying the values of A−i , A
c
i , A

+
i , B

−
i , B

c
i , B

+
i and restricting the

expansion of the coefficients to the first term gives ξj+1
0 = ξj0 = ξj+1

1 = ξj1 = 0 and


ξj+1

2 = h2σ(ρ)
ρ
− 3hε− h3

6

(
11 (a′)j+1

i + 5βj+1
i

)
+O(h3),

ξj2 = h2σ(ρ)
ρ
− 3hε− h3

6

(
11 (a′)ji + 5βij

)
+O(h3).

(5.33)

Hence, employing the bounded nature of the coefficient functions, we derive:

|Ti(h)| ≤ ξj+1
2 (Wxx)

j+1
i + ξj2 (Wxx)

j
i ≤ hε(σ − 3) (Wxx)

j+1
i , since ρ =

h

ε
. (5.34)

Using the power series expansion of coth(ψ), the following inequality is obtained:

coth(ψ) =
1

ψ
+
ψ

3
− ψ3

45
+O(ψ5)⇒ ψ coth(ψ) = 1 +

ψ2

3
+O(ψ4),

where ψ =
ρµaj+1(xi)

2
. Now |σ − 3| =

∣∣∣∣∣∣∣∣∣1 +

(
ρµaj+1(xi)

2

)2

3
− 3

∣∣∣∣∣∣∣∣∣ ≤ Cρ2µ2. From

this, Eq. (5.34) reduced to

|Ti(h)| ≤ hε
(
Cρ2µ2

)
(Wxx)

j+1
i = Ch3µ

2

ε
(Wxx)

j+1
i . (5.35)
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Thus, considering the ratio of µ2/ε and applying Lemma (5.8), we have

|Ti(h)| ≤


Ch3µ

ε
when µ2 ≤ ε,

Ch3µ
2

ε
when ε ≤ µ2.

(5.36)

Lemma 5.11. Let the solutions to Eqs. (5.1) and (5.24) be w(xi, tj+1) and LN,Mε,µ W j+1
i ,

respectively. Next, in the spatial direction, the proposed scheme satisfies the estimation

(Ayele et al., 2023):

∣∣LN,Mε,µ W j+1
i − w(xi, tj+1)

∣∣ ≤
 Ch2 when µ2 ≤ ε,

Ch when ε ≤ µ2.
(5.37)

Proof. For i = 1(1)N , let’s construct a barrier function as

Θ±(xi, tj+1) = Ti(h)±
(
LN,Mε,µ W j+1

i − w(xi, tj+1)
)
.

Now from boundary conditions, Θ±(x0, tj+1) ≥ 0, Θ±(xN , tj+1) ≥ 0 and

LN,Mε,µ Θ±(xi, tj+1) ≤ 0 for i = 1(1)N −1. Hence, by applying Lemma 5.9, the required

estimate can be achieved.

Consequently, the established bound leads to the main result presented in the

following theorem.

Theorem 5.1. Let w(xi, tj+1) and W j+1
i be solutions of the continuous problem (5.1)

and the discrete problem (5.24), respectively. Then, the error estimate for the fully

discrete scheme is given by

max
0≤i≤N,0≤j≤M

∥∥w(xi, tj+1)−W j+1
i

∥∥ ≤
 C (h2 + k2) when µ2 ≤ ε,

C (h+ k2) when ε ≤ µ2,
(5.38)

where C is a constant unaffected by any perturbation parameter.

Proof. The proof of this theorem initiates by examining the left-hand side of Eq. (5.38).

Applying the triangle inequality to the semi-discrete solution W j+1(xi) and incorpo-

rating the error estimates provided in Lemmas 5.11 and 5.7, the desired result is

obtained (Mohye et al., 2023).
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Consequently, the proposed method achieves a second-order convergence rate when

µ2/ε ≤ 1, exhibiting uniform convergence that is independent of the perturbation

parameters. In contrast, in the regime ε/µ2 � 1, the scheme attains first-order con-

vergence, reflecting the dominance of spatial discretization effects over temporal vari-

ations. This demonstrates the method’s robustness across varying perturbation scales

and its adaptability to both parameter-sensitive and parameter-insensitive regimes.

5.6 Numerical Examples, Results and Discussion

To verify the theoretical results experimentally, we solve the following examples.

Example 5.1. Consider TP-SPPPs presented in Negero (2023); Singh et al. (2022).



ε
∂2w

∂x2
+ µ(1 + x)

∂w

∂x
− w(x, t)− ∂w

∂t
=

−w(x, t− τ) + 16x2 (1− x)2 , (x, t) ∈ (0, 1)× (0, 2],

w(0, t) = 0, w(1, t) = 0, t ∈ (0, 2],

w(x, t) = 0, (x, t) ∈ [0, 1]× [−τ, 0].

(5.39)

Example 5.2. Consider TP-SPPPs involving delay terms in Negero (2023).



ε
∂2w

∂x2
+ µ(1 + x− x2 + t2)

∂w

∂x
− (1 + 5xt)w(x, t)− ∂w

∂t
=

−w(x, t− τ) + (x− x2)(et − 1), (x, t) ∈ (0, 1)× (0, 2],

w(0, t) = 0, w(1, t) = 0, t ∈ (0, 2],

w(x, t) = 0, (x, t) ∈ [0, 1]× [−τ, 0].

(5.40)

Example 5.3. Consider TP-SPPPs with a time delay τ = 1 as in Singh et al. (2022).



ε
∂2w

∂x2
+ µ(1 + x2)

∂w

∂x
− (1 + 5xt)w(x, t)− ∂w

∂t
=

−w(x, t− τ) + 16x2(1− x)2, (x, t) ∈ (0, 1)× (0, 2],

w(0, t) = 0, w(1, t) = 0, t ∈ (0, 2],

w(x, t) = 0, (x, t) ∈ [0, 1]× [−τ, 0].

(5.41)

As the considered examples have no exact solution, we calculate the scheme’s
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maximum pointwise error EN,M
ε,µ and rate of convergence R

N,M

ε,µ using the double mesh

principle (Doolan et al., 1980) as given in Chapter 3, Section 3.6. Although the

proposed method is designed to accommodate both small and large time delays τ ,

due to limitations in space and scope, we present examples only for the case of a large

delay. Nevertheless, the approach is equally applicable to either scenario (Daba et al.,

2024). In the examples considered here, the time delay is set as τ = 1.

Table 5.1: Computed EN,M
ε,µ , EN,M and R

N,M

ε,µ for Example 5.1 at µ = 10−9 and
comparison with Sumit et al. (2020); Negero (2023).

ε N = 32 N = 64 N = 128 N = 256 N = 512 N = 1024
↓ M = 8 M = 16 M = 32 M = 64 M = 128 M = 256

Present Method
10−2 7.6693e− 04 1.9032e− 04 4.7589e− 05 1.1889e− 05 2.9723e− 06 7.4306e− 07

2.0107 1.9997 2.0010 2.0000 2.0000 −
10−4 1.2817e− 03 2.8886e− 04 6.5466e− 05 1.6164e− 05 4.0250e− 06 1.0057e− 06

2.1496 2.1416 2.0180 2.0057 2.0008 −
10−6 1.3615e− 03 3.6324e− 04 9.3536e− 05 2.3162e− 05 5.2037e− 06 1.1491e− 06

1.9062 1.9573 2.0138 2.1542 2.1790 −
10−8 1.3617e− 03 3.6351e− 04 9.3962e− 05 2.3888e− 05 6.0206e− 06 1.5086e− 06

1.9053 1.9518 1.9758 1.9883 1.9967 −
10−10 1.3617e− 03 3.6351e− 04 9.3964e− 05 2.3890e− 05 6.0231e− 06 1.5122e− 06

1.9053 1.9518 1.9757 1.9878 1.9939 −
10−12 1.3617e− 03 3.6351e− 04 9.3964e− 05 2.3890e− 05 6.0231e− 06 1.5122e− 06

1.9053 1.9518 1.9757 1.9878 1.9939 −
EN,M 1.3617e− 03 3.6351e− 04 9.3964e− 05 2.3890e− 05 6.0231e− 06 1.5122e− 06

R
N,M

1.9053 1.9518 1.9757 1.9878 1.9939 −
Result in Sumit et al. (2020)(Uniform S-mesh)
EN,M 4.3817e− 2 1.6750e− 02 7.4019e− 3 3.7490e− 3 1.9008e− 3 9.5719e− 4

R
N,M

1.3873 1.1781 0.9813 0.9799 0.9898 −
Result in Negero (2023)(Fitted cubic spline in tension method )
EN,M 3.2186e− 03 7.9382e− 04 1.9871e− 04 4.9629e− 05 1.2404e− 05 3.1012e− 06

R
N,M

2.0195 1.9981 2.0014 2.0004 1.9999 −

The computed maximum pointwise error EN,M
ε,µ and rate of convergence R

N,M

ε,µ

for Examples 5.1-5.3 are presented in Tables 5.1-5.8 with different values of ε, µ,N

and M . Tables 5.1-5.5, and 5.7 compare numerical results to those given in (Sumit

et al., 2020; Negero, 2023; Govindarao et al., 2019; Singh et al., 2022), by fixing or

varying ε or µ. This comparison indicates that, once compared to studies found in the

literature, the suggested approach provides a more accurate solution. Consequently,

tabulated numerical results confirm that our theoretical estimates in Lemma 5.7 and

Theorem 5.1 can be achieved by the proposed scheme, that is 1/3rd Simpson’s scheme.

Tables 5.5 and 5.7 display the error for Examples 5.2 and 5.3, respectively, for the
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Table 5.2: Computed maximum pointwise error and rate of convergence for Example
5.1 at µ = 10−4 and comparison with Govindarao et al. (2019) for N = M .

ε N = 32 N = 64 N = 128 N = 256 N = 512
↓ M = 32 M = 64 M = 128 M = 256 M = 512

Present Method
10−4 1.2721e− 03 2.8911e− 04 6.5457e− 05 1.6144e− 05 4.0406e− 06

2.1375 2.1430 2.01955 1.99836
10−6 1.3591e− 03 3.6573e− 04 9.4783e− 05 2.3704e− 05 5.4139e− 06

1.8938 1.9481 1.9995 2.1304
10−8 1.3606e− 03 3.6879e− 04 9.7117e− 05 2.5534e− 05 9.0849e− 06

1.8834 1.9250 1.9273 1.4909
10−10 1.3606e− 03 3.6879e− 04 9.7117e− 05 2.5534e− 05 9.0851e− 06

1.8834 1.9250 1.9273 1.4908
10−12 1.3606e− 03 3.6879e− 04 9.7117e− 05 2.5534e− 05 9.0851e− 06

1.8834 1.9250 1.9273 1.4908
Result in Govindarao et al. (2019)(Standard Shishkin mesh)(µ = 10−4)
EN,M 2.8286e− 3 1.4280e− 3 7.1747e− 4 3.5960e− 4 1.8002e− 4

R
N,M

0.9861 0.9930 0.9965 0.9982
Result in Govindarao et al. (2019)(Bakhvalov-Shishkin mesh)(µ = 10−4)
EN,M 1.8789e− 3 9.9691e− 4 5.0033e− 4 2.5064e− 4 1.2544e− 4

R
N,M

0.9891 0.9945 0.9973 0.9986

(a) N =M = 64, ε1 = 10−8, µ = 1 (b) N =M = 128, ε1 = 10−12, µ = 10−10

Figure 5.1: The numerical solution profile for Example 5.1.

case ε/µ2 << 1 by taking a fixed value of µ and varying the values of ε. According to

the theoretical analysis, our method is expected to be first-order convergent in space

under these conditions and provide a robust validation of the method’s performance.

We have conducted additional numerical experiments to verify this behavior, ensuring

that the spatial convergence rate dominates over the temporal direction. As we double

the number of mesh points, as we observe in Tables 5.6 and 5.8, errors decrease, and
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Table 5.3: Maximum pointwise error, convergence rate and CPU time(in seconds)
for Example 5.1 with ε = 10−4 and N = M .

µ N = 32 N = 64 N = 128 N = 256 N = 512
↓ M = 32 M = 64 M = 128 M = 256 M = 512

Present Method
10−4 1.2721e− 03 2.8911e− 04 6.5457e− 05 1.6144e− 05 4.0406e− 06

2.1375 2.1430 2.0195 1.9984
10−6 1.2693e− 03 2.8796e− 04 6.5267e− 05 1.6096e− 05 4.0083e− 06

2.1401 2.1414 2.0197 2.0056
10−8 1.2693e− 03 2.8795e− 04 6.5265e− 05 1.6096e− 05 4.0080e− 06

2.1401 2.1415 2.0196 2.0057
10−10 1.2693e− 03 2.8795e− 04 6.5265e− 05 1.6096e− 05 4.0080e− 06

2.1401 2.1414 2.0196 2.0057
10−12 1.2693e− 03 2.8795e− 04 6.5265e− 05 1.6096e− 05 4.0080e− 06

2.1401 2.1414 2.0196 2.0057
CPU(s) 0.52 1.72 12.20 117.92 910.86
Result in Govindarao et al. (2019)(Standard Shishkin mesh)(ε = 10−4)
EN,M 2.8183e− 3 1.4253e− 3 7.1638e− 4 3.5904e− 4 1.7973e− 4

R
N,M

0.9835 0.9925 0.9965 0.9983
Result in Govindarao et al. (2019)(Bakhvalov-Shishkin mesh)(ε = 10−4)
EN,M 1.9653e− 3 9.9001e− 4 4.9686e− 4 2.4891e− 4 1.2531e− 4

R
N,M

0.9892 0.9946 0.9973 0.9986

(a) N =M = 64, ε1 = 10−8, µ = 1 (b) N =M = 128, ε1 = 10−12, µ = 10−10

Figure 5.2: Surface plots for numerical Error for Example 5.1.

as we approach downward in each column, errors become constant. These results

confirm parameter uniformity and second-order accuracy in the relevant cases. All

tables reveal that convergence is independent of perturbation parameters, and that

the maximum absolute error decreases as the number of mesh points increases. The

time taken by the CPU(in seconds) to deliver the outputs (maximum point-wise error

and convergence rate) is also provided, which shows the efficiency of our proposed
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Table 5.4: Computed EN,M
ε,µ and R

N,M
for Example 5.1 at ε = 2−10 and comparison

with Singh et al. (2022) for varying values of µ.

µ N = M = 16 N = M = 32 N = M = 64 N = M = 128 N = M = 256
↓

Present Method
2−10 3.8671e− 03 8.4813e− 04 2.0860e− 04 5.2782e− 05 1.3498e− 05

2.1889 2.0235 1.9826 1.9673
2−14 3.8321e− 03 8.3554e− 04 2.0594e− 04 5.1017e− 05 1.2814e− 05

2.1974 2.0205 2.0132 1.9933
2−18 3.8301e− 03 8.3478e− 04 2.0578e− 04 5.0910e− 05 1.2726e− 05

2.1979 2.0203 2.0151 2.0002
2−22 3.8299e− 03 8.3474e− 04 2.0577e− 04 5.0904e− 05 1.2720e− 05

2.1979 2.0203 2.0152 2.0007
2−26 3.8299e− 03 8.3473e− 04 2.0577e− 04 5.0903e− 05 1.2720e− 05

2.1979 2.0203 2.0152 2.0007
2−30 3.8299e− 03 8.3473e− 04 2.0577e− 04 5.0903e− 05 1.2720e− 05

2.1979 2.0203 2.0152 2.0007

EN,M 3.8671e− 03 8.4813e− 04 2.0860e− 04 5.2782e− 05 1.3498e− 05

R
N,M

2.1889 2.0235 1.9826 1.9673
Result in Singh et al. (2022)(Crank-Nicolson+Cubic B-Spline on S- mesh)
EN,M 2.5202e− 02 9.9355e− 03 3.3543e− 03 9.0485e− 04 2.4036e− 04

R
N,M

1.3429 1.5666 1.8903 1.9125

(a) N =M = 64, ε1 = 10−8, µ = 1
(b) N = 256,M = 128, ε1 = 10−6, µ =
10−10

Figure 5.3: The numerical solution profile for Example 5.2.

scheme. The numerical solution surface plots for the test problems (5.39)-(5.41) are

presented in Figures 5.1, 5.3 and 5.4, respectively with different values of N,M, ε

and µ. The problem displays left and right boundary layers based on the size of

ε or µ. In addition, Figures 5.5, 5.6 and 5.7 show the log-log plot of the maximum

pointwise errors for Examples 5.1, 5.2 and 5.3 respectively. Figure 5.5a depict the log-
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Table 5.5: Computed EN,M
ε,µ ,R

N,M

ε,µ , EN,M , R
N,M

and CPU time (in seconds) for
Example 5.2 at µ = 10−9 and comparison with Sumit et al. (2020); Negero (2023).

ε N = 32 N = 64 N = 128 N = 256 N = 512 N = 1024
↓ M = 8 M = 16 M = 32 M = 64 M = 128 M = 256

Present Method
10−2 2.6587e− 03 1.4769e− 03 7.7335e− 04 3.9503e− 04 1.9957e− 04 1.0029e− 04

0.84815 0.93338 0.96916 0.98507 0.99272 −
10−4 2.7254e− 03 1.5152e− 03 7.9322e− 04 4.0520e− 04 2.0470e− 04 1.0287e− 04

0.84696 0.93372 0.96909 0.98512 0.99269 −
10−6 2.7261e− 03 1.5156e− 03 7.9342e− 04 4.0530e− 04 2.0475e− 04 1.0290e− 04

0.8469 0.9337 0.9691 0.9851 0.9926 −
10−8 2.7261e− 03 1.5156e− 03 7.9342e− 04 4.0530e− 04 2.0475e− 04 1.0290e− 04

0.8469 0.9337 0.9691 0.9851 0.9926 −
10−10 2.7261e− 03 1.5156e− 03 7.9342e− 04 4.0530e− 04 2.0475e− 04 1.0290e− 04

0.8469 0.9337 0.9691 0.9851 0.9926 −
10−12 2.7261e− 03 1.5156e− 03 7.9342e− 04 4.0530e− 04 2.0475e− 04 1.0290e− 04

0.8469 0.9337 0.9691 0.9851 0.9926 −
CPU(s) 0.38 0.78 3.69 26.83 299.73 4195.14
Result in Negero (2023)(Fitted cubic spline in tension method )
10−2 2.7509e− 03 1.7964e− 03 1.0154e− 03 5.3861e− 04 2.7722e− 04 1.4062e− 04
10−4 2.8224e− 03 1.8422e− 03 1.0409e− 03 5.5203e− 04 2.8411e− 04 1.4410e− 04
10−6 2.8230e− 03 1.8426e− 03 1.0412e− 03 5.5216e− 04 2.8418e− 04 1.4414e− 04
10−8 2.8231e− 03 1.8426e− 03 1.0412e− 03 5.5216e− 04 2.8418e− 04 1.4414e− 04
10−10 2.8231e− 03 1.8426e− 03 1.0412e− 03 5.5216e− 04 2.8418e− 04 1.4414e− 04
10−12 2.8231e− 03 1.8426e− 03 1.0412e− 03 5.5216e− 04 2.8418e− 04 1.4414e− 04
Result in Sumit et al. (2020)(Uniform S-mesh)
EN,M 1.110e− 2 5.0838e− 03 2.4640e− 3 1.2162e− 3 6.0457e− 4 3.0142e− 4

R
N,M

1.1265 1.0449 1.0185 1.0084 1.0041 −

Table 5.6: Computed EN,M
ε,µ and R

N,M
for Example 5.2 at µ = 10−9 after Extrapo-

lation.

ε N = 32 N = 64 N = 128 N = 256 N = 512 N = 1024
↓ M = 8 M = 16 M = 32 M = 64 M = 128 M = 256

10−2 2.9513e− 04 6.9354e− 05 1.6731e− 05 4.1042e− 06 1.0161e− 06 2.5276e− 07
2.0893 2.0515 2.0274 2.0141 2.0072 −

10−4 3.0339e− 04 7.1229e− 05 1.7184e− 05 4.2151e− 06 1.0435e− 06 2.5959e− 07
2.0906 2.0514 2.0274 2.0141 2.0071 −

10−6 3.0347e− 04 7.1245e− 05 1.7188e− 05 4.2161e− 06 1.0718e− 06 2.5965e− 07
2.0907 2.0514 2.0274 1.9759 2.0454 −

10−8 3.0347e− 04 7.1246e− 05 1.7188e− 05 4.2161e− 06 1.0438e− 06 2.5965e− 07
2.0907 2.0514 2.0274 2.0141 2.0072 −

10−10 3.0347e− 04 7.1246e− 05 1.7188e− 05 4.2161e− 06 1.0438e− 06 2.5965e− 07
2.0907 2.0514 2.0274 2.0141 2.0072 −

10−12 3.0347e− 04 7.1246e− 05 1.7188e− 05 4.2161e− 06 1.0438e− 06 2.5965e− 07
2.0907 2.0514 2.0274 2.0141 2.0072 −

E2N,2M 3.0347e− 04 7.1246e− 05 1.7188e− 05 4.2161e− 06 1.0438e− 06 2.5965e− 07

R
2N,2M

2.0907 2.0514 2.0274 2.0141 2.0072 −

log plot of maximum pointwise errors for Example 5.1 taking the values in Table 5.1.

A comparison of error between Sumit et al. (2020); Negero (2023) and the present
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Table 5.7: Maximum pointwise error, convergence rate and CPU time(in seconds)
for Example 5.3 with ε = 2−10 and varying µ values.

µ (N,M) = 16 (N,M) = 32 (N,M) = 64 (N,M) = 128 (N,M) = 256
↓

Present Method
2−10 2.7430e− 03 6.7362e− 04 3.5820e− 04 1.8625e− 04 9.5499e− 05

2.0257 0.91117 0.94352 0.96368
2−14 2.7265e− 03 6.6712e− 04 3.5677e− 04 1.8479e− 04 9.4023e− 05

2.031 0.90295 0.94911 0.97480
2−18 2.7255e− 03 6.6673e− 04 3.5668e− 04 1.8470e− 04 9.3930e− 05

2.0313 0.90247 0.94945 0.97553
2−22 2.7254e− 03 6.6671e− 04 3.5668e− 04 1.8469e− 04 9.3924e− 05

2.0313 0.90243 0.94952 0.97554
2−26 2.7254e− 03 6.6670e− 04 3.5667e− 04 1.8469e− 04 9.3924e− 05

2.0314 0.90245 0.94948 0.97554
2−30 2.7254e− 03 6.6670e− 04 3.5667e− 04 1.8469e− 04 9.3924e− 05

2.0314 0.90245 0.94948 0.97554
CPU(s) 0.21 0.40 1.41 9.01 104.61
Result in Singh et al. (2022)(Crank-Nicolson+Cubic B-Spline)
EN,M
ε,µ 8.0066e− 03 3.8811e− 03 1.4850e− 03 4.7138e− 04 1.3316e− 04

RN,M
ε,µ 1.04471 1.3860 1.6524 1.8268

Table 5.8: Computed EN,M
ε,µ and R

N,M
for Example 5.3 at ε = 10−10 after Extrap-

olation.

µ (N,M) = 16 (N,M) = 32 (N,M) = 64 (N,M) = 128 (N,M) = 256
↓

2−10 1.5314e− 03 3.4039e− 04 7.7411e− 05 1.9129e− 05 4.9227e− 06
2.1696 2.1366 2.0168 1.9582

2−14 1.5177e− 03 3.3676e− 04 7.6716e− 05 1.8849e− 05 4.7074e− 06
2.1721 2.1341 2.0250 2.0015

2−18 1.5168e− 03 3.3654e− 04 7.6674e− 05 1.8832e− 05 4.6949e− 06
2.1722 2.1340 2.0256 2.0040

2−22 1.5168e− 03 3.3652e− 04 7.6671e− 05 1.8831e− 05 4.6941e− 06
2.1723 2.1339 2.0256 2.0042

2−26 1.5168e− 03 3.3652e− 04 7.6671e− 05 1.8831e− 05 4.6940e− 06
2.1723 2.1339 2.0256 2.0042

2−30 1.5168e− 03 3.3652e− 04 7.6671e− 05 1.8831e− 05 4.6940e− 06
2.1723 2.1339 2.0256 2.0042

EN,M 1.5314e− 03 3.4039e− 04 7.7411e− 05 1.9129e− 05 4.9227e− 06

R
N.M

2.1696 2.1366 2.0168 1.9582

method using a log-log plot is shown in Figure 5.5b, and it can be noticed that

the proposed method yields better accuracy. Figure 5.2 reveal numerical error plots
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(a) N =M = 64, ε1 = 2−8, µ = 1 (b) N =M = 128, ε1 = 2−10, µ = 2−10

Figure 5.4: The numerical solution profile for Example 5.3.
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Figure 5.5: The Log-log plot for Example 5.1.
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Figure 5.6: The Log-log plot for Example 5.2.

for Examples 5.1. Figures 5.2a and 5.2b demonstrate high rises in the error plot,

indicating boundary layers near endpoints x = 0 and x = 1 due to abrupt mesh size

changes. For µ = 1 the considered problem belongs to the class of one-parameter
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Figure 5.7: The Log-log plot for Example 5.3.

time-delayed convection-diffusion parabolic problems and a boundary layer of width

O(ε) arises in the vicinity of x = 0 as shown in Figures 5.1a, 5.3a, and 5.4a.

5.7 Conclusion

In this chapter, we addressed a TP-SPPPs with time delay by employing a reli-

able numerical integration approach. The Crank–Nicolson method was utilized for

the temporal discretization, ensuring second-order accuracy in time, while the 1/3rd

Simpson’s rule, enhanced with an appropriate fitting factor, was applied for the spatial

discretization. The presence of two perturbation parameters induces twin boundary

layers along the lateral boundaries of the rectangular domain. This characteristic be-

havior was clearly illustrated through a series of carefully chosen numerical examples.

The theoretical analysis confirms that the proposed scheme maintains uniform con-

vergence, independent of the perturbation parameters. Furthermore, the numerical

results demonstrate that the method achieves higher accuracy compared to existing

techniques reported in the literature.
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Chapter 6

Fitted Non-Polynomial Cubic

Spline Method for Two-Parameter

Singularly Perturbed Parabolic

Problems with Discontinuous

Coefficients

This chapter advances the numerical solutions of TP-SPPPs by incorporating dis-

continuous convection coefficients and source terms, an aspect not addressed in the

preceding chapters, which were limited to smooth parameter dependent formulations.

This discontinuities, considered here induce complex boundary-interior layer interac-

tions, posing challenges to classical discretization schemes designed for smooth data.

To address this, a uniform scheme is formulated by combining the implicit Euler

method in time with a cubic spline in compression for space. This hybrid approach

enhances stability even under discontinuities. A detailed convergence analysis con-

firms the scheme’s uniform reliability, and numerical experiments demonstrate its

accuracy, robustness, and parameter-uniform convergence.
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6.1 Introduction

Solutions of TP-SPPPs present large gradients when the perturbation parameters

approaches to zero. These problems feature multiscale behavior, sharp gradients,

and strong boundary or interior layers, making both analysis and numerical approx-

imation highly challenging. When the convection coefficient and source term are

discontinuous, the problem becomes even more intricate. Such discontinuities, rep-

resenting abrupt physical transitions like material interfaces or shocks, often produce

non-smooth solutions and interior layers. Standard numerical schemes relying on

smoothness assumptions generally fail near these points, showing loss of accuracy.

Hence, developing parameter-uniform numerical methods that maintain stability and

accuracy across the entire domain, including discontinuous regions, is essential.

Although considerable progress has been achieved, most studies on discontinuous data

focus on two-parameter SPODEs rather than parabolic ones. Notable contributions

include adaptive-mesh and hybrid approaches proposed by researchers such as Janani

& Tamilselvan (2019); Prabha et al. (2019); Chandru et al. (2017); Roy & Jha (2023).

For parabolic cases, Chandru et al. (2018) presented a backward Euler upwind scheme

on an adaptive mesh, while Kumar & Kumari (2021) employed a Crank–Nicolson and

upwind difference method on a Shishkin mesh. More recently, Singh et al. (2023)

developed a trigonometric B-splines with adaptive spatial meshes to capture bound-

ary layers. However, such methods often require prior knowledge of layer locations or

thicknesses, limiting their broader applicability.

To develop the proposed scheme, the time-dependent TP-SPPPs are discretized using

the implicit Euler method on a uniform temporal mesh, while the spatial domain is

treated with the cubic spline in tension technique on a uniform grid. Compared with

standard FDMs, spline based approaches offer notable benefits, once the solution is

computed, all information needed for smooth interpolation between nodes is readily

available (Khan et al., 2004). Moreover, splines provide a more practical and con-

venient framework for handling BVPs (Kumar & Gupta, 2010), especially when the

solution is required at multiple points within the interval [a, b]. These advantages

motivate the use of cubic splines in tension for the problem addressed in this work.
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The chapter is structured as follows: Section 6.2 presents the problem formulation,

while Section 6.3 discusses key properties of the continuous solution. Section 6.4 out-

lines the construction of the proposed numerical scheme, and Section 6.5 provides

its convergence analysis. Section 6.6 includes numerical experiments validating the

method, and Section 6.7 concludes with a summary of the main results.

6.2 Definition of the Problem

Consider a parabolic reaction-convection-diffusion problem governed by two pertur-

bation parameters, featuring discontinuous convection coefficients and source terms.

Lε,µw(x, t) :≡ ε
∂2w

∂x2
(x, t) + µa(x, t)

∂w

∂x
(x, t)− b(x, t)w(x, t)−

c(x, t)
∂w

∂t
(x, t) = $(x, t), (x, t) ∈ Q− ∪Q+,

w(0, t) = ϑ(t) in Ql, w(1, t) = ξ(t) in Qr,

w(x, 0) = φ(x) in Qb,

|[a] (ϕ)| ≤ C, |[$] (ϕ)| ≤ C,

a(x, t) ≤ −α1 < 0, (x, t) ∈ Q−,

a(x, t) ≥ α2 > 0, (x, t) ∈ Q+,

b(x, t) ≥ β > 0, c(x, t) ≥ c > 0

(6.1)

Here, 0<ε � 1, 0 ≤ µ ≤ 1 are perturbation parameters. The domains are specified

in Figure 6.1 as follows: Q = Ω × (0, T ],Q− = Ω− × (0, T ],Q+ = Ω+ × (0, T ],M =

Q \ Q, where Ω = (0, 1),Ω− = (0, ϕ),Ω+ = (ϕ, 1) and the boundaries are defined

as Ql = {(0, t) : 0 ≤ t ≤ T} ,Qr = {(1, t) : 0 ≤ t ≤ T} ,Qb = Q−b ∪Q+
b , where, Q−b =

[0, ϕ]×{t = 0} and Q+
b = [ϕ, 1]×{t = 0}. We also denote M = Qb∪Ql∪Qr and M± =

{(ϕ, t) : 0 ≤ t ≤ T}. The terms a(x, t), $(x, t) are smooth enough in (Q− ∪Q+) ∪Q

and b(x, t), c(x, t) are continuous in Q. The inequalities |[a] (ϕ)| ≤ C, |[$] (ϕ)| ≤

C in Eq.(6.1) are used to bound the magnitude of the jump discontinuities of the

convection coefficient and source term at an interior discontinuity point ϕ. Both

terms a(x, t) and $(x, t) has a discontinuity at ϕ ∈ Ω, symbolized by [ψ](ϕ, t) =

[ψ](ϕ+, t) − [ψ](ϕ−, t). If a(x, t) changes sign across the discontinuity, a solution
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Figure 6.1: Domain Q = [0, 1]× (0, T ].

exist for convection-diffusion problems with discontinuous first derivative coefficient.

The discontinuities in convection and source terms generate interior layers on either

side of the discontinuity at x = ϕ. The small diffusion parameter causes two boundary

layers in the outcome of Eq. (6.1) and the sign of a(x, t) and the ratio between diffusion

and the square of convection parameter determine the behavior of layers.

6.3 Properties of the Continuous Solution

This section gives the comparison principle, the stability estimate and the bounds

of Eq. (6.1). For Eq. (6.1) to have existence and uniqueness of the solution, we as-

sume that the coefficients are Hölder continuous and also impose proper compatibility

conditions at the corner points (0, 0), (1, 0) and at the transition corner point (ϕ, 0)

(Ladyzhenskaia et al., 1968). Necessarily the following conditions are satisfied:

Lemma 6.1 (Existence of Solution). The solution w(x, t) of Eq. (6.1) satisfies w ∈

C0
(
Q
)
∩ C1 (Q) ∩ C2 (Q− ∪Q+).
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Proof. Let w1 and w2 be solutions to the following SPDEs (Kumar & Kumari, 2021):

(εw1xx + µa1w1x − bw1 − cw1t = $) (x, t), (x, t) ∈ Q− and

(εw2xx + µa2w2x − bw2 − cw2t = $) (x, t), (x, t) ∈ Q+,

where a1, a2 ∈ C2 (Q) and extended functions meet the following conditions:

a1(x, t) = a(x, t), (x, t) ∈ Q−, ensuring that a1(x, t) < 0, (x, t) ∈ Q

a2(x, t) = a(x, t), (x, t) ∈ Q+, ensuring that a2(x, t) > 0, (x, t) ∈ Q.

Look at the subsequent functions:

w(x, t) =

 w1(x, t) + (w(0, t)− w1(0, 1)) Ξ1(x, t) + Λ1Ξ2(x, t), (x, t) ∈ Q−,

w2(x, t) + Λ2Ξ1(x, t) + (w(1, t)− w2(0, 1)) Ξ2(x, t), (x, t) ∈ Q+,

where Ξ1 and Ξ2 are solutions of the following TP-SPPPs:

(εΞ1xx + µa1Ξ1x − bΞ1 − cΞ1t) (x, t) = 0,Ξ1(0, t) = 1,Ξ1(1, t) = 0,Ξ1(x, 0) = 0,

(εΞ2xx + µa2Ξ2x − bΞ2 − cΞ2t) (x, t) = 0,Ξ2(0, t) = 0,Ξ2(1, t) = 1,Ξ2(x, 0) = 0.

Now w(x, t) satisfies Eq.(6.1) in Q−∪Q+ for constants Λ1,Λ2, so that w(x, t) ∈ C1(Q).

On (0, 1), 0 < Ξi(x, t) < 1, i = 1, 2 on Q (Kumar & Kumari, 2021; Chandru et al.,

2018, 2019). Consequently, Ξ1(x, t),Ξ2(x, t) cannot attain extremum at any interior

point within the domain. Therefore, it follows that Ξ
′
1(x, t) < 0,Ξ

′
2(x, t) > 0, (x, t) ∈

Q. The constants Λ1,Λ2 are determined by imposing continuity of w(x, t) and its first

derivative across the interface point x = ϕ. That is w(ϕ−, t) = w(ϕ+, t), wx(ϕ−, t) =

wx(ϕ+, t). Substituting the auxiliary Ξ1 and Ξ2 into these matching conditions leads

to a 2× 2 linear system for Λ1,Λ2. In matrix form,Ξ2(ϕ, t) −Ξ1(ϕ, t)

Ξ
′
2(ϕ, t) −Ξ

′
1(ϕ, t)

Λ1

Λ2

 =

 w(ϕ+, t)− w(ϕ−, t)

wx(ϕ+, t) = wx(ϕ−, t)

 .
The constants exist uniquely provided that the determinant of the coefficient matrix

is nonzero. In other words, a nonzero determinant confirms the linear independence
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of the system, ensuring a single, well-defined solution for unknown variables. That is,∣∣∣∣∣∣Ξ2(ϕ, t) −Ξ1(ϕ, t)

Ξ
′
2(ϕ, t) −Ξ

′
1(ϕ, t)

∣∣∣∣∣∣ 6= 0⇒
(

Ξ
′

2Ξ1 − Ξ2Ξ
′

1

)
(ϕ, t) > 0,

which holds due to the monotonic properties of Ξ1(ϕ, t),Ξ2(ϕ, t) . Hence, solving this

system yields unique constants Λ1,Λ2, ensuring w(x, t) is continuous with a continuous

first derivative across the interface.

Next, we derive the discontinuity conditions at x = ϕ using the integral represen-

tation of the governing PDE, given by:

Lemma 6.2. At the discontinuity point x = ϕ, the solution w(x, t) together with its

spatial derivative remain continuous, i.e.,

w(ϕ−, t) = w(ϕ+, t) and
∂w

∂x
(ϕ−, t) =

∂w

∂x
(ϕ+, t).

Proof. Consider integrating Eq. (6.1) with respect to x over the narrow interval (ϕ−

%, ϕ + %). Let the jump of any function I at x = ϕ be denoted by [I]ϕ := I(ϕ+, t)−

I(ϕ−, t). Fix t > 0 and integrate Eq. (6.1) term by term to obtain

ε

∫ ϕ+%

ϕ−%
wxx dx = ε [wx]

x=ϕ+%
x=ϕ−% = ε (wx(ϕ+ %, t)− wx(ϕ− %, t)) .

For the first-order convective term, we employ the distributional identity valid for

piecewise smooth a(x, t) (possibly discontinuous at x = ϕ):

µ

∫ ϕ+%

ϕ−%

(
a(x, t)wx(x, t)

)
dx = µ [a(x, t)w(x, t)]x=ϕ+%

x=ϕ−% − µ
∫ ϕ+%

ϕ−%
ax(x, t)w(x, t) dx,

where the integral involving ax is regular on each subinterval, while any jump in a at

x = ϕ is represented by the boundary term. Collecting all contributions, we obtain

ε
(
wx(ϕ+ %, t)− wx(ϕ− %, t)

)
+ µ
(
aw(ϕ+ %, t)− aw(ϕ− %, t)

)
− µ

∫ ϕ+%

ϕ−%
axw dx−

∫ ϕ+%

ϕ−%
bw dx− c

∫ ϕ+%

ϕ−%
wt dx =

∫ ϕ+%

ϕ−%
$dx.

Now let %→ 0+. Assuming a, b, c, and $ are bounded in a neighborhood of x = ϕ, and

that w,wt remain bounded (i.e., there are no delta-type singularities in the source),
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the integrals of bounded functions over the vanishing interval tend to zero:

lim
%→0

∫ ϕ+%

ϕ−%
axw dx = lim

%→0

∫ ϕ+%

ϕ−%
bw dx = lim

%→0
c

∫ ϕ+%

ϕ−%
wt dx = lim

%→0

∫ ϕ+%

ϕ−%
$dx = 0.

Thus, only the jump terms remain, leading to the general jump relation ε[wx]ϕ +

µ[aw]ϕ = 0, or equivalently,

ε
(
wx(ϕ

+, t)− wx(ϕ−, t)
)

+ µ
(
a(ϕ+, t)w(ϕ+, t)− a(ϕ−, t)w(ϕ−, t)

)
= 0. (6.2)

If a is continuous at x = ϕ, then [aw]ϕ = a(ϕ, t)[w]ϕ, and the jump condition gives

ε[wx]ϕ + µa(ϕ, t)[w]ϕ = 0.

Furthermore, if w itself is continuous across the interface (e.g., in the absence of

concentrated sources or sinks and with $ containing no Dirac-type term), then [w]ϕ =

0. Hence, ε[wx]ϕ = 0, implying [wx]ϕ = 0 for all ε > 0. Therefore, both w and its first

spatial derivative wx are continuous across the discontinuity point.

The operator Lε,µ in Eq. (6.1) satisfies a continuous comparison principle on Q.

Lemma 6.3 (Comparison Principle). If w(x, t) ∈ C(0)(Q)∩C(1)(Q)∩C(2)(Q−∪Q+)

such that w(0, t) ≥ 0, w(x, 0) ≥ 0, w(1, t) ≥ 0, [w′] (ϕ, t) = [w′] (ϕ+, t)− [w′] (ϕ−, t) ≥

0, and Lε,µw(x, t) ≥ 0,∀(x, t) ∈ Q, then w(x, t) ≤ 0,∀(x, t) ∈ Q.

Proof. Let V defined on Q be such that

w(x, t) = exp (−αµ |x− ϕ| /2ε)V(x, t), α = min {α1, α2} .

For x ∈ Q−, let

w(x, t) = exp

(
−α1µ(ϕ− x)

2ε

)
V(x, t),

whose first and second spatial derivatives are given by:

wx(x, t) = exp (−α1µ (ϕ− x) /2ε)
[µα1

2ε
V(x, t) + Vx(x, t)

]
, and

wxx(x, t) = exp (−α1µ (ϕ− x) /2ε)

[
Vxx(x, t) +

µα1

ε
Vx(x, t) +

µ2α2
1

4ε2
V(x, t)

]
.

(6.3)
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By substituting Eq. (6.3) into Eq. (6.1), we obtain:

Lε,µw(x, t) =e(−α1µ(ϕ−x)/2ε)

(
ε
∂2V
∂x2

+ µ(α1 + a1)
∂V
∂x

+(
α1µ

2

2ε

(α1

2
+ a1

)
− b
)
V − c∂V

∂t

)
(x, t), x ∈ Q−.

(6.4)

Similarly, for x ∈ Q+, we define

w(x, t) = exp

(
−α2µ(x− ϕ)

2ε

)
V(x, t),

wx(x, t) = exp

(
−α2µ(x− ϕ)

2ε

)[
Vx(x, t)−

µα2

2ε
V(x, t)

]
,

wxx(x, t) = exp

(
−α2µ(x− ϕ)

2ε

)[
Vxx(x, t)−

µα2

ε
Vx(x, t) +

µ2α2
2

4ε2
V(x, t)

]
.

(6.5)

Substituting Eq. (6.5) into Eq. (6.1) yields:

Lε,µw(x, t) =e(−α2µ(x−ϕ)/2ε)

(
ε
∂2V
∂x2

+ µ(a2 − α2)
∂V
∂x

+(
α2µ

2

2ε

(α2

2
− a2

)
− b
)
V − c∂V

∂t

)
(x, t), x ∈ Q+.

(6.6)

Let (χ, τ) ∈ Q be the point where V attains its maximum. If V(χ, τ) ≤ 0, the result

follows immediately. Otherwise, assume V(χ, τ) > 0. By the maximum principle, the

point (χ, τ) must lie either in (Q− ∪Q+) or at the interface (ϕ, τ). Accordingly, we

consider the following cases:

(i) If (χ, τ) ∈ Q−, then

Lε,µw(χ, τ) = e−
α1µ(ϕ−χ)

2ε

(
ε
∂2V
∂x2

+ µ(α1 + a)
∂V
∂x

+

[
α1µ

2

2ε

(α1

2
+ a1

)
− b
]
V − c∂V

∂t

)
(χ, τ) < 0,

(6.7)

since at the maximum point we have Vxx(χ, τ) < 0, Vx(χ, τ) = Vt(χ, τ) = 0,

V(χ, τ) > 0, and a1 ≤ α1 < 0.
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(ii) If (χ, τ) ∈ Q+, then

Lε,µw(χ, τ) = e−
α2µ(χ−ϕ)

2ε

(
ε
∂2V
∂x2

+ µ(a2 − α2)
∂V
∂x

+

[
α2µ

2

2ε

(α2

2
− a2

)
− b
]
V − c∂V

∂t

)
(χ, τ) < 0.

(6.8)

Equations (6.7) and (6.8) contradict the assumption that Lε,µw(x, t) ≥ 0 for all

(x, t) ∈ (Q− ∪Q+).

(iii) The remaining possibility is χ = ϕ. At this point, the continuity condition gives

[V ] = [w] = 0 at (ϕ, τ), and

[wx] = [Vx]−
(
α1 + α2

2ε

)
V(ϕ, τ).

Since V attains a maximum at ϕ, we have Vx(ϕ−, τ) ≥ 0 and Vx(ϕ+, τ) ≤ 0,

implying [Vx](ϕ, τ) ≤ 0, and hence [wx](ϕ, τ) ≤ 0, which again contradicts the

initial assumption.

Lemma (6.3) immediately implies the following stability result, ensuring the unique-

ness of the solution.

Lemma 6.4. Let w(x, t) be the solution of Eq. (6.1), then

‖w‖Q ≤ Cmax
{
‖ϑ‖Ql , ‖ξ‖Qr , ‖φ‖Qb

}
+

1

S
‖Lε,µw‖(Q−∪Q+) , (6.9)

where S = min
{
α1

ϕ
, α2

1−ϕ

}
.

Proof. The proof utilizes Lemma 6.3 with barrier functions as:

X±(x, t) = CK± w(x, t), K =

 −Γ− x‖Lε,µw‖
Sϕ , for (x, t) ∈ Q− ∪ (ϕ, t),

−Γ− (1−x)‖Lε,µw‖
S(1−ϕ)

, for (x, t) ∈ Q+,

(6.10)

where Γ = max
{
‖ϑ‖Ql , ‖ξ‖Qr , ‖φ‖Qb

}
. For appropriately chosen C, the functions

X±(x, t) ∈ C0(Q) satisfy X±(x, t) ≤ 0 in K0, for (x, t) ∈ (K− ∪ K+), we have

Lε,µX±(x, t) ≥ 0. Moreover, since X±(x, t) ∈ C1(Q), the conditions

[X±](ϕ, t) = ±[w](ϕ, t) = 0 and [X±x ](ϕ, t) =
‖Lε,µw‖
Sϕ

+
‖Lε,µw‖
S(1− ϕ)

≥ 0
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hold. By comparison principle, it follows that X±(x, t) ≤ 0,∀(x, t) ∈ Q.

6.4 Formulation of the Numerical Scheme

In this section, we develop a robust numerical framework to approximate Eq. (6.1).

The temporal derivative is discretized using the implicit Euler scheme, while the

spatial domain is treated with the cubic spline in tension method on a uniform mesh,

providing higher-order accuracy and smoothness.

6.4.1 Temporal Semi-discretization

A temporal mesh ΩMt = {tj = jk | j = 0, 1, . . . ,M, k = T/M} is constructed by

uniformly partitioning the time interval [0, T ] into M subintervals. Employing the

implicit Euler method, we derive a numerical scheme for Eq. (6.1). Consequently, the

semi-discretized form of Eq. (6.1) over Qϕ = (Q− ∪Q+)× ΩMt is given by:

ε (Wxx)
j+1 (x) + µaj+1(x) (Wx)

j+1 (x)−
(
bj+1(x) +

cj+1(x)

k

)
W j+1(x)

= $j+1(x)− cj(x)

k
W j(x), j = 0(1)M − 1

W j+1(0) = ϑ(tj+1), W j+1(1) = ξ(tj+1), W 0(x) = φ(x), x ∈ Ω,

(6.11)

where W j+1(x) is the approximation of w(x, tj+1). Rewrite Eq. (6.11) as:
LMε,µW j+1(x) := z(x, tj+1), x ∈ Qϕ, 0 ≤ j ≤M − 1,

W j+1(0) = ϑ(tj+1), W j+1(1) = ξ(tj+1), 0 ≤ j ≤M,

W 0(x) = φ(x), x ∈ Ω,

(6.12)

where

LMε,µW j+1(x) = ε (Wxx)
j+1 (x) + µaj+1(x) (Wx)

j+1 (x)−
(
bj+1(x) +

cj+1(x)

k

)
W j+1(x)

and z(x, tj+1) = $j+1(x)− cj(x)

k
W j(x).

We define the LTE of Eq.(6.12) by ej+1 = Lε,µW
j+1−z(x, tj+1), whereW

j+1
represents

the numerical approximation of Eq. (6.12).
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Theorem 6.1. The local truncation error and global error are defined by

ej+1,Ej =

j∑
m=1

em,

respectively. These errors are bounded by

‖ej+1‖ ≤ Ck2,

‖Ej‖ ≤ Ck, j ≤ T

k
,

(6.13)

where Ej shows the contribution of LTEs em up to the jth time level.

Proof. Refer to the idea given in Clavero et al. (2005) for the first part. Now, we

prove the bound of ‖Ej‖ at the jth time level, Ej is given by
∑j

m=1 em, and thus

‖Ej‖ =

∥∥∥∥∥
j∑

m=1

em

∥∥∥∥∥ , j ≤ T

k
,

≤ ‖e1‖+ ‖e2‖+ ...+ ‖em‖ ,

≤ Cjk2 ≤ Ck.

That is, the convergence rate in time is of first order.

6.4.2 Spatial Semi-discretization and Non-Polynomial Cubic

Spline Approach

Let x0 = 0, xN = 1, xi = ih, where N is the number of subintervals in spatial domain.

In (xi, xi+1), the function Aj+1(x, θ) ∈ C2[0, 1] interpolates W j+1(xi) = W (xi, tj+1)

at the mesh points xi and depends on a parameter θ > 0. This parameter controls

the stiffness(tension) of the spline and regulates the contribution of curvature in the

interpolation function Aj+1(x, θ). As θ → 0, this function reduces to cubic spline on

[0, 1], and is known as a parameteric cubic spline function. In (xi, xi+1), Aj+1(x, θ) =

Aj+1(x) satisfies the following DE:

d2Aj+1(xi)

dx2
+ θAj+1(xi) =

(
xi+1 − x

h

)[
d2Aj+1(xi)

dx2
+ θAj+1(xi)

]
+(

x− xi
h

)[
d2Aj+1(xi+1)

dx2
+ θAj+1(xi+1)

]
,

(6.14)
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where Aj+1(xi) = W j+1(xi) and θ > 0 is called a cubic spline under compression.

Solving Eq. (6.14) and finding the arbitrary constants using interpolation conditions

Aj+1(xi+1) = W j+1(xi+1),Aj+1(xi) = W j+1(xi) and after writing λ = hθ
1
2 :

Aj+1(x) = − h2

λ2 sinλ

[
Mi+1 sin

(
λ(x− xi)

h

)
+ Mi sin

(
λ(xi+1 − x)

h

)]
+

h2

λ2

[(
x− xi
h

)(
Mi+1 +

λ2

h2
Aj+1(xi+1)

)
+

(
xi+1 − x

h

)(
Mi +

λ2

h2
Aj+1(xi)

)]
(6.15)

Differentating Eq. (6.15) and letting x→ xi, we have

Aj+1(xi+)

dx
=
W j+1(xi+1)−W j+1(xi)

h
+

h

λ2

[(
1− λ

sinλ

)
Mi+1 − (1− λ cotλ)Mi

]
(6.16)

By analyzing the interval (xi−1, xi) and following the same steps, we obtain:

Aj+1(xi−)

dx
=
W j+1(xi)−W j+1(xi−1)

h
+

h

λ2

[
(1− λ cotλ)Mi −

(
1− λ

sinλ

)
Mi−1

]
(6.17)

By setting Eq. (6.16) equal to Eq. (6.17) at xi, we get

W j+1(xi)−W j+1(xi−1)

h
+

h

λ2

[
(1− λ cotλ)Mi −

(
1− λ

sinλ

)
Mi−1

]
=

W j+1(xi+1)−W j+1(xi)

h
+

h

λ2

[(
1− λ

sinλ

)
Mi+1 − (1− λ cotλ)Mi

] (6.18)

Next, Eq. (6.18) results in a tri-diagonal system

h2 (λ1Mi−1 + 2λ2Mi + λ1Mi+1) = W j+1
i−1 − 2W j+1

i +W j+1
i+1 , (6.19)

where λ1 =
1

λ2

(
λ

sinλ
− 1
)
, λ2 =

1

λ2
(1 − λ cotλ), Mi =

d2Aj+1(xi)

dx2
and λ1 + λ2 =

1

2
, i = 1(1)N − 1. Using Taylor expansion of sinλ and cosλ, it can be shown that as

λ → 0, the coefficients satisfy λ1 → 1
6

and λ2 → 2
3
. Consequently, the cubic spline

in tension reduces to the classical cubic spline formulation, ensuring consistency of

the proposed method. The continuity condition provided by Eq. (6.19) guarantees

the smoothness of the first-order derivatives of spline Aj+1(x, θ) at the interior nodes.
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Eq. (6.12) at x = xq, q = i− 1, i, i+ 1 can be expressed as:

εMq = −µaj+1(xq) (Wx(xq))
j+1 +

(
bj+1(xq) +

cj+1(xq)

k

)
W j+1(xq) +Rj+1(xq),

(6.20)

where Rj+1(xq) = $j+1(xq)− cj(xq)

k
U j(xq). Now, Eq. (6.20) at q = i, i± 1, becomes:


εMi = −µaj+1(xi) (Wx(xi))

j+1 +
(
bj+1(xi) + cj+1(xi)

k

)
W j+1(xi) +Rj+1(xi),

εMi−1 = −µaj+1(xi−1) (Wx(xi−1))j+1 +
(
bj+1(xi−1) + cj+1(xi−1)

k

)
W j+1(xi−1) +Rj+1(xi−1),

εMi+1 = −µaj+1(xi+1) (Wx(xi+1))j+1 +
(
bj+1(xi+1) + cj+1(xi+1)

k

)
W j+1(xi+1) +Rj+1(xi+1).

(6.21)

Now, we apply finite difference approximation to approximate dW j+1(xq)

dx
in Eq. (6.21):



dW j+1(xi−1)
dx

≈
−W j+1

i+1 +WU j+1
i − 3W j+1

i−1

2h
,

dW j+1(xi)
dx

≈
W j+1
i+1 −W

j+1
i−1

2h
,

dW j+1(xi+1)
dx

≈
3W j+1

i+1 − 4W j+1
i +W j+1

i−1

2h
.

(6.22)

Now, using Eq. (6.22), Eq. (6.21) reduced to:

εMi = µ
2h
aj+1
i W j+1

i−1 +
(
bj+1
i +

cj+1
i

k

)
W j+1
i − µ

2h
aj+1
i W j+1

i+1 +Rj+1
i ,

εMi−1 =

[
3µ

2h
aj+1
i−1 +

(
bj+1
i−1 +

cj+1
i−1

k

)]
W j+1
i−1 −

2µ
h
aj+1
i−1W

j+1
i + µ

2h
aj+1
i−1W

j+1
i+1 +Rj+1

i−1 ,

εMi+1 = − µ
2h
aj+1
i+1W

j+1
i−1 + 2µ

h
aj+1
i+1W

j+1
i +

[
−3µ

2h
aj+1
i+1 +

(
bj+1
i+1 +

cj+1
i+1

k

)]
W j+1
i+1 +Rj+1

i+1 .

(6.23)

By replacing Eq. (6.23) into Eq. (6.19), we obtain

[
− ε

h2
+

3λ1

2h
µaj+1

i−1 +
λ2

h
µaj+1

i − λ1

2h
µaj+1

i+1 + λ1

(
bj+1
i−1 +

cj+1
i−1

k

)]
W j+1
i−1 +[

2ε

h2
− 2λ1

h
µaj+1

i−1 +
2λ1

h
µaj+1

i+1 + 2λ2

(
bj+1
i +

cj+1
i

k

)]
W j+1
i +[

− ε

h2
+
λ1

2h
µaj+1

i−1 −
λ2

h
µaj+1

i − 3λ1

2h
µaj+1

i+1 + λ1

(
bj+1
i+1 +

cj+1
i+1

k

)]
W j+1
i+1 =

−
[
λ1$

j+1
i−1 + 2λ2$

j+1
i + λ1$

j+1
i+1

]
+ λ1

cji−1

k
W j
i−1 + 2λ2

cji
k
W j
i + λ1

cji+1

k
W j
i+1.

(6.24)
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In order to handle the influence of the perturbation parameter, the exponentially

fitting factor δ(ρ) is multiplied on the term containing ε as

[
−δ(ρ)ε

h2
+

3λ1

2h
µaj+1

i−1 +
λ2

h
µaj+1

i − λ1

2h
µaj+1

i+1 + λ1

(
bj+1
i−1 +

cj+1
i−1

k

)]
W j+1
i−1 +[

2δ(ρ)ε

h2
− 2λ1

h
µaj+1

i−1 +
2λ1

h
µaj+1

i+1 + 2λ2

(
bj+1
i +

cj+1
i

k

)]
W j+1
i +[

−δ(ρ)ε

h2
+
λ1

2h
µaj+1

i−1 −
λ2

h
µaj+1

i − 3λ1

2h
µaj+1

i+1 + λ1

(
bj+1
i+1 +

cj+1
i+1

k

)]
W j+1
i+1 =

− λ1

[
$j+1
i−1 −

cji−1

k
W j
i−1

]
− 2λ2

[
$j+1
i−1 −

cji
k
W j
i

]
− λ1

[
$j+1
i+1 −

cji+1

k
W j
i+1

]
(6.25)

To guarantee that the numerical solution of Eq. (6.25) attains uniform convergence

to the continuous problem Eq. (6.1), it becomes essential to determine an appropriate

fitting factor δ(ρ). This factor plays a pivotal role in accurately capturing the bound-

ary layer behavior and stabilizing the scheme. With this in mind, the corresponding

three-term recurrence relation for Eq. (6.25) can be expressed as follows:

LN,Mε,µ W j+1
i ≡ Y−i W

j+1
i−1 + Yc

iW
j+1
i + Y+

i W
j+1
i+1 = Hj

i ,

W j+1(0) = ϑj+1(0), W j+1(1) = ξj+1(1), 0 ≤ j ≤M,

W 0
i = φ(xi), x ∈ [0, 1],

(6.26)

i = 1(1)N − 1, j = 1(1)M − 1, where



Y− = −δ(ρ)ε

h2
+

3λ1

2h
µaj+1

i−1 +
λ2

h
µaj+1

i − λ1

2h
µaj+1

i+1 + λ1

(
bj+1
i−1 +

cj+1
i−1

k

)
,

Yc =
2δ(ρ)ε

h2
− 2λ1

h
µaj+1

i−1 +
2λ1

h
µaj+1

i+1 + 2λ2

(
bj+1
i +

cj+1
i

k

)
,

Y+ = −δ(ρ)ε

h2
+
λ1

2h
µaj+1

i−1 −
λ2

h
µaj+1

i − 3λ1

2h
µaj+1

i+1 + λ1

(
bj+1
i+1 +

cj+1
i+1

k

)
,

Hj
i = −λ1

[
$j+1
i−1 −

cji−1

k
W j
i−1

]
− 2λ2

[
$j+1
i−1 −

cji
k
W j
i

]
−

λ1

[
$j+1
i+1 −

cji+1

k
W j
i+1

]
.

(6.27)

The grid points corresponding to the line
(
xN/2, tj+1

)
lie within the subregions MN± =

M± ∩QN as illustrated in Figure 6.1. This location coincides with the discontinuity

interface
(
xN/2, tj+1

)
= (ϕ, tj+1), where conventional central difference lose their ac-
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curacy. To accurately capture the behavior of the solution across this interface and

preserve second-order accuracy, we employ a second-order hybrid difference operator.

This operator blends forward and backward finite differences on either side of the

discontinuity to enforce smooth flux transmission and maintain numerical stability.

Accordingly, the discrete formulation at the discontinuity point is expressed as:

LN,Mε,µ W j+1
N
2

=
−W j+1

N
2

+2
+ 4W j+1

N
2

+1
− 3W j+1

N
2

2h
−
W j+1

N
2
−2
− 4W j+1

N
2
−1

+ 3W j+1
N
2

2h
= 0. (6.28)

This formulation effectively bridges the solution values on both sides of the interface,

ensuring continuity of the numerical flux and enhancing the overall accuracy of the

scheme in the presence of discontinuities. Tri-diagonal systems, when combined with

exponential fitting factors, have been shown to provide uniform convergence, which

is critical for accurately capturing sharp gradients and discontinuities.

6.4.3 Derivation of the Fitting Factor

To ensure that Eq. (6.26) uniformly converges to the solution of Eq. (6.1), it is essential

to determine the fitting factor δ(ρ). Given that the fitting factor is time-independent,

Eq. (6.25) can be reformulated to solve for δ(ρ) in Eq. (6.26).

− δ(ρ)ε

h2

[
W j+1
i−1 − 2W j+1

i +W j+1
i+1

]
+[

3λ1

2h
µaj+1

i−1 +
λ2

h
µaj+1

i − λ1

2h
µaj+1

i+1 + λ1

(
bj+1
i−1 +

cj+1
i−1

k

)]
W j+1
i−1 +[

−2λ1

h
µaj+1

i−1 +
2λ1

h
µaj+1

i+1 + 2λ2

(
bj+1
i +

cj+1
i

k

)]
W j+1
i +[

λ1

2h
µaj+1

i−1 −
λ2

h
µaj+1

i − 3λ1

2h
µaj+1

i+1 + λ1

(
bj+1
i+1 +

cj+1
i+1

k

)]
W j+1
i+1 = Hj

i .

(6.29)

By Multiplying both sides of Eq. (6.29) by h and considering lim
h→0

, we obtain:

− δ(ρ)

ρ

[
W j+1
i−1 − 2W j+1

i +W j+1
i+1

]
+ µa0 (λ1 + λ2)

[
W j+1
i−1 −W

j+1
i+1

]
= 0, (6.30)
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where ρ = h/ε. When the boundary layer is on the left of the domain, from the theory

of singular perturbation (O’Malley, 1974), the solution of Eq. (6.12) is of the form:

W j+1(x) = W j+1
0 (x) +

aj+1(0)

aj+1(x)

(
ϑj+1(0)−W j+1

0 (0)
)
e

(
−
∫ x
0

(
−µa

j+1(x)
ε

)
dx

)
, (6.31)

where W j+1
0 (x) is solution of the reduced form of Eq. (6.12). By limiting the Taylor

series expansion of aj+1(x) to its first term around x = 0 and then taking the limit as

h→ 0, we end up with:

lim
h→0

W j+1(ih) = W j+1
0 (0) +

(
ϑj+1(0)−W j+1

0 (0)
)
e(−a

j+1(0)µ( 1
ε
−iρ)) +O(ε). (6.32)

By substituting Eq. (6.32) into (6.30) and carrying out the necessary simplifications,

we derive the explicit expression for the fitting factor as follows:

δ0(ρ) = ρµ(λ1 + λ2)aj+1(0) coth

(
ρµaj+1(0)

2

)
. (6.33)

If a boundary layer is at the right boundary, the corresponding formulation becomes:

W j+1(x) = W j+1
0 (x) +

aj+1(1)

aj+1(x)

(
ξj+1(1)−W j+1

0 (1)
)
e

(
−
∫ 1
x

(
−µa

j+1(x)
ε

)
dx

)
. (6.34)

Expanding aj+1(x) in a Taylor series about the line x = 1 and retaining terms up to

the required order, we obtain

aj+1(x) = aj+1(1) + (x− 1)aj+1
x (1) +

(x− 1)2

2!
aj+1
xx (1) + .... (6.35)

Inserting Eq. (6.35) into Eq. (6.34) and letting h → 0 systematically simplifies the

expression, yielding the refined form:

lim
h→0

U j+1(ih) = U j+1
0 (1) +

(
ξj+1(1)− U j+1

0 (1)
)
e(−a

j+1(1)µ( 1
ε
−iρ)) +O(ε). (6.36)

After making adjustments and substituting Eq. (6.36) into Eq (6.30), we obtain

δ1(ρ) = ρµ(λ1 + λ2)aj+1(N) coth

(
ρµaj+1(N)

2

)
. (6.37)
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Using the relations in Eqs. (6.37) and (6.33), we derive a tailored variable fitting factor

for the discontinuous convection coefficient a(x, t), yielding the expression:

δϕ(ρ) =

ρµ(λ1 + λ2)aj+1
1 (i) coth

(
ρµaj+1

1 (i)

2

)
if 0 ≤ i ≤ N/2

ρµ(λ1 + λ2)aj+1
2 (i) coth

(
ρµaj+1

2 (i)

2

)
if N/2 ≤ i < N.

(6.38)

6.5 Convergence Analysis

Before proving convergence, we first outline the key properties of the discrete operator

LN,Mε,µ , which underpin the subsequent analysis.

Lemma 6.5 (Discrete Comparison Principle). Let Wj+1
i be a comparison function

such that if W j+1
0 ≤ Wj+1

0 and W j+1
N ≤ Wj+1

N , then LN,Mε,µ W j+1
i ≤ LN,Mε,µ Wj+1

i , i =

1(1)N − 1 implies that W j+1
i ≤Wj+1

i , i = 0(1)N .

Proof. The matrix LN,Mε,µ W j+1
i has a size of (N + 1)× (N + 1) with its entries for i =

1(1)N − 1 which are Y− < 0,Yc > 0, and Y+ < 0. As a result, the coefficient matrix

meets an M−matrix criteria, ensuring the existence of a positive inverse matrix. This

confirms both the existence and uniqueness of the discrete solution.

Lemma 6.6. At (j+1)th time level, the solution W j+1
i of Eq. (6.1) fulfills the estimate

provided below and is bounded.

∥∥W j+1
i

∥∥ ≤ ∥∥LN,Mε,µ W j+1
i

∥∥
K

+ max {|ϑ(tj+1)| , |ξ(tj+1)|} , (6.39)

where K = min
{
α1

ϕ
, α2

1−ϕ

}
.

Proof. Let D =

∥∥LN,Mε,µ W j+1
i

∥∥
K

+ max {|ϑ(tj+1)| , |ξ(tj+1)|} and define barrier function

(
V±
)j+1

i
= D±W j+1

i . (6.40)

The discrete function (V±)j+1
i on the boundaries:

V±(0, tj+1) = D± ϑ(tj+1) =

∥∥LN,Mε,µ W j+1
i

∥∥
K

+ max {|ϑ(tj+1)| , |ξ(tj+1)|} ± ϑ(tj+1) ≥ 0,

V±(1, tj+1) = D± ξ(tj+1) =

∥∥LN,Mε,µ W j+1
i

∥∥
K

+ max {|ϑ(tj+1)| , |ξ(tj+1)|} ± ξ(tj+1) ≥ 0,
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and on the discretized domain, we have

LN,Mε,µ

(
V±
)j+1

i
D±W j+1

i

= Y−
(
D±W j+1

i−1

)
+ Yc

(
D±W j+1

i

)
+ Y+

(
D±W j+1

i+1

)
,

=
(
Y− + Yc + Y+

)
D±Hj

i ,

= 2β (λ1 + λ2)D±Hj
i ≥ 0,

(6.41)

where β = max
(
bj+1
l +

cj+1
l

k

)
for l = i, i±1. Lemma 6.5 provides an immediate proof.

Consequently, the method maintains uniform stability in the maximum norm.

Local Truncation Error(LT E).

Lemma 6.7. The discrete solution adheres to the subsequent error bound:

∥∥W j+1(xi)−W j+1
i

∥∥ ≤ Ch2. (6.42)

Proof. The LT E in space discretization is given as:

LT E =δ(ρ)ε

[
W j+1
i−1 − 2W j+1

i +W j+1
i+1

h2
− (Wxx)

j+1
i

]
+

aj+1
i−1λ1

[
−3W j+1

i−1 + 4W j+1
i −W j+1

i+1

2h
− (Wx)

j+1
i−1

]
+

2aj+1
i λ2

[
W j+1
i+1 −W

j+1
i−1

2h
− (Wx)

j+1
i

]
+

aj+1
i+1λ1

[
W j+1
i−1 − 4W j+1

i + 3W j+1
i+1

2h
− (Wx)

j+1
i+1

]
(6.43)

Using Taylor’s expansion of the terms W j+1
i+1 and W j+1

i−1 , we have:

W j+1
i±1 = W j+1

i ±h (Wx)
j+1
i +

h2

2!
(Wxx)

j+1
i ± h

3

3!
(Wxxx)

j+1
i +

h4

4!
(Wxxxx)

j+1
i + ... (6.44)

With Eq. (6.44) substituted into Eq. (6.43), we now have

LT E ≤ max
xi−1≤x≤xi+1

[
δ(ρ)iεh

2

12

∣∣∣(Wxxxx)
j+1
i

∣∣∣]+

max
xi−1≤x≤xi+1

[
λ2a

j+1
i h2

3

∣∣∣(Wxxx)
j+1
i

∣∣∣] . (6.45)
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Using J = ρµ(λ1 + λ2)aj+1(i) coth
(
ρµaj+1(i)

2

)
in Eq. (6.45) where ρ = h/ε, we have:

|LT E| ≤ max
xi−1≤x≤xi+1

[
J h312

∣∣∣(Wxxxx)
j+1
i

∣∣∣]+

max
xi−1≤x≤xi+1

[
λ2a

j+1
i h2

3

∣∣∣(Wxxx)
j+1
i

∣∣∣] ,
≤ max

xi−1≤x≤xi+1

[
λ2a

j+1
i h2

3

∣∣∣(Wxxx)
j+1
i

∣∣∣]+O(h3),

≤ O(h2), i = 1(1)N − 1.

(6.46)

As a result, the stability estimate of scheme is implied, and boundedness of LT E in

space discretization is guaranteed. Now, Eq. (6.26) can be written as

[
−δ(ρ)ε

h2
+ w̄i

]
W j+1
i−1 +

[
2
δ(ρ)ε

h2
+ f̄i

]
W j+1
i +

[
−δ(ρ)ε

h2
+ c̄i

]
W j+1
i+1 + Xi +LT E i = 0,

(6.47)

where 

w̄i =
3λ1

2h
µaj+1

i−1 +
λ2

h
µaj+1

i − λ1

2h
µaj+1

i+1 + λ1

(
bj+1
i−1 +

cj+1
i−1

k

)
,

f̄i = −2λ1

h
µaj+1

i−1 +
2λ1

h
µaj+1

i+1 + 2λ2

(
bj+1
i +

cj+1
i

k

)
,

c̄i =
λ1

2h
µaj+1

i−1 −
λ2

h
µaj+1

i − 3λ1

2h
µaj+1

i+1 + λ1

(
bj+1
i+1 +

cj+1
i+1

k

)
,

Xi = λ1

[
$j+1
i−1 −

cji−1

k
W j
i−1

]
+ 2λ2

[
$j+1
i−1 −

cji
k
W j
i

]
+

λ1

[
$j+1
i+1 −

cji+1

k
W j
i+1

]
.

(6.48)

By applying the boundary conditions to Eq. (6.47), the resulting system can be ex-

pressed in a compact matrix form as follows:

[S + I]U +K + LT E i = 0, (6.49)

where

S = trid

[
−δ(ρ)ε

h2
, 2
δ(ρ)ε

h2
,−δ(ρ)ε

h2

]
, I = trid

[
w̄i, f̄i, c̄i

]
are (N − 1)× (N − 1) tridiagonal matrices,

K =

[
X1 +

[
−δ(ρ)ε

h2
+ w̄1

]
ϑj+1

0 ,X2, ...,XN−2,XN−1 +

[
−δ(ρ)ε

h2
+ c̄N−1

]
ξj+1
N

]
,

133



and W =
[
W j+1

1 , ...,W j+1
N−1

]T
are component vectors of Eq. (6.49).

Let W̄ =
[
W̄
j+1
1 , W̄j+1

2 , ..., W̄j+1
N−1

] ∼= W satisfy the following expression:

[S + I] W̄ +K = 0. (6.50)

Subtracting Eq. (6.49) from Eq. (6.50), we obtain:

[S + I]E = LT E i, (6.51)

where E = W̄ − W = [è1, è2, ..., èN−1]T is the discretization error. Let |aj+1
s | ≤

C1, |bj+1
s | ≤ C2 and |cj+1

s | ≤ C3, s = i, i ± 1, where C1, C2, C3 are positive constants.

Multiplying Eq. (6.47) by h and let r̈ij be the (i, j)th element of the matrix I; then

for i = 1(1)N − 1:

|Ii,i+1| = |c̄i| ≤ −µC1 (λ1 + λ1) + hλ1

(
C2 +

C3

k

)
, i = 1(1)N − 2,

|Ii,i−1| = |w̄i| ≤ µC1 (λ1 + λ1) + hλ1

(
C2 +

C3

k

)
, i = 2(1)N − 1.

(6.52)

Thus, for adequately small h, that is as h→ 0, we obtain:
−δ(ρ)

ρ
+ |Ii,i+1| 6= 0, i = 1(1)N − 2,

−δ(ρ)

ρ
+ |Ii,i−1| 6= 0, i = 2(1)N − 1, ρ = h/ε.

(6.53)

Let the matrix (S + I) has Li as the sum of its ith row elements, we get:

L1 =
N−1∑
m=1

R1,j =
δ(ρ)

ρ
− 3λ1

2
µaj+1

i−1 − λ2µa
j+1
i +

λ1

2
µaj+1

i+1 + h
(
2λ2β

j+1
i + λ1β

j+1
i+1

)
, i = 1,

Li =
N−2∑
m=2

Ri,j = h
(
λ1β

j+1
i−1 + 2λ2β

j+1
i + λ2β

j+1
i+1

)
+O(h2) = βj+1

i +O(h2), i = 2(1)N − 2,

LN−1 =
N−1∑
m=1

RN−1,j =
δ(ρ)

ρ
− λ1

2
µaj+1

i−1 + λ2µa
j+1
i +

3λ1

2
µaj+1

i+1 +

h
(
λ1β

j+1
i−1 + 2λ2β

j+1
i

)
, i = N − 1,

(6.54)

where βj+1
i =

(
bj+1
i + cj+1

i /k
)
. The matrix (S + I) is irreducible if the matrix satisfies
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Eq. (6.53) (Daba & Duressa, 2022). The matrix (S + I) is monotone for sufficiently

small h. Hence, (S + I)−1 exist and (S + I)−1 ≥ 0. We obtain from Eq. (6.51) that:

E = [S + I]−1 LT E i. (6.55)

Eq. (6.55) can be expressed as follows by using the matrix norm

‖E‖ ≤
∥∥[S + I]−1

∥∥LT E . (6.56)

Assume that the (m,n)th elements of (S + I)−1 are r̂m,n, and we define

∥∥(r̂m,n)−1
∥∥ = max

1≤m≤N−1

N−1∑
n=1

∣∣(r̂m,n)−1
∣∣ .

Given that (r̂m,n)−1 ≥ 0, we can derive:

N−1∑
n=1

r̂m,nLi = 1⇒
N−1∑
n=1

r̂m,n ≤
1

min0≤n≤N−1 Li
≤ 1∣∣βj+1

i

∣∣ ,m = 1(1)N − 1. (6.57)

Thus, from Eqs.(6.47), (6.56), (6.57) and (6.46), we obtain:

Ei =
N−1∑
n=1

r̂m,nLT E i ≤
O(h2)∣∣βj+1
i

∣∣ , m = 1(1)N − 1. (6.58)

For this reason, ‖E‖ ≤ O(h2), indicating that the method exhibits second-order con-

vergence in the spatial direction during the semi-discretization process.

Theorem 6.2. Let w(xi, tj+1) and W j+1
i are solution of Eq. (6.1) and approximate

solution Eq. (6.26), respectively. Next, we have the fully discrete scheme error estimate

which is given by

sup
0<ε,µ<1

max
0<i,j≤N,M

∥∥w(xi, tj+1)−W j+1
i

∥∥
∞ ≤ C

(
k + h2

)
. (6.59)

Proof. The required error estimate, which ensures first-order accuracy in time and

second-order accuracy in space, is established by systematically combining the results

of Theorem 6.1 with the local error analysis provided in Lemma 6.7. This integration

forms the basis for demonstrating the overall convergence of the proposed scheme.
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6.6 Numerical Examples, Results and Discussion

In this section, some numerical experiments are conducted on four examples to show

the applicability of the proposed scheme. The exact solution of the problem is not

available for comparison. So we calculate the error using the double mesh principle

(Doolan et al., 1980). The pointwise maximum error EN,M
ε,µ and the corresponding

convergence rate R
N,M

ε,µ are defined in Chapter 3, Section 3.6. To investigate the

behavior of layer phenomena under different conditions, we consider four separate

cases that encompass all possible sign variations between a(x, t) and $(x, t). Drawing

inspiration from the illustrative examples and rigorous error analysis discussed in

Kumar & Kumari (2021), we construct a set of representative test problems.

Example 6.1. Chandru et al. (2019); Singh et al. (2023). In this problem, we take

Ω = (0, 1) and ϕ = 0.5
ε
∂2w

∂x2
+ µa(x, t)

∂w

∂x
− (1 + ex)w − ∂w

∂t
= $(x, t), (x, t) ∈ Q− ∪Q+,

w(0, t) = 0 on Ql, w(1, t) = 0 on Qr,

w(x, 0) = 0 on Qb,

where a(x, t) =

− (1 + x− x2) , (x, t) ∈ Q−

(1 + x− x2) , (x, t) ∈ Q−
, $(x, t) =

−2t (1 + x2) , (x, t) ∈ Q−

2t (1 + x2) , (x, t) ∈ Q−
.

Example 6.2. (Chandru et al., 2018). We focus on the second illustrative example,

which involves a problem characterized by non-smooth input data.
ε
∂2w

∂x2
+ µa(x, t)

∂w

∂x
− (1 + ex)w − ∂w

∂t
= $(x, t), (x, t) ∈ Q− ∪Q+,

w(0, t) = 0 on Ql, w(1, t) = 0 on Qr,

w(x, 0) = 0 on Qb,

where a(x, t) =

(x+ 2) , 0 ≤ x ≤ 0.5,

− (2x+ 3) , 0.5 < x ≤ 1,

, $(x, t) =

t (2x+ 1) , 0 ≤ x ≤ 0.5,

−t (3x+ 4) , 0.5 < x ≤ 1

.

For illustrations (6.3) and (6.4), only the coefficients, source functions, and initial

conditions are provided to fully specify the parabolic IBVP described in (6.1).

136



Example 6.3. Let us take Eq. (6.1) and its coefficients to be in Chandru et al. (2018)

a(x, t) =

− (1 + e−xt) , 0 ≤ x ≤ 0.5,

(2 + x+ t) , 0.5 < x ≤ 1,

, $(x, t) =


(
et

2 − 1
)

(1 + xt) , 0 ≤ x ≤ 0.5,

−t2 (2 + x) , 0.5 < x ≤ 1,

b(x, t) = 2 + xt, c(, t) = 1, w(0, t) = 0 = w(1, t) and w(x, 0) = 0.

Example 6.4. Let us take Eq. (6.1) and its coefficients to be in Chandru et al. (2018)

a(x, t) =

(1 + x− x2 + t) , (x, t) ∈ Q−,

− (1 + 3xt) , (x, t) ∈ Q+,

, $(x, t) =

(et − 1) (1 + x) , (x, t) ∈ Q−,

t (x− 2) , (x, t) ∈ Q+,

b(x, t) = 1 + x+ t, c(x, t) = 1 w(0, t) = 0 = w(1, t) and w(x, 0) = 0.

Table 6.1: Computed EN,M
ε,µ and R

N,M

ε,µ when µ = 2−4 for Example 6.1.

Mesh points count: N equals M
ε ↓ 16 32 64 128 256 512

20 1.9460e− 02 1.4727e− 02 9.8114e− 03 5.7649e− 03 3.1369e− 03 1.6573e− 03
4.0205e− 01 5.8593e− 01 7.6716e− 01 8.7796e− 01 9.2050e− 01 −

2−2 3.7203e− 02 2.2243e− 02 1.2298e− 02 6.5594e− 03 3.4347e− 03 1.7763e− 03
7.4207e− 01 8.5493e− 01 9.0679e− 01 9.3338e− 01 9.5131e− 01 −

2−4 4.4987e− 02 2.5013e− 02 1.3410e− 02 7.0215e− 03 3.6197e− 03 1.8487e− 03
8.4683e− 01 8.9937e− 01 9.3346e− 01 9.5591e− 01 9.6936e− 01 −

2−6 4.8237e− 02 2.6584e− 02 1.4097e− 02 7.2966e− 03 3.7278e− 03 1.8907e− 03
8.5958e− 01 9.1517e− 01 9.5009e− 01 9.6890e− 01 9.7940e− 01 −

2−8 4.9256e− 02 2.7424e− 02 1.4433e− 02 7.4428e− 03 3.7896e− 03 1.9143e− 03
8.4486e− 01 9.2607e− 01 9.5545e− 01 9.7380e− 01 9.8523e− 01 −

2−10 4.9365e− 02 2.7629e− 02 1.4632e− 02 7.5114e− 03 3.8199e− 03 1.9262e− 03
8.3731e− 01 9.1706e− 01 9.6197e− 01 9.7555e− 01 9.8778e− 01 −

2−12 4.9368e− 02 2.7644e− 02 1.4667e− 02 7.5563e− 03 3.8304e− 03 1.9329e− 03
8.3661e− 01 9.1439e− 01 9.5682e− 01 9.8018e− 01 9.8673e− 01 −

2−14 4.9368e− 02 2.7644e− 02 1.4668e− 02 7.5606e− 03 3.8387e− 03 1.9341e− 03
8.3661e− 01 9.1439e− 01 9.5682e− 01 9.8018e− 01 9.8896e− 01 −

2−16 4.9368e− 02 2.7644e− 02 1.4668e− 02 7.5606e− 03 3.8390e− 03 1.9344e− 03
8.3661e− 01 9.1439e− 01 9.5682e− 01 9.8018e− 01 9.8884e− 01 −

...
...

...
...

...
...

...
2−30 4.9368e− 02 2.7644e− 02 1.4668e− 02 7.5606e− 03 3.8390e− 03 1.9344e− 03

8.3661e− 01 9.1439e− 01 9.5682e− 01 9.8018e− 01 9.8884e− 01 −
EN,M
ε,µ 4.9368e− 02 2.7644e− 02 1.4668e− 02 7.5606e− 03 3.8390e− 03 1.9344e− 03

R
N,M

ε,µ 8.3661e− 01 9.1439e− 01 9.5682e− 01 9.8018e− 01 9.8884e− 01 −

The maximum pointwise absolute errors EN,M
ε,µ and order of convergence R

N,M

ε,µ for

Example 6.1- 6.4 are displayed in Tables 6.1-6.4 using various values of ε, µ. Notably,

in every example, there is an abrupt change in neighborhood of x = 0.5 due to

discontinuity in convection coefficients and source terms. In Tables 6.1 and 6.4, we

analyze a constant µ while adjusting ε, demonstrating results that exhibit nearly

first-order uniform convergence. We take a fixed value of ε and vary µ to present
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Table 6.2: Computed EN,M
ε,µ and R

N,M

ε,µ for ε = 2−12 for Example 6.2.

For equal values of mesh points:N = M
µ ↓ 16 32 64 128 256 512

20 8.1573e− 02 4.8402e− 02 2.5717e− 02 1.3251e− 02 6.7289e− 03 3.3910e− 03
7.5303e− 01 9.1234e− 01 9.5662e− 01 9.7766e− 01 9.8866e− 01 −

2−2 9.2766e− 02 5.0196e− 02 2.6171e− 02 1.3372e− 02 6.7601e− 03 3.3988e− 03
8.8602e− 01 9.3960e− 01 9.6875e− 01 9.8410e− 01 9.9202e− 01 −

2−4 9.4033e− 02 5.0576e− 02 2.6278e− 02 1.3400e− 02 6.7563e− 03 3.3970e− 03
8.9471e− 01 9.4460e− 01 9.7162e− 01 9.8793e− 01 9.9197e− 01 −

2−6 9.4376e− 02 5.0684e− 02 2.6295e− 02 1.3365e− 02 6.7555e− 03 3.3952e− 03
8.9689e− 01 9.4674e− 01 9.7633e− 01 9.8433e− 01 9.9257e− 01 −

2−8 9.4453e− 02 5.0624e− 02 2.6150e− 02 1.3364e− 02 6.7506e− 03 3.3949e− 03
8.9978e− 01 9.5301e− 01 9.6846e− 01 9.8526e− 01 9.9165e− 01 −

2−10 9.4309e− 02 5.0443e− 02 2.6151e− 02 1.3363e− 02 6.7486e− 03 3.3948e− 03
9.0274e− 01 9.4779e− 01 9.6862e− 01 9.8558e− 01 9.9126e− 01 −

2−12 9.4194e− 02 5.0368e− 02 2.6151e− 02 1.3363e− 02 6.7480e− 03 3.3947e− 03
9.0313e− 01 9.4564e− 01 9.6862e− 01 9.8571e− 01 9.9118e− 01 −

2−14 9.4158e− 02 5.0347e− 02 2.6151e− 02 1.3362e− 02 6.7478e− 03 3.3947e− 03
9.0318e− 01 9.4504e− 01 9.6873e− 01 9.8565e− 01 9.9113e− 01 −

2−16 9.4148e− 02 5.0342e− 02 2.6151e− 02 1.3362e− 02 6.7478e− 03 3.3947e− 03
9.0317e− 01 9.4490e− 01 9.6873e− 01 9.8565e− 01 9.9113e− 01 −

2−18 9.4145e− 02 5.0340e− 02 2.6151e− 02 1.3362e− 02 6.7478e− 03 3.3947e− 03
9.0319e− 01 9.4484e− 01 9.6873e− 01 9.8565e− 01 9.9113e− 01 −

...
...

...
...

2−24 9.4145e− 02 5.0340e− 02 2.6151e− 02 1.3362e− 02 6.7478e− 03 3.3947e− 03
9.0318e− 01 9.4484e− 01 9.6873e− 01 9.8565e− 01 9.9113e− 01 −

EN,M
ε,µ 9.4453e− 02 5.0684e− 02 2.6295e− 02 1.3400e− 02 6.7601e− 03 3.3988e− 03

R
N,M

ε,µ 8.9807e− 01 9.4674e− 01 9.7256e− 01 9.8712e− 01 9.9202e− 01 −

(a) ε = 2−4, µ = 1 (b) ε = 2−12, µ = 2−12

Figure 6.2: The numerical solution profile for Example 6.1.

almost first-order uniform convergent results in Tables 6.2 and 6.3. These four tables’

numerical results support our theoretical assertions that the suggested scheme yields

uniform outcomes in both scenarios. The tables show that, in both cases, for fixed

N,M , the maximum pointwise absolute error is constant at a given small ε or µ.
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Table 6.3: Computed EN,M
ε,µ and R

N,M

ε,µ with ε = 2−8 for Example 6.3.

N = M
µ ↓ 16 32 64 128 256 512

20 3.7484e− 02 2.0606e− 02 1.0889e− 02 5.6228e− 03 2.8631e− 03 1.4459e− 03
8.6321e− 01 9.2019e− 01 9.5351e− 01 9.7371e− 01 9.8561e− 01 −

2−2 4.0906e− 02 2.1744e− 02 1.1240e− 02 5.7237e− 03 2.8898e− 03 1.4522e− 03
9.1170e− 01 9.5198e− 01 9.7362e− 01 9.8598e− 01 9.9273e− 01 −

2−4 4.2102e− 02 2.2153e− 02 1.1342e− 02 5.7474e− 03 2.8948e− 03 1.4535e− 03
9.2639e− 01 9.6583e− 01 9.8069e− 01 9.8945e− 01 9.9393e− 01 −

2−6 4.2736e− 02 2.2209e− 02 1.1373e− 02 5.7531e− 03 2.8960e− 03 1.4537e− 03
9.4431e− 01 9.6553e− 01 9.8320e− 01 9.9028e− 01 9.9433e− 01 −

2−8 4.2794e− 02 2.2266e− 02 1.1378e− 02 5.7547e− 03 2.8962e− 03 1.4538e− 03
9.4257e− 01 9.6860e− 01 9.8343e− 01 9.9058e− 01 9.9433e− 01 −

2−10 4.2802e− 02 2.2277e− 02 1.1380e− 02 5.7550e− 03 2.8963e− 03 1.4538e− 03
9.4212e− 01 9.6905e− 01 9.8361e− 01 9.9060e− 01 9.9438e− 01 −

2−12 4.2804e− 02 2.2280e− 02 1.1380e− 02 5.7551e− 03 2.8963e− 03 1.4538e− 03
9.4200e− 01 9.6925e− 01 9.8359e− 01 9.9063e− 01 9.9438e− 01 −

2−14 4.2804e− 02 2.2281e− 02 1.1380e− 02 5.7551e− 03 2.8963e− 03 1.4538e− 03
9.4193e− 01 9.6931e− 01 9.8359e− 01 9.9063e− 01 9.9438e− 01 −

...
...

...
...

2−24 4.2804e− 02 2.2281e− 02 1.1380e− 02 5.7551e− 03 2.8963e− 03 1.4538e− 03
9.4193e− 01 9.6931e− 01 9.8359e− 01 9.9063e− 01 9.9438e− 01 −

EN,M
ε,µ 4.2804e− 02 2.2281e− 02 1.1380e− 02 5.7551e− 03 2.8963e− 03 1.4538e− 03

R
N,M

ε,µ 9.4193e− 01 9.6931e− 01 9.8359e− 01 9.9063e− 01 9.9438e− 01 −

(a) ε = 2−4, µ = 2−2 (b) ε = 2−12, µ = 2−18

Figure 6.3: The numerical solution profile for Example 6.2.

This demonstrates that the approach is independent of ε and µ. Table 6.5 compare

numerical results to those given in Chandru et al. (2018, 2019), by fixing or varying

ε or µ. This comparison reveals that, when evaluated against existing studies in the

literature, the proposed approach yields a more precise solution. Every result shown in

the tables was acquired by taking N = M . The solution profiles in the form of surface-

contour plots are provided in Figures 6.2, 6.3, 6.4, and 6.5 for Examples 6.1, 6.2, 6.3,

and 6.4, respectively to illustrate how the gradient of solution steepens at the point of
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Table 6.4: Computed EN,M
ε,µ and R

N,M

ε,µ for µ = 2−10 and various values of ε for
Example 6.4.

For equal mesh points in both directions
ε ↓ 16 32 64 128 256 512

20 1.1487e− 02 1.0042e− 02 6.8505e− 03 3.9935e− 03 2.1448e− 03 1.1189e− 03
1.9396e− 01 5.5177e− 01 7.7856e− 01 8.9681e− 01 9.3876e− 01 −

2−2 2.5450e− 02 1.5559e− 02 8.4794e− 03 4.4495e− 03 2.3003e− 03 1.1781e− 03
7.0992e− 01 8.7572e− 01 9.3032e− 01 9.5182e− 01 9.6536e− 01 −

2−4 3.2209e− 02 1.7363e− 02 9.0907e− 03 4.6828e− 03 2.3901e− 03 1.2124e− 03
8.9145e− 01 9.3355e− 01 9.5702e− 01 9.7030e− 01 9.7921e− 01 −

2−6 3.4363e− 02 1.8239e− 02 9.4273e− 03 4.8172e− 03 2.4416e− 03 1.2317e− 03
9.1383e− 01 9.5211e− 01 9.6865e− 01 9.8037e− 01 9.8718e− 01 −

2−8 3.5276e− 02 1.8709e− 02 9.6213e− 03 4.8915e− 03 2.4692e− 03 1.2425e− 03
9.1495e− 01 9.5943e− 01 9.7595e− 01 9.8623e− 01 9.9080e− 01 −

2−10 3.5937e− 02 1.8866e− 02 9.7252e− 03 4.9261e− 03 2.4834e− 03 1.2481e− 03
9.2968e− 01 9.5599e− 01 9.8128e− 01 9.8813e− 01 9.9258e− 01 −

2−12 3.6573e− 02 1.9011e− 02 9.7482e− 03 4.9507e− 03 2.4904e− 03 1.2512e− 03
9.4394e− 01 9.6363e− 01 9.7750e− 01 9.9126e− 01 9.9307e− 01 −

2−14 3.6721e− 02 1.9177e− 02 9.7742e− 03 4.9538e− 03 2.4966e− 03 1.2526e− 03
9.3723e− 01 9.7233e− 01 9.8044e− 01 9.8857e− 01 9.9504e− 01 −

2−16 3.6735e− 02 1.9207e− 02 9.8141e− 03 4.9548e− 03 2.4970e− 03 1.2534e− 03
9.3552e− 01 9.6870e− 01 9.8603e− 01 9.8863e− 01 9.9435e− 01 −

2−18 3.6735e− 02 1.9208e− 02 9.8180e− 03 4.9627e− 03 2.4969e− 03 1.2535e− 03
9.3545e− 01 9.6821e− 01 9.8430e− 01 9.9099e− 01 9.9418e− 01 −

...
...

...
...

2−24 3.6735e− 02 1.9208e− 02 9.8180e− 03 4.9629e− 03 2.4969e− 03 1.2535e− 03
9.3545e− 01 9.6821e− 01 9.8425e− 01 9.9105e− 01 9.9418e− 01 −

EN,M
ε,µ 3.6735e− 02 1.9208e− 02 9.8180e− 03 4.9629e− 03 2.4969e− 03 1.2535e− 03

R
N,M

ε,µ 9.3545e− 01 9.6821e− 01 9.8425e− 01 9.9105e− 01 9.9418e− 01 −

(a) ε = 2−8, µ = 1 (b) ε = 2−12, µ = 2−8

Figure 6.4: The numerical solution profile for Example 6.3.

discontinuity when ε or µ decreases. Due to the occurrence of ε, µ and discontinuous

data in the convection and source terms, the surface plots of the numerical solution

show the presence of layers(both boundary and interior). We notice a decrement in

the layer width as we decrease µ or ε(see Figures 6.2a, 6.3a, 6.4a and 6.5a). The
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Table 6.5: Comparison of EN,M
ε,µ and R

N,M

ε,µ for Example 6.1-6.4.

(N = M)→ 64 128 256 512

Present Method for Example 6.1
EN,M
ε,µ 1.4668e− 02 7.5606e− 03 3.8390e− 03 1.9344e− 03

R
N,M

ε,µ 9.5682e− 01 9.8018e− 01 9.8884e− 01 −
Result in Chandru et al. (2019)( Upwind scheme on S-Mesh)
EN,M
ε,µ 8.2743e− 2 5.2731e− 2 3.0348e− 2 1.647e− 2

R
N,M

ε,µ 6.4997e− 01 7.9705e− 01 8.8105e− 01 −
Present Method for Example 6.2
EN,M
ε,µ 2.6295e− 02 1.3400e− 02 6.7601e− 03 3.3988e− 03

R
N,M

ε,µ 9.7256e− 01 9.8712e− 01 9.9202e− 01 −
Result in Chandru et al. (2018)( Upwind scheme on S-Mesh)
EN,M
ε,µ 2.3788e− 02 1.8358e− 02 1.2613e− 02 8.0788e− 03

R
N,M

ε,µ 3.7381e− 01 5.4151e− 01 6.4270e− 01 −
Present Method for Example 6.3
EN,M
ε,µ 1.1380e− 02 5.7551e− 03 2.8963e− 03 1.4538e− 03

R
N,M

ε,µ 9.8359e− 01 9.9063e− 01 9.9438e− 01 −
Result in Chandru et al. (2019)( Upwind scheme on S-Mesh)
EN,M
ε,µ 1.3387e− 02 1.1631e− 02 8.6796e− 03 5.8905e− 03

R
N,M

ε,µ 2.0280e− 01 4.2236e− 01 5.5922e− 01 −
Present Method for Example 6.4
EN,M
ε,µ 9.8180e− 03 4.9629e− 03 2.4969e− 03 1.2535e− 03

R
N,M

ε,µ 9.8425e− 01 9.9105e− 01 9.9418e− 01 −
Result in Chandru et al. (2019)( Upwind scheme on S-Mesh)
EN,M
ε,µ 2.1843e− 02 1.7869e− 02 1.2829e− 02 7.8367e− 03

R
N,M

ε,µ 2.8973e− 01 4.7804e− 01 7.1108e− 01 −

(a) ε = 1, µ = 2−6 (b) ε = 2−16, µ = 2−16

Figure 6.5: The numerical solution profile for Example 6.4.
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(a) Source term is $(x, t) =
(
et − 1

)
(1+

x) (b) Source term is $(x, t) = t(x− 2)

Figure 6.6: Numerical solution for Example 6.4 with ε = 2−16 and µ = 2−16 .
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Figure 6.7: Line plots for Example 6.1.
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Figure 6.8: Line plots for Example 6.2 at different time-levels.

line plots for Examples 6.1, 6.2, 6.3, and 6.4 at various time steps while maintaining

N = 128 = M are represented in Figures 6.7, 6.8, 6.9, and 6.10, which show that the

maximum error occurs near the boundary and interior layer regions. The observation
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Figure 6.9: Line plots for Example 6.3 at different time-levels.
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(b) ε = 2−16, µ = 2−16

Figure 6.10: Line plots for Example 6.4 at different time-levels.
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Figure 6.11: Line plots for Example 6.4 at different time-levels.

of a sharper layer as we decrease the values of ε and µ is confirmed, which helps us

understand the influence of parameter values and how they affect the formation of

layers. Every line plots and surface plots are created for fixed values of N = M = 128.

Based on the research conducted by O’Riordan & Shishkin (2004), it was found that
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Figure 6.12: The Log-log plot of maximum absolute error.

(a) N =M = 128, ε = 2−18, µ = 2−8 (b) N =M = 128, ε = 2−68, µ = 2−18

Figure 6.13: Numerical error corresponding to Examples 6.2 and 6.4, respectively.
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(b) N =M = 128, ε = 2−68, µ = 2−18

Figure 6.14: Numerical error corresponding to Examples 6.2 and 6.4, respectively.

the solution may contain an interior layer solely when the discontinuity is present

in the convection-coefficient($(x, t) is continuous). This numerical insight is crucial

in understanding the behavior of solutions in the presence of discontinuities. It is

evident from Figure 6.6 that the solution might only contain the boundary layers

144



if the discontinuity is in the convection-coefficient alone. The discontinuous source

functions in Example 6.4 are replaced with smooth function $(x, t) = (et − 1) (1 +x)

and $(x, t) = t(x−2), respectively, to draw Figures 6.6a and 6.6b. For this examples,

the solution surface plot at figure 6.6 observes only the right and left boundary layers.

In this context, the discontinuity in convection coefficient may only cause a shift in

the layer within the solution. Despite the discontinuities in the convection coefficients,

the interior layer phenomena might not manifest if the source functions are considered

smooth. Surface plots of the error provide a clear depiction of the solution’s behavior

across the spatial and temporal domains, particularly in regions where sharp gradients

or boundary layers occur. Figures 6.13a and 6.13b show the surface error plots for

Examples 6.2 and 6.4, illustrating that the highest errors occur near the boundary

and interior regions, as indicated by the prominent spikes. Similarly, Figures 6.14a

and 6.14b present the line error plots for the same examples, confirming that the

maximum errors are concentrated in these regions. Furthermore, to illustrate the

practical validity of the expected rate of convergence, we have presented the error

plots on a Log-Log scale in Figures 6.11 and 6.12, corresponding to Examples 6.1-6.4.

6.7 Conclusion

In this chapter, a fitted numerical scheme was formulated to address TP-SPPPs with

discontinuous convection coefficients and source terms. The method captures both

boundary and interior layers arising from the interplay of discontinuities and small

perturbation parameters. The proposed approach combines the implicit Euler method

for temporal discretization with the cubic spline in compression technique for spatial

approximation on a uniform mesh. Analytical results confirm first-order accuracy in

time and second-order accuracy in space, with uniform convergence concerning both

perturbation parameters. Numerical experiments on benchmark problems validate

these findings, revealing clear parabolic boundary layers and sharp interior layers near

discontinuities. Comparative results further demonstrate that the scheme delivers

high accuracy across various parameter ranges. To further enhance spatial accuracy

and improve convergence rates beyond the current method, Chapter 7 introduces a

refined numerical framework based on a nonstandard finite difference approach.
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Chapter 7

Uniformly Convergent Numerical

Methods for Two-Parameter

Singularly Perturbed Parabolic

Problems with Non-Smooth Data

Building upon the fitted spline-based numerical framework established in Chapter 6,

this chapter develops uniformly convergent scheme for TP-SPPPs involving discon-

tinuous convection coefficients and source terms. Such problems exhibit pronounced

boundary and interior layers arising from the interplay between coefficient discon-

tinuities and small perturbation parameters, which complicate their numerical ap-

proximation. To address these challenges, the time derivative is discretized using

the implicit Euler method, ensuring temporal stability, while the spatial domain is

treated using a nonstandard finite difference scheme specifically tailored to resolve

steep layer structures. To further increase accuracy without additional mesh refine-

ment, Richardson extrapolation is incorporated. Numerical experiments demonstrate

strong agreement with theoretical predictions and confirm uniform convergence with

respect to both perturbation parameters. Overall, the method provides an efficient

and reliable extension of the framework developed in Chapter 6, offering improved

accuracy and convergence properties for problems featuring discontinuous data.
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7.1 Introduction

Two-parameter singularly perturbed parabolic problems with discontinuous data pose

substantial analytical and computational difficulties. Jumps in convection coefficients

or source terms typically generate sharp boundary and interior layers whose positions

and magnitudes depend on both perturbation parameters. These layers can shift

abruptly as the parameters vary, making uniform resolution extremely challenging.

Classical discretization techniques often struggle to capture such fine-scale structures,

leading to deterioration in accuracy and, in many cases, numerical instabilities.

In response to the broader question of why instabilities arise in finite difference

schemes (FDS) for DEs, Mickens (1993, 2005, 2020) systematically investigated the

underlying mechanisms and proposed the principle of exact FDS. An exact scheme

is one whose discrete formulation reproduces the qualitative and in certain cases the

exact solution structure of the original DE when evaluated at discrete points. Mick-

ens introduced a set of six guiding rules that form the foundation of nonstandard

finite difference schemes(NSFDS). These rules modify classical discretizations in ways

that preserve positivity, enforce correct asymptotic behavior, and align the discrete

dynamics more closely with the continuous model. Subsequent works Mickens (1993,

2005, 2020) further solidified the theoretical basis for NSFDS and highlighted their

advantages in achieving improved consistency, stability, and convergence properties,

particularly for problems exhibiting non-smooth or highly sensitive behavior.

The motivation behind the nonstandard finite difference method (NS-FDM) is there-

fore not to obtain exact solutions in a literal sense, but to enhance the fidelity of

numerical schemes by incorporating structural features of the continuous problem di-

rectly into the discretization. Although exactness is not expected from the resulting

schemes, numerous studies have shown that their accuracy and qualitative reliability

often surpass those of standard methods, especially in stiff or layer-dominated regimes

(Munyakazi, 2015; Duressa, 2021; Mickens, 2020).

In light of these considerations, this chapter develops a uniformly convergent numeri-

cal strategy tailored to the complexities of TP-SPPPs with discontinuities. Extending

the methods in Chapter 6, the method employs the implicit Euler scheme for time
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discretization. Spatially, a problem adapted NS-FDM is constructed to capture steep

layer profiles generated by coefficient jumps. To further elevate accuracy without in-

creasing mesh density, Richardson extrapolation is incorporated, enabling enhanced

parameter-uniform performance. Together, these components form a coherent com-

putational approach for addressing the intricate layer structures and discontinuous

features inherent to such problems.

The chapter is structured as follows: Section 7.2 presents the problem formulation.

Section 7.3 outlines the construction of the proposed numerical scheme, and Section

7.4 provides its convergence analysis. Section 7.5 includes numerical experiments val-

idating the method, and Section 7.6 concludes with a summary of the main results.

7.2 Definition of the Problem

We consider the problem defined in Chapter 6, Section 6.2 and assume the solution

properties established in Section 6.3.

7.3 Formulation of the Numerical Scheme

This section presents the computational technique employed to solve the TP-SPPPs

characterized by discontinuous convection coefficients and source terms. The proposed

approach utilizes the Implicit Euler scheme for the temporal discretization, ensuring

stability and accuracy over time, while the nonstandard finite difference framework

introduced by Mickens’ is adopted for spatial discretization, offering superior perfor-

mance in capturing the intricate layer behaviors inherent to such problems.

7.3.1 Temporal Semi-discretization

The interval [0, T ] is divided into M uniform partitions, forming the mesh ΩMt =

{tj = jk : j = 1(1)M, k = T/M}. Then, on Ωϕ×ΩMt , Eq. (6.1) is semi-discretized as

− cj+1(x)D−t W
j+1(x) + ε

(
W j+1

)
xx

(x) + µaj+1(x)
(
W j+1

)
x

(x)−

bj+1(x)W j+1(x) = $j+1(x), x ∈ Ωϕ, 0 ≤ j ≤M − 1,
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where W j+1(x) is the approximation of w(x, tj+1), D−t = (W j+1(x)−W j(x)) /k is

backward difference operator. Rewrite the above equation as
LMε,µW j+1(x) = Gj+1(x), x ∈ Ωϕ, 0 ≤ j ≤M − 1,

W j+1(0) = ϑ(tj+1), W j+1(1) = ξ(tj+1),

W 0(x) = φ(x), x ∈ Q,

(7.1)

where the operator LMε,µ is defined as

LMε,µ ≡ ε
d2

dx2
+ µaj+1(x)

d

dx
−
(
bj+1(x) +

cj+1(x)

k

)
I, and

Gj+1(x) = $j+1(x)− cj+1(x)

k
W j(x).

The LTE in the temporal semi-discretization of Eq. (7.1) is given by Ej+1 = W j+1(x)−

U(x), where U(x) is the computed solution of
Lε,µU(x) = $(x, tj+1)− c(x,tj+1)

k
W (x, tj), x ∈ Ωϕ,

U(0) = ϑ(tj+1), U(1) = ξ(tj+1), 0 ≤ j ≤M − 1,

U(x) = φ(x), x ∈ Q,

(7.2)

The next lemma is the bounds of the LTE Ej+1, which is

Lemma 7.1. The LTE and global error are defined as Ej+1 and Ej =
∑j

ι=1 Eι, re-

spectively, and are bounded by :

‖Ej+1‖ ≤ Ck2,

‖Ej‖ ≤ Ck, j ≤ T

k
,

(7.3)

where Ej represents the cumulative effect of LTE up to the jth time level.

Proof. The derivation of the first component of Eq. (7.3) follows the approach in

Singh et al. (2023), while the second is established in Chapter 6, Lemma 6.1.
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7.3.2 Determination of the Denominator Function

Beginning with the equation given below, this section is dedicated to constructing a

robust and accurate finite difference method for the considered problem:

ε
(
W j+1

)
xx

(x) + µaj+1(x)
(
W j+1

)
x

(x)− ζj+1(x)W j+1(x) = Gj+1(x), (7.4)

where ζj+1(x) = b(x, tj+1) +
c(x,tj+1)

k
and Gj+1(x) = $(x, tj+1) − c(x,tj+1)

k
W j(x). Sub-

sequently, we introduce the time-level index and investigate the corresponding ho-

mogeneous problems with constant coefficients associated with Eq. (7.4), laying the

foundation for the analytical and numerical development of the proposed scheme.

εWxx(x) + µa(x)Wx(x)− ζ(x)W (x) = 0, where ζ(x) = b(x) +
d(x)

k
. (7.5)

εWxx(x) + µa(x)Wx(x) = 0 (7.6)

Eq. (7.5) admits two distinct linearly independent solutions, eC1x and eC2x, where

C1,2 =
−µa±

√
(µa)2 + 4εζ

2ε
(7.7)

A uniform mesh with a spatial step size h is employed over the domain [0, 1], ensuring

consistent discretization and balanced resolution across the entire interval.

ΩN
x =

 xi = x0 + ih, i = 1(1)N − 1,

x0 = 0, xN
2

= ϕ, xN = 1, h = 1
N
.

At every mesh point xi, the discrete approximation of the continuous function W (x)

is written as Wi. Our aim is to derive a corresponding discrete relation at xi that

retains the structural form of the general solution given in Eq. (7.5), stated as:

Wi = C1 exp(C1xi) + C2 exp(C2xi). (7.8)

In constructing the second-order difference equations, the formulation is guided by

principles of DE theory, ensuring that the discrete model accurately reflects the

qualitative behavior of its continuous counterpart. This approach follows the frame-
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work proposed by Mickens (1993), which emphasizes the development of nonstandard

schemes that maintain consistency and correct dynamic properties of the original DEs.∣∣∣∣∣∣∣∣∣
Wi−1 W1,i−1 W2,i−1

Wi W1,i W2,i−1

Wi+1 W1,i+1 W2,i−1

∣∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣∣
Wi−1 exp(C1xi−1) exp(C2xi−1)

Wi exp(C1xi) exp(C2xi)

Wi+1 exp(C1xi+1) exp(C2xi+1)

∣∣∣∣∣∣∣∣∣ = 0, (7.9)

∣∣∣∣∣∣∣∣∣
Wi−1 exp(C1xi − C1h) exp(C2xi − C2h)

Wi exp(C1xi) exp(C2xi)

Wi+1 exp(C1xi + C1h) exp(C2xi + C2h)

∣∣∣∣∣∣∣∣∣ = 0,

exp (C1xi + C2xi)

∣∣∣∣∣∣∣∣∣
Wi−1 exp(−C1h) exp(−C2h)

Wi 1 1

Wi+1 exp(C1h) exp(C2h)

∣∣∣∣∣∣∣∣∣ = 0.

By computing the determinant and simplifying the expressions through the applica-

tion of double-angle identities for hyperbolic functions, we obtain

− exp
(µa

2ε

)
Wi+1 + 2 cosh

h
√

(µa)2 + 4εζ

2ε

Wi − exp
(
−µa

2ε

)
Wi−1 = 0, (7.10)

which is exact scheme for Eq. (7.6) in the sense that Eq. (7.10) has same general

solution Eq. (7.8) as Eq. (7.5). We substitute denominator function for h2 to construct

the nonstandard FDM. It is not straightforward to extract the denominator function

from Eq. (7.10) in this manner. However, in the case of Eq. (7.6), the layer behaviors

of the solutions to Eq. (6.1) and that of Eq. (7.5) are similar (Patidar, 2008; Gupta

et al., 2019). Thus, for Eq. (7.6), we have the exact scheme of the form:

− exp

(
µah

2ε

)
Wi+1 +

(
exp

(
µah

2ε

)
+ exp

(
−µah

2ε

))
Wi − exp

(
−µah

2ε

)
Wi−1 = 0.

(7.11)

Multiplying both sides of Eq. (7.11) by exp

(
µah

2ε

)
, we obtain:

exp

(
µah

ε

)
Wi+1 −

(
exp

(
µah

ε

)
+ 1

)
Wi +Wi−1 = 0. (7.12)
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By adding and subtracting Wi+1 +Wi, and after some manipulations, we obtain

Wi+1 − 2Wi +Wi−1 +

(
exp

(
µah

ε

)
− 1

)
(Wi+1 −Wi) = 0. (7.13)

From Eq. (7.13), we have

ε
Wi+1 − 2Wi +Wi−1

J2
+ µa

Wi+1 −Wi

h
= 0, (7.14)

where J2 is given by:

J2(h, ε, µ) ≡ J2 =
hε

µa

(
exp

(
µah

ε

)
− 1

)
. (7.15)

We can express the variable coefficients using the denominator function as follows:

J2
i (h, ε, µ) ≡ J2

i =
hε

µai

(
exp

(
µaih

ε

)
− 1

)
, for i = 1, 2. (7.16)

7.3.3 Non-Standard Finite Difference Methods

The concept of exact and optimal FDMs serves as the fundamental basis for the de-

velopment of non-standard discrete modeling techniques. The pioneering framework

for constructing such NS-FDMs was established by Mickens (1993), who proposed

a systematic set of design principles to ensure both accuracy and consistency with

the underlying continuous model. By adhering to these principles, one can derive a

discrete formulation that is inherently different from classical FDMs, often preserving

essential dynamical properties that standard methods fail to capture. In constructing

such a discrete model, special attention is given to the denominator functions asso-

ciated with the highest-order discrete derivatives. Unlike traditional approaches that

rely on simple step-size ratios, NS-FDMs employ nonlinear or functional representa-

tions of step sizes, as recommended by Mickens’ rules. These modified denominator

functions introduce flexibility and stability into the discrete structure, allowing the

scheme to handle singular perturbations and boundary layer behaviors effectively. To

illustrate this construction process and highlight its computational essence, we now
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consider Eq. (7.1) evaluated at a grid point (xi, tj+1), as demonstrated below:

ε (Wxx) (xi, tj+1) + µa(xi, tj+1) (Wx) (xi, tj+1)−(
b(xi, tj+1) +

c(xi, tj+1)

k

)
W (xi, tj+1) = $(xi, tj+1)− c(xi, tj+1)

k
W (xi, tj).

(7.17)

At the grid point (xi, tj+1), Eq. (7.17) can be expressed in the form:

ε (Wxx) (xi, tj+1) + µa(xi, tj+1) (Wx) (xi, tj+1)− ζ(xi, tj+1)W (xi, tj+1) =

$(xi, tj+1)− c(xi, tj+1)

k
W (xi, tj),

(7.18)

where ζ(xi, tj+1) = b(xi, tj+1) +
c(xi,tj+1)

k
. Motivated by Eq. (7.14), we can employ the

NS-FDM to approximate Eq. (7.18).

LN,Mε,µ W j+1
i =



ε
W j+1
i−1 − 2W j+1

i +W j+1
i+1

J2
1,i

+ µaj+1
i

(
W j+1
i −W j+1

i−1

h

)
−

ζj+1
i W j+1

i = $j+1
i − cj+1

i

k
W j
i , for 0 ≤ i ≤ ϕ,

ε
W j+1
i−1 − 2W j+1

i +W j+1
i+1

J2
2,i

+ µaj+1
i

(
W j+1
i+1 −W

j+1
i

h

)
−

ζj+1
i W j+1

i = $j+1
i − cj+1

i

k
W j
i , for ϕ < i ≤ N − 1,

(7.19)

under the subsequent boundary and initial conditions:
W 0
i = φ(xi), i = 1(1)N − 1, j = 0(1)M

W j+1(0) = ϑ(tj+1), W j+1(N) = ξ(tj+1), tj+1 ∈ [0, T ],

D−xW
j+1
N
2

= D+
xW

j+1
N
2

, x = ϕ,

(7.20)

where the variable denominator function Eq. (7.16) is given as

J2
i (h, ε, µ) ≡ J2

i =


hε

µaj+1
1,i

(
exp

(
µaj+1

1,i h

ε

)
− 1

)
for i = 0 ≤ i ≤ ϕ,

hε

µaj+1
2,i

(
exp

(
µaj+1

2,i h

ε

)
− 1

)
for i = ϕ < i ≤ N.

(7.21)
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The matrix representation of the discrete conditions in Eq. (7.19), together with the

scheme in Eq. (7.20), is presented below.

MF = T , i = 1(1)N − 1, j = 0(1)M, (7.22)

where F and T are column vectors, andM is an (N−1)×(N−1) tridiagonal matrix,

defined as:

M =
(
Mi,`

)
, ` = i− 1, i, i+ 1, (7.23)

where the nonzero entries of the tridiagonal matrix M are defined as follows:

Mi,i−1 =


ε

J2
1,i

− µ

h
a j+1
i , i = 2, 3, . . . ,

N

2
,

ε

J2
2,i

, i =
N

2
+ 1,

N

2
+ 2, . . . , N − 1,

Mi,i =


−

(
2ε

J2
1,i

− µ

h
a j+1
i + b j+1

i +
c j+1
i

k

)
, i = 1, 2, . . . ,

N

2
,

−

(
2ε

J2
2,i

+
µ

h
a j+1
i + b j+1

i +
c j+1
i

k

)
, i =

N

2
+ 1,

N

2
+ 2, . . . , N − 1,

Mi,i+1 =


ε

J2
2,i

, i = 1, 2, . . . ,
N

2
,

ε

J2
2,i

+
µ

h
a j+1
i , i =

N

2
+ 1,

N

2
+ 2, . . . , N − 1.

The elements of column vectors F and T are given as:



T j+1
0 = ϑ(tj+1),

T j+1
i = $j+1

i − cj+1
i

k
W j
i , i = 1(1)N − 1,

T j+1
N = ξ(tj+1),

F = [F0,F1, ...,FN−1,FN ]T ,

(7.24)

Before discussing the convergence results of the proposed scheme, it is essential to

first describe several key properties satisfied by LN,Mε,µ W j+1
i , as defined in Eq. (7.19).

Lemma 7.2. Let Φ̃j+1
i be any mesh function that satisfies Φ̃j+1

0 ≥ 0, Φ̃j+1
xN
≥ 0, and

D+
x Φ̃

j+1
xN

2

−D−x Φ̃j+1
xN

2

≤ 0. Then, LN,Mε,µ Φ̃j+1
i ≤ 0 for all i ∈ {1(1)N} \

{
N
2

}
implies that
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Φ̃j+1
i ≥ 0,∀xi ∈ ΩN .

Proof. Let χi and τ1 be indices such that Φ̃τ1(χi) = min∀(i,j) Φ̃
j+1
i < 0 for Φ̃j+1

i ∈

(Q− ∪Q+). Evidently, we have (χi, τ1) 6= {(0, τ1), (1, τ1)} because Φ̃(x, t) ≥ 0 for x =

0, 1. From this, we have Φ̃τ1+1(χi+1)− Φ̃τ1+1(χi) ≥ 0 and Φ̃τ1+1(χi)− Φ̃τ1+1(χi−1) ≤ 0.

Next, three distinct scenarios are considered:

(a) For (χi, τ1) ∈ Q−,

LN,Mε,µ Φ̃τ1(χi) =
ε

J2
i

(
Φ̃τ1+1(χi+1)− 2Φ̃τ1+1(χi) + Φ̃τ1+1(χi−1)

)
+

µaτ1+1
1 (χi)

(
Φ̃τ1+1(χi)− Φ̃τ1+1(χi−1)

h

)
− ζτ1+1(χi)Φ̃

τ1+1(χi),

=
ε

J2
i

((
Φ̃τ1+1(χi+1)− Φ̃τ1+1(χi)

)
−
(
Φ̃τ1+1(χi)− Φ̃τ1+1(χi−1)

))
+

µaτ1+1
1 (χi)

h

(
Φ̃τ1+1(χi)− Φ̃τ1+1(χi−1)

)
− ζτ1+1(χi)Φ̃

τ1+1(χi),

> 0. since aj+1
1 (xi) < 0.

(b) For (χi, τ1) ∈ Q+,

LN,Mε,µ Φ̃τ1(χi) =
ε

J2
i

(
Φ̃τ1+1(χi+1)− 2Φ̃τ1+1(χi) + Φ̃τ1+1(χi−1)

)
+

µaτ1+1
2 (χi)

(
Φ̃τ1+1(χi+1)− Φ̃τ1+1(χi)

h

)
− ζτ1+1(χi)Φ̃

τ1+1(χi),

=
ε

J2
i

((
Φ̃τ1+1(χi+1)− Φ̃τ1+1(χi)

)
−
(
Φ̃τ1+1(χi)− Φ̃τ1+1(χi−1)

))
+

µaτ1+1
2 (χi)

h

(
Φ̃τ1+1(χi+1)− Φ̃τ1+1(χi)

)
− ζτ1+1(χi)Φ̃

τ1+1(χi),

> 0. since aj+1
2 (xi) > 0.

(c) From Lemma 6.2, when (χi, τ1) = (ϕ, τ1), D+
x Φ̃

τ1+1
xN

2

> 0 and D−x Φ̃
τ1+1
xN

2

< 0, so

D+
x Φ̃

τ1+1
xN

2

−D−x Φ̃τ1+1
xN

2

> 0.

Therefore, the assumption Φ̃τ1+1(χi) < 0, ∀(χi, τ1) is incorrect in all cases because we

have a contradiction. Consequently, Φ̃τ1+1(χi) > 0 suggests that Φ̃j+1
i ≥ 0.

The following lemma, linked to Lemma 7.2, provides a uniform stability estimate.
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Lemma 7.3. At time level tj, let =i,j+1 be the numerical solution of Eq. (7.22). Then

|=i,j+1| ≤ C max
1≤i≤N−1

{
|=0,j+1| , |=N,j+1| ,

∥∥LN,Mε,µ =i,j+1

∥∥} . (7.25)

Proof. We use Lemma 7.2 and barrier functions to prove this lemma. Let

k±i,j+1 = max
1≤i≤N−1

{
|=0,j+1| , |=N,j+1| ,

∥∥LN,Mε,µ =i,j+1

∥∥}±=i,j+1.

Clearly, k±i,j+1 ≥ 0 for i = 0, N and LN,Mε,µ k±i,j+1 ≤ 0 for i ∈ {1(1)N − 1} \
{
N
2

}
.

Moreover, (D+
x −D−x )k±i,j+1 = 0 for i = N

2
. From Lemma 7.2, we have k±i,j+1 ≥ 0.

7.4 Convergence Analysis

This section presents the stability and convergence analysis of the scheme in Eq. (7.22).

The following lemma provides a key tool for establishing its uniform convergence.

Lemma 7.4. Let the interval [0, 1] be partitioned uniformly into N subintervals of

equal width h = 1/N , and let xi = ih for i = 1, 2, . . . , N − 1. Then, for any fixed

mesh and any positive integer κ, the following limits hold:

lim
ε→0

max
1<i≤N−1

ε−
κ
2 exp

(
−Cxi√

ε

)
= 0, for i = 1(1)N

2
,

lim
ε→0

max
1<i≤N−1

ε−
κ
2 exp

(
−C(1− xi)√

ε

)
= 0, for i = N

2
(1)N − 1,

(7.26)

where C > 0 is a constant independent of ε and N .

Proof. Consider the expression

Ψi(ε) = ε−
κ
2 exp

(
−Cxi√

ε

)
, for i = 1, 2, . . . , N − 1.

We examine the asymptotic behavior of Ψi(ε) as ε → 0. By taking the natural

logarithm of Ψi(ε) gives

ln Ψi(ε) = −κ
2

ln ε− Cxi√
ε
.

As ε → 0+, −κ
2

ln ε → +∞ and − Cxi√
ε
→ −∞. However, since the function

1/
√
ε grows asymptotically faster than | ln ε| as ε → 0, the second term dominates.
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Consequently, ln Ψi(ε) → −∞ ⇒ Ψi(ε) → 0 as ε → 0. To check the uniformity

with respect to the mesh points, since xi = ih ≥ h > 0 for all i ≥ 1, we have

exp
(
−Cxi√

ε

)
≤ exp

(
−Ch√

ε

)
. Therefore, max1<i≤N−1 Ψi(ε) ≤ ε−

κ
2 exp

(
−Ch√

ε

)
. As ε →

0, the right-hand side tends to zero due to the exponential decay dominating any

algebraic growth in ε−
κ
2 . Hence,

lim
ε→0

max
1<i≤N−1

ε−
κ
2 exp

(
−Cxi√

ε

)
= 0.

For the second limit, again consider

ψi(ε) = ε−
κ
2 exp

(
−C(1− xi)√

ε

)
, for i = 1, 2, . . . , N − 1.

Let ξi = 1− xi. Since ξi ∈ (0, 1) and ξi ≥ h, it follows that

ψi(ε) ≤ ε−
κ
2 exp

(
−Ch√

ε

)
→ 0 as ε→ 0.

Hence,

lim
ε→0

max
1<i≤N−1

ε−
κ
2 exp

(
−C(1− xi)√

ε

)
= 0.

Both limits vanish as ε→ 0. Therefore, for any fixed mesh and κ ∈ Z+, the exponen-

tial decay terms involving either xi or 1− xi dominate the growth in ε−
κ
2 .

The analysis below concentrates on the spatial variable x, highlighting how spa-

tial discretization governs the solution’s behavior across the domain and affects both

accuracy and layer resolution.

Theorem 7.1 (Error estimation in spatial discretization). Let wj+1(xi) and W j+1
i are

solution of Eqs. (7.1) and (7.19), respectively. The local truncation error of spatial

variable for proposed approach is given by:

∣∣LN,Mε,µ

(
W j+1(xi)−W j+1

i

)∣∣ ≤ CN−1, (7.27)

where N and C are mesh number and sufficiently large constant.

Proof. In the spatial discretization on Q− = [0, ϕ]× [0, T ], the local truncation error
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can be expressed as follows:

LN,Mε,µ

(
W j+1(xi)−W j+1

i

)
= LMε,µW j+1(xi)− LN,Mε,µ W j+1

i ,

= ε
d2W j+1(xi)

dx2
+ µaj+1

1 (xi)
dW j+1(xi)

dx
− ζj+1(xi)W

j+1(xi)−(
ε

(
W j+1
i−1 − 2W j+1

i +W j+1
i+1

J2
i

)
+ µaj+1

1,i

(
W j+1
i −W j+1

i−1

h

)
− ζj+1

i

)
,

= ε
d2W j+1(xi)

dx2
+ µaj+1

1 (xi)
dW j+1(xi)

dx
−

ε

J2
i

(
W j+1
i−1 − 2W j+1

i +W j+1
i+1

)
− µaj+1

1 (xi)

h

(
W j+1
i −W j+1

i−1

)
.

(7.28)

The terms W j+1
i−1 and W j+1

i+1 have the following Taylor series expansions:

W j+1
i−1 = W j+1

i − h

1!

dW j+1(xi)

dx
+
h2

2!

d2W j+1(xi)

dx2
− h3

3!

d3W j+1(xi)

dx3
+
h4

4!

d4W j+1(ς2)

dx4
,

W j+1
i+1 = W j+1

i +
h

1!

dW j+1(xi)

dx
+
h2

2!

d2W j+1(xi)

dx2
+
h3

3!

d3W j+1(xi)

dx3
+
h4

4!

d4W j+1(ς2)

dx4
,

(7.29)

where ς1 ∈ (xi−1, xi) and ς2 ∈ (xi, xi+1). By adding the first two equations in

Eq. (7.29), we obtain

W j+1
i−1 − 2W j+1

i +W j+1
i+1 = h2d

2W j+1(xi)

dx2
+
h4

12

d4W j+1(xi)

dx4
+ .... (7.30)

Using the first-order Taylor series expansion of Eq. (7.29), we obtain

W j+1
i −W j+1

i−1 = h
dW j+1(xi)

dx
− h2

2

d2W j+1(xi)

dx2
+
h3

6

d3W j+1(xi)

dx3
+ .... (7.31)

Substituting the expressions from Eqs. (7.30) and (7.31) into their respective positions

in Eq. (7.28), and simplifying the resulting terms, yields the relation:

LN,Mε,µ

(
W j+1(xi)−W j+1

i

)
=ε

d2W j+1(xi)

dx2
− ε

J2
i

[
h2d

2W j+1(xi)

dx2
+
h4

12

d4W j+1(xi)

dx4

]
+
h

2
µaj+1

1 (xi)
d2W j+1(xi)

dx2
− h2

6
µaj+1

1 (xi)
d3W j+1(xi)

dx3
.

(7.32)

158



Utilizing a truncated Taylor series expansion for J2
i , i = 1(1)N/2, we obtain:

J2
i =

hε

µaj+1
1,i

(
exp

(
µaj+1

1,i h

ε

)
− 1

)
, i = 1(1)N/2,

=
hε

µaj+1
1,i

(
1 +

hµ

ε
aj+1

1,i +
h2µ2

2ε2

(
aj+1

1,i

)2
+
h3µ3

6ε3

(
aj+1

1,i

)3
+
h4µ4

24ε4

(
aj+1

1,i

)4
+ ...− 1

)
,

=
hε

µaj+1
1,i

(
hµ

ε
aj+1

1,i +
h2µ2

2ε2

(
aj+1

1,i

)2
+
h3µ3

6ε3

(
aj+1

1,i

)3
+
h4µ4

24ε4

(
aj+1

1,i

)4
+ ...

)
,

= h2 +
h3µ

2ε
aj+1

1,i +
h4µ2

6ε2

(
aj+1

1,i

)2
+
h5µ3

24ε3

(
aj+1

1,i

)3
+ ...,

⇒ 1

J2
i

=
1

h2

(
1 +

hµ

2ε
aj+1

1,i +
h2µ2

6ε2

(
aj+1

1,i

)2
+
h3µ3

24ε3

(
aj+1

1,i

)3
+ ...

) .

By making a simplifications and adjusting the values
1

J2
i

in Eq. (7.32), we now obtain:

LN,Mε,µ

(
W j+1(xi)−W j+1

i

)
=

h

(
µaj+1

1 (xi)
d2W j+1(xi)

dx2

)
+ h2

(
5µ2

12ε

(
aj+1

1 (xi)
)2 d2W j+1(xi)

dx2

)
−

h2

(
µ

6
aj+1

1 (xi)
d3W j+1(xi)

dx3

)
− h2

(
ε
d4W j+1(xi)

dx4

)
+O(h3).

(7.33)

By combining the result of Lemma 7.26 with the derivative bounds, and noting that

for sufficiently small mesh sizes h the relation h > h2 > h3 holds, the discretization

error can be sharpened. Using these observations, we obtain:

∣∣LN,Mε,µ

(
W j+1(xi)−W j+1

i

)∣∣ ≤ Ch = CN−1, for i = 1(1)
N

2
, (7.34)

where C remains constant regardless of mesh sizes and perturbation parameters. We

arrive at the following outcome using Lemma 7.26’s uniform stability.

∣∣W j+1(xi)−W j+1
i

∣∣ ≤ Ch = CN−1, for i = 1(1)
N

2
, (7.35)

Remark 7.1. On Q+ = (ϕ, 1] × [0, T ], a comparable convergence analysis can be

carried out.

The convergence of the fully discretized scheme follows directly from combining
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Lemma 7.1 with Theorem 7.1, which together provide the foundation for its stability

and accuracy. The complete convergence proof is given in the theorem below.

Theorem 7.2. Let W j+1
i denote the solution to the discrete problem in Eq. (7.19)

with its corresponding discrete boundary conditions in Eq. (7.20), and W j+1(xi) the

solution to the problem in Eq. (6.1). The total error bound then satisfies:

sup
0<ε,µ<1

[
max

0≤i≤N,0≤j≤M

∣∣W j+1
i −W j+1(xi)

∣∣] ≤ C(h+ k) = C(N−1 + k). (7.36)

Proof. Let W j+1
i be the numerical solution of the discrete problem (7.19)–(7.20), and

let W j+1(xi) denote the corresponding exact solution of the semi-discrete problem

(6.1) evaluated at the mesh points. The total error can be decomposed as

∣∣W j+1
i −W j+1(xi)

∣∣ ≤ ∣∣W j+1
i − W̄ j+1

i

∣∣+
∣∣W̄ j+1

i −W j+1(xi)
∣∣ ,

where W̄ j+1
i represents the exact solution of the continuous problem projected onto

the discrete mesh. By Lemma 7.1, the implicit Euler time-stepping introduces a

truncation error of order O(k). Hence,

max
0≤i≤N, 0≤j≤M

∣∣W̄ j+1
i −W j+1(xi)

∣∣ ≤ C k.

Using Theorem 7.1, we have

max
0≤i≤N, 0≤j≤M

∣∣W j+1
i − W̄ j+1

i

∣∣ ≤ C h ≤ CN−1.

Combining the above two inequalities yields

max
0≤i≤N, 0≤j≤M

∣∣W j+1
i −W j+1(xi)

∣∣ ≤ C(h+ k).

Since the constants are independent of ε and µ, we obtain

sup
0<ε,µ<1

[
max

0≤i≤N, 0≤j≤M

∣∣W j+1
i −W j+1(xi)

∣∣] ≤ C(h+ k) = C(N−1 + k).

Therefore, the fully discrete formulation attains parameter-uniform convergence, de-

livering first-order accuracy in both temporal and spatial directions.
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Richardson Extrapolation

In this section, Richardson extrapolation is utilized to boost both the accuracy and

convergence of the computed solution, applied post-processing rather than modifying

the original numerical scheme. This approach not only refines the final results but

also offers a practical mechanism to assess the scheme’s robustness across varying

perturbation parameters. Furthermore, Richardson extrapolation provides insights

into the error structure, helping to identify dominant error terms and guide mesh

refinement strategies. By applying Eq. (7.36), we obtain:

∣∣W j+1
i −W (xi, tj+1)

∣∣ ≤ C(N−1 + k), (7.37)

where W j+1
i and W (xi, tj+1) are approximate and exact solutions, respectively. Let

ΠN,M
x,t ⊂ Π2N,2M

x,t where ΠN,M
x,t is the mesh obtained from h, k and Π2N,2M

x,t is the mesh

obtained by bisecting h and k. Let the numerical solution obtained from Π2N,2M
x,t is

denoted by Ẅj+1
i . For the mesh (xi, tj+1) ∈ ΠN,M

x,t and from Eq. (7.36), we get:

W j+1
i −W (xi, tj+1) ≤ C(N−1 + k) + RN,M . (7.38)

For the mesh
(
x̃i, t̃j+1

)
∈ Π2N,2M

x,t , where x̃i+1 − x̃i = h̃ = h
2
, x̃i ∈ Π2N

x and t̃j+1 − t̃j =

k̃ = k
2
, t̃i+1 ∈ Π2M

t , we have:

Ẅj+1
i −W (xi, tj+1) ≤ C

(
h

2
+
k

2

)
+ R2N,2M , (7.39)

where RN,M and R2N,2M are remainder terms with truncation error of order two both

in space and time directions. Combining Eq. (7.38) and Eq. (7.39) gives us

W (xi, tj+1)−
(

2Ẅj+1
i −W (xi, tj+1)

)
≤ C

(
h2 + k2

)
= C

(
N−2 + k2

)
,

it results in that (
W j+1
i

)
extrap

= 2Ẅj+1
i −W j+1

i , (7.40)

is also an extrapolated numerical solution. Richardson extrapolation is formulated in

Eqs. (7.37)−(7.40) to improve accuracy without changing the numerical method. In
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turn, the following lemma gives summary of error bound for extrapolated solution.

Lemma 7.5. Let W j+1
i denote the solution of Eq. (6.1), and

(
W j+1
i

)
extrap

represent

the extrapolated solution. The resulting error bound is then given by:

sup
0<ε≤1

max
0≤i≤N,0≤j≤M

∣∣∣(W j+1
i

)
extrap

−W (xi, tj+1)
∣∣∣ ≤ C

(
h2 + k2

)
. (7.41)

Thus, the first-order uniformly convergent method is upgraded to second-order accu-

racy through Richardson extrapolation.

7.5 Numerical Examples, Results and Discussion

We validate the proposed approach through several numerical experiments. Since the

exact solutions are unknown, the maximum pointwise error for each ε, µ is estimated

using the double-mesh technique (Farrell et al., 2000; Chandru et al., 2017) as

EN,Mε,µ = max
0≤i,j≤N,M

∣∣∣WN,M
i,j −W 2N,2M

i,j

∣∣∣ ,(
EN,Mε,µ

)
extrap

= max
0≤i,j≤N,M

∣∣∣∣(WN,M
i,j

)
extrap

−
(
W 2N,2M
i,j

)
etrap

∣∣∣∣ ,
prior to and subsequent to extrapolation, respectively. The numerical convergence

rate R
N,M

ε,µ before and after extrapolation is defined as:

R
N,M

ε,µ =
log
(
EN,Mε,µ

)
− log

(
E2N,2M
ε,µ

)
log(2)

,
(
R
N,M

ε,µ

)
extrap

=
log
((

EN,Mε,µ

)
extrap

/
(
E2N,2M
ε,µ

)
extrap

)
log(2)

.

Example 7.1. (Singh et al., 2023). Consider the following TP-SPPPs:
ε
∂2w

∂x2
+ µa(x, t)

∂w

∂x
− (1 + ex)w − ∂w

∂t
= $(x, t), (x, t) ∈ Q− ∪Q+,

w(0, t) = 0 on Ql, w(1, t) = 0 on Qr,

w(x, 0) = 0 on Qb,

(7.42)

where a(x, t) =

− (1 + x− x2) , (x, t) ∈ Q−

(1 + x− x2) , (x, t) ∈ Q−
, $(x, t) =

−2t (1 + x2) , (x, t) ∈ Q−

2t (1 + x2) , (x, t) ∈ Q−
.
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For Examples 7.2 and 7.3, only the coefficients, source functions, and initial con-

ditions are provided to fully specify the parabolic problem described in Eq. (6.1).

Example 7.2. Consider Eq. (6.1) and its coefficients as Kumar & Kumari (2021).

a(x, t) =

− (1 + e−xt) , 0 ≤ x ≤ 0.5,

(2 + x+ t) , 0.5 < x ≤ 1,

, $(x, t) =


(
et

2 − 1
)

(1 + xt) , 0 ≤ x ≤ 0.5,

−t2 (2 + x) , 0.5 < x ≤ 1,

b(x, t) = 2 + xt, c(x, t) = 1, w(0, t) = 0 = w(1, t) and w(x, 0) = 0.

Example 7.3. Consider Eq. (6.1) and its coefficients as Chandru et al. (2019).

a(x, t) =

(1 + x− x2 + t) , (x, t) ∈ Q−,

− (1 + 3xt) , (x, t) ∈ Q+,

, $(x, t) =

(et − 1) (1 + x) , (x, t) ∈ Q−,

t (x− 2) , (x, t) ∈ Q+,

b(x, t) = 1 + x+ t, c(x, t) = 1 w(0, t) = 0 = w(1, t) and w(x, 0) = 0.

Table 7.1: Computed EN,Mε,µ and R
N,M

ε,µ when µ = 2−8 for Example 7.1.

Number of spatial and temporal intervals for N = M
ε Extrapolation (N,M) = 16 (N,M) = 32 (N,M) = 64 (N,M) = 128 (N,M) = 256
↓ After/Before

2−18 After 4.7645e− 03 1.5136e− 03 4.2892e− 04 1.1434e− 04 2.9528e− 05
1.6543 1.8192 1.9074 1.9532 −

Before 5.2112e− 02 2.8469e− 02 1.4905e− 02 7.6291e− 03 3.8597e− 03
0.87222 0.93360 0.96621 0.98302 −

2−20 After 4.7645e− 03 1.5136e− 03 4.2892e− 04 1.1434e− 04 2.9532e− 05
1.6543 1.8192 1.9074 1.9532 −

Before 5.2112e− 02 2.8469e− 02 1.4905e− 02 7.6291e− 03 3.8600e− 03
0.87222 0.93360 0.96621 0.98291 −

2−22 After 4.7645e− 03 1.5136e− 03 4.2892e− 04 1.1434e− 04 2.9532e− 05
1.6543 1.8192 1.9074 1.9530 −

Before 5.2112e− 02 2.8469e− 02 1.4905e− 02 7.6291e− 03 3.8600e− 03
0.87222 0.93360 0.96621 0.9829 −

2−24 After 4.7645e− 03 1.5136e− 03 4.2892e− 04 1.1434e− 04 2.9532e− 05
1.6543 1.8192 1.9074 1.9530 −

Before 5.2112e− 02 2.8469e− 02 1.4905e− 02 7.6291e− 03 3.8600e− 03
0.87222 0.93360 0.96621 0.98291 −

...
...

...
...

...
2−32 After 4.7645e− 03 1.5136e− 03 4.2892e− 04 1.1434e− 04 2.9532e− 05

1.6543 1.8192 1.9074 1.9530 −
Before 5.2112e− 02 2.8469e− 02 1.4905e− 02 7.6291e− 03 3.8600e− 03

0.87222 0.93360 0.96621 0.98291 −
EN,Mε,µ After 4.7645e− 03 1.5136e− 03 4.2892e− 04 1.1434e− 04 2.9532e− 05

R
N,M

ε,µ 1.6543 1.8192 1.9074 1.9530 −
EN,Mε,µ Before 5.2112e− 02 2.8469e− 02 1.4905e− 02 7.6291e− 03 3.8600e− 03

R
N,M

ε,µ 0.87222 0.93360 0.96621 0.98291 −

We present the numerical outcomes summarized in Tables 7.1-7.6, obtained for

various combinations of the parameters ε, µ,N , and M . The results consistently
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Table 7.2: Computed EN,Mε,µ and R
N,M

ε,µ for Example 7.1 for µ = 2−12 and ϕ = 0.5.

Number of mesh points for N 6= M
ε Extrapolation N = 16 N = 32 N = 64 N = 128 N = 256
↓ After/Before M = 10 M = 20 M = 40 M = 80 M = 160

2−24 After 9.4886e− 03 3.3993e− 03 1.0266e− 03 2.8288e− 04 7.4309e− 05
1.4810 1.7274 1.8596 1.9286 −

Before 7.7805e− 02 4.3921e− 02 2.3405e− 02 1.2091e− 02 6.1465e− 03
0.82495 0.90809 0.95288 0.97610 −

2−26 After 9.4886e− 03 3.3993e− 03 1.0266e− 03 2.8288e− 04 7.4309e− 05
1.4810 1.7274 1.8596 1.9286 −

Before 7.7805e− 02 4.3921e− 02 2.3405e− 02 1.2091e− 02 6.1465e− 03
0.82495 0.90809 0.95288 0.97610 −

...
...

...
...

2−32 After 9.4886e− 03 3.3993e− 03 1.0266e− 03 2.8288e− 04 7.4309e− 05
1.4810 1.7274 1.8596 1.9286 −

Before 7.7805e− 02 4.3921e− 02 2.3405e− 02 1.2091e− 02 6.1465e− 03
0.82495 0.90809 0.95288 0.97610 −

EN,Mε,µ After 4.7645e− 03 1.5136e− 03 4.2892e− 04 1.1434e− 04 7.4309e− 05

R
N,M

ε,µ 1.4810 1.7274 1.8596 1.9286 −
EN,Mε,µ Before 7.7805e− 02 4.3921e− 02 2.3405e− 02 1.2091e− 02 6.1465e− 03

R
N,M

ε,µ 0.82495 0.90809 0.95288 0.97610 −
Results in Singh et al. (2023)
EN,Mε,µ After 2.7518e− 02 9.2992e− 03 2.7288e− 03 7.4791e− 04 2.0015e− 04

R
N,M

ε,µ 1.565 1.769 1.867 1.902 −
EN,Mε,µ Before 1.0870e− 01 6.7954e− 02 3.8587e− 02 2.0648e− 02 1.0695e− 02

R
N,M

ε,µ 0.678 0.816 0.902 0.949 −

(a) N =M = 128, µ = 2−2, ε = 2−6 (b) N =M = 128, µ = 2−8, ε = 2−12

Figure 7.1: Solution profiles for Example 7.1.

reveal that the maximum absolute error decreases as the spatial and temporal mesh

sizes are refined, indicating the stability and accuracy of the proposed numerical

scheme. Furthermore, it is observed that the absolute error remains nearly constant

even as the perturbation parameters ε and µ approach zero, confirming the uniform

nature of convergence. The corresponding numerical evidence demonstrates nearly
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Table 7.3: Computed EN,Mε,µ and R
N,M

ε,µ for Example 7.2 for ε = 10−8 and ϕ = 0.5.

Count of space and time intervals
µ Extrapolation N = M = 16 N = M = 32 N = M = 64 N = M = 128 N = M = 256
↓ After/Before

10−4 After 1.1508e− 03 2.8346e− 04 6.9955e− 05 1.7347e− 05 4.3171e− 06
2.0214 2.0186 2.0117 2.0066 −

Before 4.3684e− 02 2.2639e− 02 1.1520e− 02 5.8097e− 03 2.9173e− 03
0.94829 0.97467 0.98761 0.99383 −

10−6 After 1.1498e− 03 2.8319e− 04 6.9884e− 05 1.7329e− 05 4.3128e− 06
2.0215 2.0187 2.0118 2.0065 −

Before 4.3685e− 02 2.2640e− 02 1.1520e− 02 5.8097e− 03 2.9173e− 03
0.94826 0.97473 0.98761 0.99383 −

10−8 After 1.1497e− 03 2.8319e− 04 6.9884e− 05 1.7329e− 05 4.3130e− 06
2.0214 2.0187 2.0118 2.0064 −

Before 4.3685e− 02 2.2640e− 02 1.1520e− 02 5.8097e− 03 2.9173e− 03
0.94826 0.97473 0.98761 0.99383 −

10−10 After 1.1497e− 03 2.8319e− 04 6.9884e− 05 1.7329e− 05 4.3130e− 06
2.0214 2.0187 2.0118 2.0064 −

Before 4.3685e− 02 2.2640e− 02 1.1520e− 02 5.8097e− 03 2.9173e− 03
0.94826 0.97473 0.98761 0.99383 −

10−12 After 1.1497e− 03 2.8319e− 04 6.9884e− 05 1.7329e− 05 4.3130e− 06
2.0214 2.0187 2.0118 2.0064 −

Before 4.3685e− 02 2.2640e− 02 1.1520e− 02 5.8097e− 03 2.9173e− 03
0.94826 0.97473 0.98761 0.99383 −

EN,Mε,µ After 1.1508e− 03 2.8346e− 04 6.9955e− 05 1.7347e− 05 4.3171e− 06

R
N,M

ε,µ 2.0214 2.0186 2.0117 2.0066 −
EN,Mε,µ Before 4.3685e− 02 2.2640e− 02 1.1520e− 02 5.8097e− 03 2.9173e− 03

R
N,M

ε,µ 0.94826 0.97473 0.98761 0.99383 −

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
-0.015

-0.01

-0.005

0

0.005

0.01

(a) N =M = 128, µ = 2−2, ε = 2−6

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
-0.02

-0.015

-0.01

-0.005

0

0.005

0.01

(b) N =M = 128, µ = 2−8, ε = 2−12

Figure 7.2: Solution plots for Example 7.1.

first-order uniform convergence in the spatial direction prior to extrapolation. To

further enhance accuracy, Richardson’s extrapolation technique is applied, and the

extrapolated results, also shown in Table 7.1 confirm that the scheme attains almost

second-order uniform convergence in both space and time. In Table 7.2, we fix µ and

vary ε forM 6= N , again verifying first-order uniform convergence before extrapolation
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Table 7.4: Computed EN,Mε,µ and R
N,M

ε,µ for Example 7.2 for µ = 2−12.

Space-time interval count
ε Extrapolation N = 16 N = 32 N = 64 N = 128 N = 256
↓ M = 10 M = 20 M = 40 M = 80 M = 160

2−24 After 3.0814e− 03 7.5084e− 04 1.8297e− 04 4.4969e− 05 1.1133e− 05
1.4810 1.7274 1.8596 1.9286 −

Before 6.7565e− 02 3.5656e− 02 1.8294e− 02 9.2617e− 03 4.6593e− 03
0.82495 0.90809 0.95288 0.97610 −

2−26 After 3.0814e− 03 7.5084e− 04 1.8297e− 04 4.4969e− 05 1.1133e− 05
1.4810 1.7274 1.8596 1.9286 −

Before 6.7565e− 02 3.5656e− 02 1.8294e− 02 9.2617e− 03 4.6593e− 03
0.82495 0.90809 0.95288 0.97610 −

2−28 After 3.0814e− 03 7.5084e− 04 1.8297e− 04 4.4969e− 05 1.1133e− 05
1.4810 1.7274 1.8596 1.9286 −

Before 6.7565e− 02 3.5656e− 02 1.8294e− 02 9.2617e− 03 4.6593e− 03
0.82495 0.90809 0.95288 0.97610 −

2−30 After 3.0814e− 03 7.5084e− 04 1.8297e− 04 4.4969e− 05 1.1133e− 05
1.4810 1.7274 1.8596 1.9286 −

Before 6.7565e− 02 3.5656e− 02 1.8294e− 02 9.2617e− 03 4.6593e− 03
0.82495 0.90809 0.95288 0.97610 −

2−32 After 3.0814e− 03 7.5084e− 04 1.8297e− 04 4.4969e− 05 1.1133e− 05
1.4810 1.7274 1.8596 1.9286 −

Before 6.7565e− 02 3.5656e− 02 1.8294e− 02 9.2617e− 03 4.6593e− 03
0.82495 0.90809 0.95288 0.97610 −

EN,Mε,µ After 3.0814e− 03 7.5084e− 04 1.8297e− 04 4.4969e− 05 7.4309e− 05

R
N,M

ε,µ 1.4810 1.7274 1.8596 1.9286 −
EN,Mε,µ Before 6.7565e− 02 3.5656e− 02 1.8294e− 02 9.2617e− 03 6.1465e− 03

R
N,M

ε,µ 0.82495 0.90809 0.95288 0.97610 −
Results in Singh et al. (2023)
EN,Mε,µ After 2.7518e− 02 9.2992e− 03 2.7288e− 03 7.4791e− 04 2.0015e− 04

R
N,M

ε,µ 1.565 1.769 1.867 1.902 −
EN,Mε,µ Before 1.0870e− 01 6.7954e− 02 3.8587e− 02 2.0648e− 02 1.0695e− 02

R
N,M

ε,µ 0.678 0.816 0.902 0.949 −

(a) $(x, t) = −2t
(
1 + x2

)
(b) $(x, t) = 2t

(
1 + x2

)
Figure 7.3: Numerical solutions for Example 7.1 with different source terms.

and second-order convergence after extrapolation. This behavior indicates that the

method maintains its accuracy uniformly with respect to ε and µ. Similarly, for
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Table 7.5: Computed EN,Mε,µ and R
N,M

ε,µ for Example 7.3 for ε = 10−6 and ϕ = 0.5.

Quantity of divisions in spatial and temporal domains
µ Extrapolation (N,M) = 16 (N,M) = 32 (N,M) = 64 (N,M) = 128 (N,M) = 256
↓ After/Before

10−2 After 2.1271e− 03 6.1819e− 04 1.6797e− 04 4.3835e− 05 1.1198e− 05
1.7828 1.8798 1.9380 1.9688 −

Before 3.6778e− 02 1.9250e− 02 9.8452e− 03 4.9781e− 03 2.5030e− 03
0.93398 0.96737 0.98383 0.99194 −

10−4 After 2.1576e− 03 6.2753e− 04 1.6940e− 04 4.4020e− 05 1.1220e− 05
1.7817 1.8893 1.9442 1.9721 −

Before 3.6854e− 02 1.9270e− 02 9.8503e− 03 4.9794e− 03 2.5032e− 03
0.93546 0.96812 0.98420 0.99220 −

10−6 After 2.1579e− 03 6.2762e− 04 1.6942e− 04 4.4025e− 05 1.1221e− 05
1.7817 1.8893 1.9442 1.9721 −

Before 3.6854e− 02 1.9270e− 02 9.8502e− 03 4.9793e− 03 2.5032e− 03
0.93546 0.96813 0.98421 0.99217 −

10−8 After 2.1579e− 03 6.2762e− 04 1.6942e− 04 4.4025e− 05 1.1221e− 05
1.7817 1.8893 1.9442 1.9721 −

Before 3.6854e− 02 1.9270e− 02 9.8502e− 03 4.9793e− 03 2.5032e− 03
0.93546 0.96813 0.98421 0.99217 −

10−10 After 2.1579e− 03 6.2762e− 04 1.6942e− 04 4.4025e− 05 1.1221e− 05
1.7817 1.8893 1.9442 1.9721 −

Before 3.6854e− 02 1.9270e− 02 9.8502e− 03 4.9793e− 03 2.5032e− 03
0.93546 0.96813 0.98421 0.99217 −

10−12 After 2.1579e− 03 6.2762e− 04 1.6942e− 04 4.4025e− 05 1.1221e− 05
2.0214 2.0187 2.0118 2.0064 −

Before 3.6854e− 02 1.9270e− 02 9.8502e− 03 4.9793e− 03 2.5032e− 03
0.93546 0.96813 0.98421 0.99217 −

EN,Mε,µ After 2.1579e− 03 6.2762e− 04 1.6942e− 04 4.4025e− 05 1.1221e− 05

R
N,M

ε,µ 1.7817 1.8893 1.9442 1.9721 −
EN,Mε,µ Before 3.6854e− 02 1.9270e− 02 9.8502e− 03 4.9793e− 03 2.5032e− 03

R
N,M

ε,µ 0.93546 0.96813 0.98421 0.99217 −
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Figure 7.4: Log-log plots for Example 7.1 and Example 7.2.

Example 7.2, the results reported in Tables 7.3 and 7.4 demonstrate consistent uniform

convergence both before and after applying extrapolation. For Example 7.3, the

computed values of EN,Mε,µ and R
N,M

ε,µ in Tables 7.5 and 7.6 for a range of ε, µ, and
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Table 7.6: Computed EN,Mε,µ and R
N,M

ε,µ when µ = 2−10 for Example 7.3.

Equal space-time divisions for N = M
ε ↓ 16 32 64 128 256 512

20 2.6618e− 02 1.5899e− 02 8.5886e− 03 4.4925e− 03 2.3171e− 03 1.1846e− 03
0.74347 0.88844 0.93490 0.95520 0.96792 −

2−2 3.2688e− 02 1.7491e− 02 9.1496e− 03 4.7091e− 03 2.4003e− 03 1.2162e− 03
0.90215 0.93483 0.95826 0.97224 9.8083 −

2−4 3.4666e− 02 1.8331e− 02 9.4749e− 03 4.8324e− 03 2.4471e− 03 1.2339e− 03
0.91924 0.95210 0.97137 0.98167 0.98785 −

2−6 3.5305e− 02 1.8769e− 02 9.6337e− 03 4.8969e− 03 2.4732e− 03 1.2437e− 03
0.91152 0.96219 0.97622 0.98549 0.99174 −

2−8 3.6175e− 02 1.8870e− 02 9.7350e− 03 4.9273e− 03 2.4864e− 03 1.2487e− 03
0.93890 0.95484 0.98238 0.98674 0.99363 −

2−10 3.6687e− 02 1.9095e− 02 9.7485e− 03 4.9522e− 03 2.4929e− 03 1.2516e− 03
0.94207 0.96994 0.97711 0.99024 0.99405 −

2−12 3.6815e− 02 1.9230e− 02 9.8070e− 03 4.9538e− 03 2.4968e− 03 1.2530e− 03
0.93693 0.97147 0.98528 0.98846 0.99469 −

2−14 3.6844e− 02 1.9263e− 02 9.8414e− 03 4.9692e− 03 2.4969e− 03 1.2535e− 03
0.93560 0.96890 0.98585 0.99288 0.99418 −

2−16 3.6847e− 02 1.9268e− 02 9.8491e− 03 4.9778e− 03 2.5011e− 03 1.2535e− 03
0.93534 0.96814 0.98448 0.99295 0.99660 −

2−18 3.6847e− 02 1.9269e− 02 9.8499e− 03 4.9793e− 03 2.5031e− 03 1.2547e− 03
0.93527 0.96810 0.98417 9.9223 0.99637

2−20 3.6847e− 02 1.9269e− 02 9.8499e− 03 4.9793e− 03 2.5033e− 03 1.2551e− 03
0.93527 0.96810 0.98417 0.99211 0.99603 −

...
...

...
...

2−28 3.6847e− 02 1.9269e− 02 9.8499e− 03 4.9793e− 03 2.5033e− 03 1.2551e− 03
0.93527 0.96810 0.98417 0.99211 0.99603 −

EN,Mε,µ 3.6847e− 02 1.9269e− 02 9.8499e− 03 4.9793e− 03 2.5033e− 03 1.2551e− 03

R
N,M

ε,µ 0.93527 0.96810 0.98417 0.99211 0.99603 −
Result in Chandru et al. (2018)( Upwind scheme on piecewise uniform mesh)
EN,Mε,µ 2.18430e− 02 1.78687e− 02 1.28289e− 02 7.83669e− 03

R
N,M

ε,µ 0.289734 0.478036 0.711084 −

Table 7.7: Computed EN,Mε,µ for Example 7.1 by taking N = M = 128.

µ ↓ ε→ 2−6 2−10 2−14 2−18 2−22 2−26 2−30

2−6 7.3047e− 03 7.5320e− 03 7.6106e− 03 7.6284e− 03 7.6284e− 03 7.6284e− 03 7.6284e− 03
2−10 7.3043e− 03 7.5276e− 03 7.5754e− 03 7.6282e− 03 7.6293e− 03 7.6293e− 03 7.6293e− 03
2−14 7.3043e− 03 7.5273e− 03 7.5721e− 03 7.6260e− 03 7.6293e− 03 7.6293e− 03 7.6293e− 03
2−18 7.3042e− 03 7.5273e− 03 7.5719e− 03 7.6258e− 03 7.6291e− 03 7.6293e− 03 7.6293e− 03
2−22 7.3042e− 03 7.5273e− 03 7.5719e− 03 7.6257e− 03 7.6291e− 03 7.6293e− 03 7.6293e− 03
2−26 7.3042e− 03 7.5273e− 03 7.5719e− 03 7.6257e− 03 7.6291e− 03 7.6293e− 03 7.6293e− 03
2−30 7.3042e− 03 7.5273e− 03 7.5719e− 03 7.6257e− 03 7.6291e− 03 7.6293e− 03 7.6293e− 03

with ϕ = 0.5 further validate our theoretical error estimates and convergence results.

Moreover, Tables 7.7 and 7.8 reveal that, for fixed mesh parameters N and M , the

maximum pointwise errors tend to stabilize as both ε and µ approach zero, reinforcing

the robustness of the proposed method for highly singularly perturbed regimes. A

comparative study with existing results from Singh et al. (2023); Chandru et al.
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Table 7.8: Computed EN,Mε,µ for Example 7.2 by taking N = M = 128.

ε ↓ µ→ 20 2−4 2−8 2−12 2−16 2−20 2−24

20 5.6150e− 03 5.6141e− 03 5.6141e− 03 5.6141e− 03 5.6141e− 03 5.6141e− 03 5.6141e− 03
2−4 5.7592e− 03 5.7552e− 03 5.7549e− 03 5.7548e− 03 5.7548e− 03 5.7548e− 03 5.7548e− 03
2−8 5.7924e− 03 5.7929e− 03 5.7922e− 03 5.7921e− 03 5.7921e− 03 5.7921e− 03 5.7921e− 03
2−12 5.7925e− 03 5.7984e− 03 5.8002e− 03 5.7985e− 03 5.7983e− 03 5.7983e− 03 5.7983e− 03
2−16 5.7925e− 03 5.7984e− 03 5.8090e− 03 5.8091e− 03 5.8090e− 03 5.8090e− 03 5.8090e− 03
2−20 5.7925e− 03 5.7984e− 03 5.8090e− 03 5.8096e− 03 5.8096e− 03 5.8096e− 03 5.8096e− 03
2−24 5.7925e− 03 5.7984e− 03 5.8090e− 03 5.8096e− 03 5.8097e− 03 5.8097e− 03 5.8097e− 03

(a) µ = 2−8, ε = 2−2 (b) µ = 2−12, ε = 2−24

Figure 7.5: Numerical solutions for Example 7.2 with N = M = 128.
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Figure 7.6: Line plot for Example 7.2 with N = M = 128.

(2018), shown in Tables 7.2, 7.4, and 7.6, indicates that our approach consistently

provides higher accuracy. The solution profiles are shown as surface-contour plots

in Figures 7.1, 7.5, and 7.9 for Examples 7.1, 7.2, and 7.3 respectively, illustrating

the steeping of the solution gradient near points of discontinuity as ε or µ decreases.

Due to the presence of ε, µ and discontinuities, these surface plots reveal boundary

and interior layers in the numerical solution. We notice a decrement in the layer
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(a) $(x, t) =
(
et

2 − 1
)
(1 + xt) (b) $(x, t) = −t2 (x+ 2)

Figure 7.7: Numerical solution for Example 7.2 with different source terms.
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Figure 7.8: Log-log plot for Example 7.3.

(a) µ = 2−4, ε = 20 (b) µ = 2−14, ε = 2−26

Figure 7.9: Solution profiles for Example 7.3 for N = M = 128.
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(a) $(x, t) =
(
et − 1

)
(1 + x) (b) $(x, t) = t (x− 2)

Figure 7.10: For Example 7.3, the numerical solution with ε = 2−10, µ = 2−12.

width as we decrease µ or ε (see Figures 7.1a, 7.5a, and 7.9a). The line plots for

Examples 7.1, 7.2, and 7.3 at various time steps while maintaining N = 128 = M

are represented in Figures 7.2 and 7.6, which show that the maximum error occurs

near the boundary and interior layer regions. The observation of a sharper layer

as we decrease the values of ε and µ is confirmed, which helps us understand the

influence of parameter values and how they affect the formation of layers. The research

conducted in O’Riordan & Shishkin (2004), it was found that the solution may contain

an interior layer solely when the discontinuity is present in the convection-coefficient

($(x, t)) is continuous. This numerical insight is crucial in understanding the behavior

of solutions in the presence of discontinuities. It is evident from Figures 7.3 and

7.10 that the solution might only contain the boundary layers if the discontinuity

is in the convection-coefficient alone ($(x, t) is smooth). To generate Figures 7.3a–

7.3b, 7.7a–7.7b, and 7.10a–7.10b, the discontinuous source terms in Examples 7.1,

7.2, and 7.3, respectively, are replaced by smooth functions. For all modified cases,

the surface plots in Figures 7.3, 7.7 and 7.10 exhibit only left and right boundary

layers. This indicates that a discontinuous convection coefficient primarily causes

layer shifting, while interior layers may not form when the source term is smooth.

Furthermore, to illustrate the practical validity of the expected rate of convergence, we

have presented the error plots on a Log-log scale in Figures 7.4 and 7.8, corresponding

to Examples 7.1-7.3, respectively.

171



7.6 Conclusion

In this chapter, we developed a parameter-uniform scheme for the 1D time-dependent

convection-diffusion problem with two small perturbation parameters. The equation,

featuring both parabolic and interior layers, was discretized using the implicit Euler

method in time and a NS-FDM in space. Our analysis confirmed the scheme’s con-

sistency, stability, and uniform convergence on standard meshes. Numerical experi-

ments (Tables 7.1-7.6) validate the theory and align well with earlier studies Chandru

et al. (2018); Singh et al. (2023). Richardson extrapolation further improved accu-

racy without modifying the core scheme, delivering first-order uniform convergence

before extrapolation and second-order afterward. Overall, the method demonstrates

highly accurate results and standing competitive with leading approaches for SPPPs

involving multiple small parameters and discontinuous data.
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Chapter 8

Mesh-Fitted Cubic Spline Method

for Two-Parameter Singularly

Perturbed Parabolic Problems

with Discontinuous Convection and

Source Terms

Building on the uniform convergence framework established in Chapters 6 and 7, this

chapter presents a mesh-adapted numerical scheme for TP-SPPPs with discontinuous

convection coefficients and source terms. Such discontinuities, combined with small

perturbation parameters, generate strong boundary and interior layers that challenge

standard numerical methods and often undermine both stability and accuracy. To

address these difficulties, a Shishkin-type mesh is employed to refine the spatial grid

in regions of steep gradients. The method couples the implicit Euler scheme in time

with a cubic spline in compression for space. A rigorous analysis confirms its stabil-

ity and parameter-uniform convergence, delivering first-order accuracy in time and

second-order acuracy up to logarithmic factor in space under the maximum norm,

independent of the perturbation parameters. Extensive numerical tests verify these

theoretical results, showing that the scheme is uniformly convergent across a broad

range of parameter values.
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8.1 Introduction

The tension spline was originally introduced to suppress the unwanted inflection points

often produced by cubic splines when fitting curves that represent the geometric

shape of physical structures, such as ship hulls (Pruess, 1976). Its name comes from

the tension parameter (denoted by θ in this work), which governs the stability and

consistency of the resulting formulation. Over the past two decades, numerous re-

searchers (Aziz & Khan, 2002; Khan et al., 2004; Bawa, 2005; Kanth & Murali, 2018)

have employed tension splines to SPPs. Such problems arise frequently in models

related to fluid dynamics, heat and mass transfer in chemical engineering, quantum

mechanics (Pramanik, 2014), elasticity, plate and shell theories, oil and gas reservoir

simulation, and magneto hydrodynamic flows (Gupta et al., 2019). Time-dependent

and two-parameter SPPs also appear in chemical reactor theory (O’Malley, 1974) and

in boundary-layer phenomena influenced by suction or injection of fluids (Schlichting

& Gersten, 2016; Schlichting et al., 1979).

It is well known that solutions to SPPs exhibit sharp variations within boundary layers

while remaining smooth in the outer region. This multi-scale behavior causes stan-

dard numerical methods to lose accuracy and become computationally inefficient. To

address these limitations, researchers have developed schemes that remain uniformly

accurate, independent of the perturbation parameter, and capable of capturing the

inherent singularity. Among the most effective approaches are specially constructed

fitted methods. For example, Singh et al. (2023); Chandru et al. (2018, 2019) em-

ployed fitted mesh techniques to resolve both boundary and interior layers.

Splines offer a straightforward and highly effective framework for handling BVPs,

making them an attractive computational tool (Kumar & Gupta, 2010). This moti-

vates the present chapter, where we focus on the use of cubic splines in tension. Unlike

classical cubic splines, which may introduce unwanted oscillations, cubic splines in ten-

sion incorporate a controllable tension parameter that enhances stability, suppresses

spurious inflection points, and allows the curve to adapt more faithfully to sharp

gradients. These features make them particularly suitable for problems exhibiting

boundary or interior layers. In this study, the numerical solution is produced through
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a fitted mesh approach: an implicit Euler scheme is applied in time, while the spatial

domain is discretized using a cubic spline in tension on Shishkin-type. The resulting

method is tailored to capture the singular perturbation structure uniformly, and to

the best of our knowledge, this formulation is applied here for the first time to the

problem under investigation.

The chapter begins with the problem formulation in Section 8.2. Section 8.3 intro-

duces the numerical scheme, and Section 8.4 analyzes its convergence. Numerical

results are reported in Section 8.5, and Section 8.6 concludes the chapter.

8.2 Definition of the Problem

This chapter focuses on the numerical treatment of TP-SPPPs, building on the model

problem formulated in Chapter 6, Section 6.2. The corresponding computational

domain is depicted in Figure 6.1. The problem (6.1) admits two notable limiting

cases: the reaction-diffusion case (µ = 0) and the convection-diffusion case (µ = 1),

both of which can emerge as particular forms of a general TP-SPPP model. When

µ = 0, boundary layers develop symmetrically on both ends of the domain, each with

an approximate thickness of O(
√
ε). In contrast, when µ = 1, the boundary layer

forms near either the left or right boundary, depending primarily on the sign of the

convection coefficient, and has a characteristic width of O(ε). If the problem involves

a discontinuous source term while a(x, t) > 0 (or a(x, t) < 0), the solution exhibits

weak interior layers for any small ε. However, when the convection coefficient itself is

discontinuous such as a(x, t) < 0 for x < ϕ and a(x, t) > 0 for x > ϕ, strong interior

layers appear within the domain. A detailed analysis of this particular case µ = 1 can

be found in Mukherjee & Natesan (2008), where the sign change of the convection

coefficient is shown to shift the location of the layers within the solution.

8.3 Formulation of the Numerical Scheme

This section first applies a time semi-discretization of Eq. (6.1) on a uniform mesh.

The resulting system is then discretized in space using cubic splines on a piecewise

uniform mesh, improving both accuracy and stability of the overall scheme.
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8.3.1 Temporal Semi-discretization

A uniform mesh is employed to determine the nodal points in the temporal do-

main. The time interval [0, T ] is divided into M = T/k equal subintervals using

a mesh size of k. Let ΩMt represent the temporal mesh over [0, T ], defined as

ΩMt =
{
tj = jk : j = 1(1)M, k = T

M

}
. To advance the numerical solution in time,

we apply the implicit Euler method. Accordingly, the semi-discretized form of prob-

lem (6.1) is given by:

− cj+1(x)D−t W
j+1(x) + ε

(
W j+1

)
xx

(x) + µaj+1(x)
(
W j+1

)
x

(x)−

bj+1(x)W j+1(x) = $j+1(x), x ∈ Ωϕ, 0 ≤ j ≤M − 1,

W j+1(0) = ϑ(tj+1), W j+1(1) = ξ(tj+1), 0 ≤ j ≤M − 1,

W 0(x) = φ(x), x ∈ Q,

where W j+1(x) is the approximation of w(x, tj+1), D−t = (W j+1(x)−W j(x)) /k is

backward difference operator. Rewrite the above equation as
LMε,µW j+1(x) = Gj+1(x), x ∈ Ωϕ, 0 ≤ j ≤M − 1,

W j+1(0) = ϑ(tj+1), W j+1(1) = ξ(tj+1),

W 0(x) = φ(x), x ∈ Q,

(8.1)

where the operator LMε,µ is defined as

LMε,µ ≡ ε
d2

dx2
+ µaj+1(x)

d

dx
−
(
bj+1(x) +

cj+1(x)

k

)
I, and

Gj+1(x) = $j+1(x)− cj+1(x)

k
W j(x).

The LTE in the temporal semi-discretization of Eq. (8.1) is given by Ej+1 = W j+1(x)−

U(x), where U(x) is the computed solution of
Lε,µU(x) = $(x, tj+1)− c(x,tj+1)

k
W (x, tj), x ∈ Ωϕ, 0 ≤ j ≤M − 1

U(0) = B(tj+1), U(1) = R(tj+1),

U(x) = I(x), x ∈ Q,

(8.2)
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The following lemma which estimates LTE Ej+1 can be proved by the approach given

in Kumar & Kumari (2021).

Lemma 8.1. The LTE and global error are defined as Ej+1 and Ej =
∑j

ι=1 Eι, re-

spectively, and are bounded by :

‖Ej+1‖ ≤ Ck2,

‖Ej‖ ≤ Ck, j ≤ T

k
,

(8.3)

where Ej represents the cumulative effect of LTE up to the jth time level.

Proof. The first part of (8.3) follows the approach in Singh et al. (2023), whereas the

second is justified in Chapter 6, Lemma 6.1.

The Solutions

`0(x) = −µa
j+1(x)

2ε
−

√(
µaj+1(x)

2ε

)2

+
ζj+1(x)

ε
< 0, and

`1(x) = −µa
j+1(x)

2ε
+

√(
µaj+1(x)

2ε

)2

+
ζj+1(x)

ε
> 0,

of the characteristic equation

ε`2(x) + µaj+1(x)`(x)− ζj+1(x) = 0,

where ζj+1(x) =
(
bj+1(x) + cj+1(x)

k

)
clarify the solution’s layer behavior. More pre-

cisely, the rate at which solution decay or rise in layer region is given by ℘0 =

−maxx∈Ω `0(x) and ℘1 = minx∈Ω `1(x). Let ℵ = minQ−∪Q+

{
b(x,t)
a(x,t)

}
and α = min {α1, α1}

be given. We have 2 cases:

• When αµ2 ≤ ℵε, both `0 and `1 are of O(ε−1/2),

• When αµ2 ≥ ℵε, `0 and `1 are of O(µ
ε
) and O(µ−1), respectively.

8.3.2 Spatial Semi-discretization

The considered problem exhibits boundary layers near both endpoints of the spatial

domain and an additional interior layer at the point of discontinuity. To accurately
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capture these rapid variations in the solution, we employ a priori constructed Shishkin

mesh(S-mesh), denoted by ΩN = {xi}Ni=0 which partitions the interval [0, 1] into six

subintervals as follows:

[0, 1] = [0, δ1] ∪ [δ1, ϕ− δ2] ∪ [ϕ− δ2, ϕ] ∪ [ϕ, ϕ+ δ3] ∪ [ϕ+ δ3, 1− δ4] ∪ [1− δ4, 1].

Here, δ1, δ2, δ3, and δ4 are transition parameters that determine the location and

thickness of the layers. The transition parameters are judiciously chosen to maintain

an optimal balance between the effects of boundary and interior layers, ensuring both

stability and accuracy of the numerical approximation throughout the computational

domain and are defined as follows:

δ1 = min

{
ϕ

4
,

2

℘0

lnN

}
, δ2 = min

{
ϕ

4
,

2

℘1

lnN

}
,

δ3 = min

{
1− ϕ

4
,

2

℘1

lnN

}
, δ4 = min

{
1− ϕ

4
,

2

℘0

lnN

}
,

where N denotes the number of mesh intervals in [0, 1] and N ≥ 8. The values of ℘0

and ℘1 are given as

℘0 =


1
2

√
αℵ
ε
, if αµ2 ≤ ℵε,

αµ
2ε
, if αµ2 ≥ ℵε,

℘1 =


1
2

√
αℵ
ε
, if αµ2 ≤ ℵε,

ℵ
2µ
, if αµ2 ≥ ℵε.

Each subintervals [0, δ1], [ϕ−δ2, ϕ], [ϕ, ϕ+δ3] and [1−δ4, 1] contains N/8 mesh points

and [δ1, ϕ − δ2] and [ϕ + δ3, 1 − δ4] contains N/4 mesh points. The mesh spacing is

given as

hi = xi − xi−1 =



8δ1

N
, for i = 1, 2, ...,

N

8
,

4 (ϕ− δ1 − δ2)

N
, for

N

8
+ 1,

N

8
+ 2, ...,

3N

8
,

8δ2

N
, for

3N

8
+ 1,

3N

8
+ 2, ...,

N

2
,

8δ3

N
, for

N

2
+ 1,

N

2
+ 2, ...,

5N

8
,

4 (1− ϕ− δ3 − δ4)

N
, for

5N

8
+ 1,

5N

8
+ 2, ...,

7N

8
,

8δ4

N
, for

7N

8
+ 1,

7N

8
+ 2, ..., N,
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and the mesh points are given by

xi =



8δ1

N
i, for i = 0, 1, ...,

N

8
,

δ1 +
4 (ϕ− δ1 − δ2)

N

(
i− N

8

)
, for

N

8
+ 1,

N

8
+ 2, ...,

3N

8
,

ϕ− δ2 + 8δ2
N

(
i− 3N

8

)
, for

3N

8
+ 1,

3N

8
+ 2, ...,

N

2
,

ϕ+
8δ3

N

(
i− N

2

)
, for

N

2
+ 1,

N

2
+ 2, ...,

5N

8
,

ϕ+ δ3 +
4 (1− ϕ− δ3 − δ4)

N

(
i− 5N

8

)
, for

5N

8
+ 1,

5N

8
+ 2, ...,

7N

8
,

1− δ4 +
8δ4

N

(
i− 3N

8

)
, for

7N

8
+ 1,

7N

8
+ 2, ..., N.

(8.4)

The interior mesh points are denoted by

ΩN
x =

{
xi : 1 ≤ i ≤ N

2
− 1

}
∪
{
xi :

N

2
+ 1 ≤ i ≤ N − 1

}
.

We choose xN
2

= ϕ and Ω
N

x = {xi}N0 ∪ {ϕ}.

8.3.3 Cubic Spline in Tension Method

A function S(x, tj+1) interpolates the solution W (xi, tj+1) = W j+1
i and passes through

the points
(
xi, tj+1,W

j+1
i

)
and

(
xi+1, tj+1,W

j+1
i+1

)
such that

S(x, tj+1) =− h2
i

θ2 sin(θ)

[
sin

(
θ(x− xi)

hi

)
Y j+1
i+1 + sin

(
θ(xi+1 − x)

hi

)
Y j+1
i

]
+

h2
i

θ2

[
x− xi
hi

(
Y j+1
i+1 +

h2
i

θ2
W j+1
i+1

)
+
xi+1 − x

hi

(
Y j+1
i − θ2

h2
i

W j+1
i

)]
,

(8.5)

where Y j+1
i = (W ′′)j+1

i . The first derivatives of S(x, tj+1) from the right and left at

x = xi are given respectively by

S ′
(
x+
i , tj+1

)
=
W j+1
i+1 −W

j+1
i

hi
+
hi
θ2

[
(1− θ csc(θ))Y j+1

i+1 − (1− θ cot(θ))Y j+1
i

]
and

S ′
(
x−i , tj+1

)
=
W j+1
i −W j+1

i−1

hi−1

+
hi−1

θ2

[
(1− θ cot(θ))Y j+1

i − (1− θ csc(θ))Y j+1
i−1

]
.

Then, from the continuity condition, we have S ′
(
x+
i , tj+1

)
= S ′

(
x−i , tj+1

)
and obtain

λ1hi−1Y
j+1
i−1 +λ2 (hi−1 + hi)Y

j+1
i +λ1hiY

j+1
i+1 =

W j+1
i+1 −W

j+1
i

hi
−
W j+1
i −W j+1

i−1

hi−1

, (8.6)
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where λ1 = θ csc(θ)−1
θ2

, λ2 = 1−θ cot(θ)
θ2

. Application of the L’Hôpitals rule and using

small-angle identity, i.e., csc θ−cot θ ∼ θ/2 as θ → 0, and csc θ ∼ 1/θ gives λ1+λ2 = 1
2
.

At x = xi,i±1 using the notation Y j+1
i = (W ′′)j+1

i , from Eq.(8.1) we can have

Y j+1
i−1 =

1

ε

{
−µaj+1

i−1 (W ′)
j+1
i−1 +

(
bj+1
i−1 +

cj+1
i−1

k

)
W j+1
i−1 +$j+1

i−1 −
cji−1

k
W j+1
i−1

}
,

Y j+1
i =

1

ε

{
−µaj+1

i (W ′)
j+1
i +

(
bj+1
i +

cj+1
i

k

)
W j+1
i +$j+1

i − cji
k
W j+1
i

}
,

Y j+1
i+1 =

1

ε

{
−µaj+1

i+1 (W ′)
j+1
i+1 +

(
bj+1
i+1 +

cj+1
i+1

k

)
W j+1
i+1 +$j+1

i+1 −
cji+1

k
W j+1
i+1

}
.

(8.7)

Using Taylor’s series approximations for W about xz, z = i± 1, we have

W j+1(xi−1) ≈ W j+1(xi)− hi−1
dW j+1(xi)

dx
+
h2
i−1

2

d2W j+1(xi)

dx2
, (8.8)

W j+1(xi+1) ≈ W j+1(xi) + hi
dW j+1(xi)

dx
+
h2
i

2

d2W j+1(xi)

dx2
. (8.9)

Multiplying Eq. (8.8) by
h2
i

h2
i−1

and subtracting the result from Eq. (8.9), we derive an

approximate expression for (W ′)j+1
i :

dW j+1(xi)

dx
≈ 1

hihi−1 (hi−1 + hi)

(
h2
i−1W

j+1(xi−1) +
(
h2
i − h2

i−1

)
W j+1(xi)

)
+

1

hihi−1 (hi−1 + hi)

(
h2
i−1W

j+1(xi+1)
)
.

(8.10)

Similarly, multiplying Eq.(8.8) by
hi
hi−1

and then adding it to Eq.(8.9), we get an

approximation for (W ′′)j+1
i :

d2W j+1(xi)

dx2
≈ 2

hihi−1 (hi−1 + hi)

(
hiW

j+1(xi−1) + (hi − hi−1)W j+1(xi)
)

+
2

hihi−1 (hi−1 + hi)

(
hi−1W

j+1(xi+1)
)
.

(8.11)

Inserting Eqs.(8.10) and (8.11) in

dW j+1(xi+1)

dx
≈ dW j+1(xi)

dx
+ hi

d2W j+1(xi+1)

dx2
and
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dW j+1(xi−1)

dx
≈ dW j+1(xi)

dx
+ hi−1

d2W j+1(xi+1)

dx2
,

we obtain

(W ′)
j+1
i−1 =

1

hihi−1 (hi−1 + hi)

{
−
(
h2
i + 2hi−1hi

)
W j+1
i−1 + (hi−1 + hi)

2W j+1
i − h2

i−1W
j+1
i+1

}
,

(W ′)
j+1
i =

1

hihi−1 (hi−1 + hi)

{
−h2

iW
j+1
i−1 +

(
h2
i − h2

i−1

)
W j+1
i + h2

i−1W
j+1
i+1

}
,

(W ′)
j+1
i+1 =

1

hihi−1 (hi−1 + hi)

{
h2
iW

j+1
i−1 − (hi−1 + hi)

2W j+1
i +

(
h2
i−1 + 2hi−1hi

)
W j+1
i+1

}
.

(8.12)

Employing cubic spline formulation proposed by Kumar & Ravi Kanth (2020) gives

λ1hi−1Y
j+1
i−1 +λ2 (hi + hi−1)Y j+1

i +λ1hiY
j+1
i+1 =

W j+1
i+1 −W

j+1
i

hi
−
W j+1
i −W j+1

i−1

hi−1

. (8.13)

Inserting Eqs. (8.7) and (8.12) into Eq. (8.13) yields a combined expression integrating

the spline formulation with the finite difference framework.

LN,Mε,µ W j+1
i = r−i W

j+1
i−1 + rciW

j+1
i + r+

i W
j+1
i+1 = F j+1

i , (8.14)

i = 1(1)N − 1, j = 0(1)M − 1, where LN,Mε,µ represents the overall discrete operator

that encapsulates the full numerical approximation of the governing problem, and the

matrix coefficients ri are specified by:

r−i = µ

[
λ1

(
hi + 2hi−1

hi−1 + hi

)
aj+1
i−1 + λ2

(
hi
hi−1

)
aj+1
i − λ1

(
h2
i

hi−1 (hi−1 + hi)

)
aj+1
i+1

]
+λ1hi−1

(
bj+1
i−1 +

cj+1
i−1

k

)
− ε

hi−1

,

rci = −µ
[
λ1

(
hi−1 + hi

hi

)
aj+1
i + λ2

(
h2
i − h2

i−1

hihi−1

)
aj+1
i − λ1

(
hi−1 + hi
hi−1

)
aj+1
i+1

]
+λ2 (hi + hi−1)

(
bj+1
i +

cj+1
i

k

)
+ ε

(
hi + hi−1

hi−1hi

)
,

r+
i = µ

[
λ1

(
h2
i−1

hi (hi−1 + hi)

)
aj+1
i−1 − λ2

(
hi−1

hi

)
aj+1
i − λ1

(
hi−1 + 2hi
(hi−1 + hi)

)
aj+1
i+1

]
+λ1hi

(
bj+1
i+1 +

cj+1
i+1

k

)
− ε

hi
,

F j+1
i = λ1hi−1$

j+1
i−1 + λ2 (hi−1 + hi)$

j+1
i + λ1hi$

j+1
i+1 − λ1hi−1

cji−1

k
W j
i−1

−λ2 (hi−1 + hi)
cji
k
W j
i − λ1hi

cji+1

k
W j
i+1.
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Discrete Scheme at the Discontinuity Point x = ϕ

Let the spatial mesh be divided such that ΩN
x =

{
xi : 1 ≤ i ≤ N

2
− 1
}
∪
{
xi : N

2
+ 1 ≤ i ≤ N − 1

}
,

and choose the interface point xN
2

= ϕ. The extended mesh including the discontinu-

ity is denoted by Ω
N

x = {xi}N0 ∪{ϕ} . Define the local mesh sizes near the interface as

hL = xN
2
− xN

2
−1, hR = xN

2
+1 − xN

2
. Then, at the discontinuity node x = ϕ = xN

2
,

the fully discrete cubic spline in tension scheme can be written as

r−ϕW
j+1
N
2
−1

+ rcϕW
j+1
N
2

+ r+
ϕW

j+1
N
2

+1
= F j+1

N
2

.

The coefficients r−ϕ , rcϕ, r+
ϕ , and the right-hand side F j+1

ϕ are obtained by substituting

i = N
2

, hi−1 = hL, and hi = hR into the general expressions as follows:

r−ϕ = µ

[
λ1

(
hR + 2hL
hL + hR

)
aj+1
N
2
−1

+ λ2

(
hR
hL

)
aj+1
N
2

− λ1

(
h2
R

hL(hL + hR)

)
aj+1
N
2

+1

]

+ λ1hL

bj+1
N
2
−1

+
cj+1
N
2
−1

k

− ε

hL
,

rcϕ = −µ

[
λ1

(
hL + hR
hR

)
aj+1
N
2

+ λ2

(
h2
R − h2

L

hRhL

)
aj+1
N
2

− λ1

(
hL + hR
hL

)
aj+1
N
2

+1

]

+ λ2(hR + hL)

bj+1
N
2

+
cj+1
N
2

k

+ ε

(
hR + hL
hLhR

)
,

r+
ϕ = µ

[
λ1

(
h2
L

hR(hL + hR)

)
aj+1
N
2
−1
− λ2

(
hL
hR

)
aj+1
N
2

− λ1

(
hL + 2hR
hL + hR

)
aj+1
N
2

+1

]

+ λ1hR

bj+1
N
2

+1
+
cj+1
N
2

+1

k

− ε

hR
.

The corresponding right-hand side term is given by

F j+1
ϕ = λ1hL$

j+1
N
2
−1

+ λ2(hL + hR)$ j+1
N
2

+ λ1hR$
j+1
N
2

+1

− λ1hL
cjN

2
−1

k
W j

N
2
−1
− λ2(hL + hR)

cjN
2

k
W j

N
2

− λ1hR
cjN

2
+1

k
W j

N
2

+1
.

For sufficiently small values of h, the resulting matrix remains non-singular, satisfying

the condition |rci | ≥
∣∣r−i ∣∣+∣∣r+

i

∣∣, which ensures that the matrix is diagonally dominant.
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Consequently, it qualifies as an M -matrix, possessing a positive inverse. Therefore,

the corresponding system of discrete equations admits a unique solution, which can

be efficiently obtained through the matrix inverse method, subject to the prescribed

boundary conditions W j+1(0) and W j+1(1).

8.4 Convergence Analysis

In this section, we analyze the stability and uniform convergence of the fully discrete

scheme (8.14) and rigorously derive the uniform stability of the scheme, ensuring that

the accuracy and convergence of the numerical method remain unaffected even as ε

and µ approaches zero.

Lemma 8.2. (Discrete comparison Principle). Suppose W j+1
i satisfies

r−i W
j+1
i−1 + rciW

j+1
i + r+

i W
j+1
i+1 ≥ 0,

with r−i ≥ 0, r+
i ≥ 0, rci ≥ r+

i + r−i (i.e., diagonally dominant). Then if W 0
i ≥ 0 and

boundary data W j+1
0 ,W j+1

N ≥ 0, it follows that W j+1
i ≥ 0 for all i, j.

The LTE is defined by substituting the exact solution into the discrete scheme:

Ti = LN,Mε,µ W (xi, tj+1)− F j+1
i ,

= r−i W
j+1(xi−1) + rciW

j+1(xi) + r+
i W

j+1(xi+1)− λ1hi−1Gj+1(xi−1)

− λ2 (hi + hi−1)Gj+1(xi)− λ1hiGj+1(xi+1)

(8.15)

By substituting the expressions of Gj+1(xi−1),Gj+1(xi), and Gj+1(xi+1) from Eq.(8.1)

into Eq.(8.15), we derive the following relation:

Ti = r−i W
j+1(xi−1) + rciW

j+1(xi) + r+
i W

j+1(xi+1)

− λ1hi−1

{
ε
d2W j+1(xi−1)

dx2
+ µai−1

dW j+1(xi−1)

dx
−Qi−1W

j+1(xi−1)

}
− λ2 (hi + hi−1)

{
ε
d2W j+1(xi)

dx2
+ µai

dW j+1(xi)

dx
−QiW

j+1(xi)

}
− λ1hi

{
ε
d2W j+1(xi+1)

dx2
+ µai+1

dW j+1(xi+1)

dx
−Qi+1W

j+1(xi+1)

}
(8.16)

Using Taylor’s series approximation for W j+1(xi−1),W j+1(xi+1) and their derivatives

183



in the spatial variables, we have

W j+1(xi+1) ≈ W j+1(xi)+hi
dW j+1(xi)

dx
+
h2
i

2

d2W j+1(xi)

dx2
+
h3
i

6

d3W j+1(xi)

dx3
+.... (8.17)

W j+1(xi−1) ≈ W j+1(xi)− hi−1
dW j+1(xi)

dx
+
h2
i−1

2

d2W j+1(xi)

dx2
−
h3
i−1

6

d3W j+1(xi)

dx3
+ ...

(8.18)
dW j+1(xi−1)

dx
≈dW

j+1(xi)

dx
− hi−1

d2W j+1(xi)

dx2
+
h2
i−1

2

d3W j+1(xi)

dx3

−
h3
i−1

6

d4W j+1(xi)

dx4
+ ....

(8.19)

dW j+1(xi+1)

dx
≈ dW j+1(xi)

dx
+ hi

d2W j+1(xi)

dx2
+
h2
i

2

d3W j+1(xi)

dx3
+
h3
i

6

d4W j+1(xi)

dx4
+ ....

(8.20)

d2W j+1(xi+1)

dx2
≈ d2W j+1(xi)

dx2
+ hi

d3W j+1(xi)

dx3
+
h2
i

2

d4W j+1(xi)

dx4
+ .... (8.21)

d2W j+1(xi−1)

dx2
≈ d2W j+1(xi)

dx2
− hi

d3W j+1(xi)

dx3
+
h2
i

2

d4W j+1(xi)

dx4
+ .... (8.22)

By inserting the expressions from Eqs. (8.17)-(8.22) into Eq. (8.16), we have

Ti =T1,iW
j+1(xi) + T2,i

dW j+1(xi+1)

dx
+ T3,i

d2W j+1(xi+1)

dx2
+ T4,i

d3W j+1(xi+1)

dx3

+ T5,i
d4W j+1(xi+1)

dx4
+ ....,

(8.23)

where

T1,i = r−i + rci + r+
i + λ1hi−1Qi−1 + λ2 (hi−1 + hi)Qi + λ1hiQi+1,

T2,i = −hi−1r
−
i + hir

+
i − λ1µhi−1ai−1 − λ1h

2
i−1Qi−1−

λ2µ (hi + hi−1) ai − λ1µhiai+1 + λ1h
2
iQi+1

T3,i =
h2
i−1

2
r−i +

h2
i

2
r+
i − ελ1hi−1 + λ1µh

2
i−1ai−1 + λ1

h3
i−1

2
Qi−1−

ελ2 (hi + hi−1)− ελ1hi − λ1µh
2
i ai+1 + λ1

h3
i

2
Qi+1,

T4,i = −
h3
i−1

6
r−i +

h3
i

6
r+
i + ελ1h

2
i−1 − λ1µ

h2
i−1

2
ai−1 − λ1

h4
i−1

6
Qi−1−

ελ1h
2
i − λ1µ

h3
i

2
ai+1 + λ1

h4
i

6
Qi+1,
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T5,i =
h4
i−1

24
r−i +

h4
i

24
r+
i − ελ1

h3
i−1

2
+ λ1µ

h4
i−1

6
ai−1 + λ1

h5
i−1

24
Qi−1−

ελ1
h2
i

2
− λ1µ

h4
i

6
ai+1 + λ1

h5
i

24
Qi+1.

By simplifying the expressions and retaining only the leading terms in the coeffi-

cient expansions, we assume that the coefficients satisfy the boundedness conditions

|a(x)| ≤ A and |Q(x)| ≤ Qmax, while the mesh sizes meet hi, hi−1 ≤ hmax. Further,

let the weighting parameters fulfill the constraint λ1 + λ2 = 1
2
. When the coefficients

in Eq. (8.14) of the three-point stencil satisfy the moment consistency conditions

r−i + rci + r+
i = 0 and −hi−1r

−
i + hir

+
i = 0, the scheme is said to be stencil-consistent.

Under these assumptions, Eq.(8.23) at (xi, tj+1) satisfies

Ti =
5∑

n=1

Tn,i∂
n−1
x W (xi, tj+1) +O

(
h5
i

)
,

where the coefficients Tn,i depend on hi, hi−1, ε, µ, a(x), Q(x), and the spline param-

eters r±i , r
c
i . The moment consistency conditions of the cubic spline in tension imply

T1,i = T2,i = T3,i = 0, so that the leading contribution of the LTE is

|Ti| ≤ C (|T4,i| ‖Wxxx‖+ |T5,i| ‖Wxxxx‖) . (8.24)

Lemma 8.3 (Solution decomposition and layer bounds). The exact solution w(x, t)

of problem (3.26) admits the decompositon:

w(x, t) = v(x, t) + ul(x, t) + ui(x, t) + ur(x, t), (8.25)

where v is the regular component, ul and ur are the left and right boundary layer con-

ponents, respectively, and ui denotes the interior layer component at x = ϕ. Moreover,

for 0 ≤ m ≤ 4, there exists a positive constant C, independent of ε and µ, such that

∣∣v(m)(x, t)
∣∣ ≤ C,

∣∣∣u(m)
l (x, t)

∣∣∣ ≤ C℘m0 e
−℘0x∣∣u(m)

r (x, t)
∣∣ ≤ C℘m0 e

−℘0(1−x),∣∣∣u(m)
i (x, t)

∣∣∣ ≤ C℘m1 e
−℘1|x−ϕ|.

Proof. The result follows from standard singular perturbation theory for two-parameter
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convection-diffusion-reaction problems with discontinuous coefficients. The analysis

relies on the sign assumptions imposed on a(x, t), the positivity of the discrete oper-

ator coefficients, and the boundedness of the jump conditions across the interior poin

x = ϕ (see (Chandru et al., 2019; Singh et al., 2023)).

Lemma 8.4 (Local truncation error bound). For all interior mesh points xi ∈ ΩN
x ,

the LTE satisfies

|Ti| ≤

CN
−2 (lnN)2 , xi ∈ [0, δ1] ∪ [ϕ− δ2, ϕ] ∪ [ϕ, ϕ+ δ3] ∪ [1− δ4, 1],

CN−2, xi ∈ [δ1, ϕ− δ2] ∪ [ϕ+ δ3, 1− δ4].

(8.26)

Proof. By combining the derivative bounds given in Lemma 8.3 with Eq. (8.24), the

truncation error can be estimated separately over each mesh subregion.

(i) Boundary layer regions: For xi ∈ [0, δ1] ∪ [1 − δ4, 1], the mesh width satisfies

hi = O

(
lnN

N℘0

)
and the fourth derivatives of the left and right layer compo-

nents are bounded by
∣∣∣u(4)
l

∣∣∣ , ∣∣∣u(4)
r

∣∣∣ ≤ C℘4
0, which yields |Ti| ≤ C

(
lnN

N

)2

≤

CN−2 (lnN)2.

(ii) Interior layer regions: For xi ∈ [ϕ− δ2, ϕ] ∪ [ϕ, ϕ+ δ3], the mesh width satisfies

hi = O

(
lnN

N℘1

)
, and the fourth derivatives of the interior layer is bounded by∣∣∣u(4)

i

∣∣∣ ≤ C℘4
1, which yields |Ti| ≤ C

(
lnN

N

)2

≤ CN−2 (lnN)2.

(iii) Regular(smooth) regions: For xi ∈ [δ1, ϕ − δ2] ∪ [ϕ + δ3, 1 − δ4] derivatives are

bounded and hi = O (N−1), yielding |Ti| ≤ CN−2.

By aggregating the estimates obtained over all mesh subregions, a uniform spatial

truncation error bound is established.

Lemma 8.5. Let W j+1
i be the numerical solution obtained using the cubic spline in

tension method on the six-piece Shishkin mesh. Then, for all ε, µ ∈ (0, 1], the spatial

local truncation error satisfies

∥∥W (xi, tj+1)−W j+1
∥∥ ≤ CN−2 (lnN)2 ,

where C is independent of ε, µ and N .
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The desired result for the complete discrete scheme follows immediately by com-

bining the triangle inequality with Lemmas 3.33, 8.26, and 8.5.

Theorem 8.1. Let w(x, t), (x, t) ∈ Q be the solution of Eq.(6.1) and W (xi, tj+1) , (xi, tj+1) ∈

ΩMt×ΩNx be the solution of Eq.(8.14). Then, the error estimate for the fully discrete

scheme is given by

sup
0<ε,µ≤1

max
i,j
‖w (xi, tj+1)−W (xi, tj+1)‖ ≤ C

(
N−2 (lnN)2 + k

)
.

Therefore, the proposed numerical scheme exhibits uniform convergence, ensuring

reliable performance across both smooth and singular solution regimes. The spatial

approximation attains second-order accuracy up to a logarithmic factor, whereas the

temporal discretization is first-order accurate, thereby validating the consistency and

stability of the method.

8.5 Numerical Examples, Results and Discussion

Several illustrative test cases are examined using the proposed scheme to verify the

theoretical convergence results. Because the exact solutions are unknown, the max-

imum pointwise error for each pair (ε, µ) is approximated via the double-mesh tech-

nique (Kumar & Kumari, 2021; Singh et al., 2023).

EN,M
ε,µ = max

0≤i,j≤N,M

∣∣∣WN,M
i,j −W 2N,2M

i,j

∣∣∣ ,
where WN,M

i,j are computed numerical solutions obtained on the mesh QN,M = ΩN ×

ΩM with N and M mesh intervals in the spatial and temporal directions respectively.

Whereas, W 2N,2M
i,j are computed numerical solutions on the mesh Q2N,2M = Ω2N ×

Ω2M by adding the midpoint xi+1/2 = (xi+1 + xi) /2 and tj+1/2 = (ti+1 + ti) /2 into

the mesh points. For any values of N and M , the uniform maximum pointwise errors

are calculated using EN,M = maxε,µE
N,M
ε,µ , and the corresponding uniform rate of

convergence R
N,M

ε,µ is:

R
N,M

ε,µ =
log
(
EN,Mε,µ

)
− log

(
E2N,2M
ε,µ

)
log(2)

.
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Example 8.1. Following Chandru et al. (2018, 2019), we consider the TP-SPPPs.
ε
∂2w

∂x2
+ µa(x, t)

∂w

∂x
− (1 + ex)w − ∂w

∂t
= $(x, t), (x, t) ∈ Q− ∪Q+,

w(0, t) = 0 on Ql, w(1, t) = 0 on Qr,

w(x, 0) = 0 on Qb,

where a(x, t) =

− (1 + x− x2) , (x, t) ∈ Q−

(1 + x− x2) , (x, t) ∈ Q−
, $(x, t) =

−2t (1 + x2) , (x, t) ∈ Q−

2t (1 + x2) , (x, t) ∈ Q−
.

Example 8.2. We adopt Eq. (6.1), along with its associated coefficients, as presented

in Kumar & Kumari (2021).

a(x, t) =

− (1 + e−xt) , 0 ≤ x ≤ ϕ,

(2 + x+ t) , ϕ < x ≤ 1,

, $(x, t) =


(
et

2 − 1
)

(1 + xt) , 0 ≤ x ≤ ϕ,

−t2 (2 + x) , ϕ < x ≤ 1,

b(x, t) = 2 + xt, c(x, t) = 1, w(0, t) = 0 = w(1, t) and w(x, 0) = 0.

The problems in Examples 8.1 and 8.2 develop strong boundary and interior layers

due to the small diffusion parameters ε and µ, along with the presence of non-smooth

data. Such layer phenomena commonly appear in applications such as heat transfer in

composite media, flow through porous structures, and chemical transport with sudden

concentration shifts.

(a) ε = 1, µ = 2−10 (b) µ = 2−10, ε = 2−8

Figure 8.1: The computed solution profiles for Example 8.1 using N = M = 128.

Numerical results are summarized in Tables 8.1, 8.2 and 8.5 for various choices of

ε, µ, N and M . The data demonstrate that the maximum pointwise error decreases

as the mesh is refined, while the error remains essentially insensitive to further re-

ductions in the perturbation parameters, confirming parameter-robust behavior. In
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Table 8.1: Computed EN,M
ε,µ , EN,M and R

N,M

ε,µ when µ = 2−4 for Example 8.1.

ε N = 32 N = 64 N = 128 N = 256 N = 512
↓ M = 32 M = 64 M = 128 M = 256 M = 512

Present Method
2−0 1.3300e− 02 9.5221e− 03 5.7104e− 03 3.1247e− 03 1.6541e− 03
2−2 2.1453e− 02 1.2117e− 02 6.5107e− 03 3.4218e− 03 1.7729e− 03
2−4 2.4427e− 02 1.3234e− 02 6.9725e− 03 3.6067e− 03 1.8453e− 03
2−6 2.5976e− 02 1.3938e− 02 7.2532e− 03 3.7168e− 03 1.8876e− 03
2−8 2.7178e− 02 1.4351e− 02 7.4179e− 03 3.7802e− 03 1.9117e− 03
2−10 2.7718e− 02 1.4590e− 02 7.5105e− 03 3.8156e− 03 1.9251e− 03
2−12 2.7993e− 02 1.4716e− 02 7.5618e− 03 3.8353e− 03 1.9325e− 03
2−14 2.8433e− 02 1.4784e− 02 7.5884e− 03 3.8459e− 03 1.9365e− 03
2−16 2.8913e− 02 1.4816e− 02 7.6016e− 03 3.8514e− 03 1.9386e− 03
2−18 2.9071e− 02 1.4823e− 02 7.6079e− 03 3.8540e− 03 1.9396e− 03
2−20 2.9113e− 02 1.4825e− 02 7.6091e− 03 3.8550e− 03 1.9401e− 03

EN,M 2.9113e− 02 1.4825e− 02 7.6091e− 03 3.8550e− 03 1.9401e− 03

R
N,M

0.974 0.962 0.981 0.991 −
Result in Chandru et al. (2018)(Uniform S-mesh)
EN,M 8.27430e− 02 5.27314e− 02 3.03482e− 02 1.64782e− 02

R
N,M

0.650 0.797 0.881 −

Table 8.2: Computed EN,M
ε,µ and R

N,M

ε,µ when ε = 2−8 for Example 8.1.

µ N = 32 N = 64 N = 128 N = 256 N = 512
↓ M = 32 M = 64 M = 128 M = 256 M = 512

2−0 2.5997e− 02 1.4063e− 02 7.3439e− 03 3.7619e− 03 1.9074e− 03
2−2 2.6886e− 02 1.4309e− 02 7.4054e− 03 3.7771e− 03 1.9109e− 03
2−4 2.7178e− 02 1.4351e− 02 7.4179e− 03 3.7802e− 03 1.9117e− 03
2−6 2.7210e− 02 1.4370e− 02 7.4207e− 03 3.7809e− 03 1.9119e− 03
2−8 2.7211e− 02 1.4373e− 02 7.4210e− 03 3.7809e− 03 1.9119e− 03
2−10 2.7210e− 02 1.4374e− 02 7.4211e− 03 3.7810e− 03 1.9119e− 03
...

...
...

...
...

...
2−20 2.7210e− 02 1.4374e− 02 7.4211e− 03 3.7810e− 03 1.9119e− 03

EN,M 2.7211e− 02 1.4374e− 02 7.4211e− 03 3.7810e− 03 1.9119e− 03

R
N,M

0.921 0.954 0.973 0.984 −

Table 8.1 we fix µ = 2−4 and ϕ = 0.5 and vary ε from 1 to 2−20 to report EN,M
ε,µ and

R
N,M

ε,µ for Example 8.1; these values indicate nearly first-order, parameter-uniform

convergence. Table 8.2 presents a complementary study with ε fixed and varying µ,

again showing close to first-order uniform convergence. For Example 8.2, Table 8.5

displays consistent uniform convergence across tested parameter sets. Comparative

results in Tables 8.1, 8.3, 8.4, 8.5 and 8.6 against the methods of Kumar & Kumari
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Table 8.3: Comparison of Eε,µ
N,M for Example 8.1 with µ = 2−4.

Number of intervals in space and time
ε N = M = 64 N = M = 128 N = M = 256 N = M = 512
↓

Present Approach
2−6 1.39e− 02 7.25e− 03 3.72e− 03 1.89e− 03
2−10 1.46e− 02 7.51e− 03 3.82e− 03 1.93e− 03
2−14 1.48e− 02 7.59e− 03 3.85e− 03 1.94e− 03
2−18 1.48e− 02 7.61e− 03 3.85e− 03 1.94e− 03
2−22 1.48e− 02 7.61e− 03 3.86e− 03 1.94e− 03
Results in Chandru et al. (2019)
2−6 4.28e− 03 1.87e− 03 8.63e− 04 4.14e− 04
2−10 3.62e− 02 1.84e− 02 8.96e− 03 5.14e− 03
2−14 7.63e− 02 4.69e− 02 2.62e− 02 1.39e− 02
2−18 8.23e− 02 5.23e− 02 3.00e− 02 1.63e− 02
2−22 8.27e− 02 5.27e− 02 3.03e− 02 1.65e− 02
Results in Kumar (2021)
2−6 3.04e− 03 1.55e− 03 7.83e− 04 3.94e− 04
2−10 1.86e− 02 1.23e− 02 7.52e− 03 4.46e− 03
2−14 2.98e− 02 1.80e− 02 1.08e− 02 6.35e− 03
2−18 3.13e− 02 1.93e− 02 1.18e− 02 6.94e− 03
2−22 3.14e− 02 1.94e− 02 1.19e− 02 6.98e− 03

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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-0.01
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0
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0.01

(a) ε = 1, µ = 2−10

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
-0.015

-0.01

-0.005

0

0.005

0.01

(b) µ = 2−10, ε = 2−8

Figure 8.2: Numerical line plots illustrating Example 8.1 for several time increments.

(2021); Singh et al. (2023); Chandru et al. (2019) further confirm that the proposed

scheme attains superior accuracy. In Tables 8.4 and 8.6, we present numerical results

for EN,M
ε,µ , R

N,M

ε,µ , taking different values of ε, µ and ϕ and these tables confirm our

theoretical claims. Finally, both examples exhibit a pronounced solution transition
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Table 8.4: Computed EN,M
ε,µ and R

N,M

ε,µ for different ε, µ and ϕ for Example 8.1.

Number of intervals in space and time
N = 16 N = 32 N = 64 N = 128 N = 256

ϕ (ε, µ) M = 10 M = 20 M = 40 M = 80 M = 160

Present Approach
0.2 (2−6, 2−18) 7.1577e− 02 3.9198e− 02 2.1401e− 02 1.133e− 02 5.8576e− 03

0.869 0.873 0.918 0.952 −
(2−12, 2−28) 7.7493e− 02 4.2412e− 02 2.2892e− 02 1.1917e− 02 6.0871e− 03

0.870 0.890 0.942 0.969 −
Results in Singh et al. (2023)

(2−6, 2−18) 7.8576e− 02 6.9196e− 02 4.7451e− 02 2.8080e− 02 1.5321e− 02
0.183 0.544 0.757 0.874 −

(2−12, 2−28) 1.1880e− 01 7.3299e− 02 4.1310e− 02 2.2011e− 02 1.1373e− 02
0.697 0.827 0.908 0.953 −

Present Approach
0.8 (2−6, 2−18) 6.1000e− 02 3.8654e− 02 2.1423e− 02 1.1328e− 02 5.8584e− 03

0.658 0.851 0.919 0.951 −
(2−12, 2−28) 7.7482e− 02 4.2405e− 02 2.2891e− 02 1.1917e− 02 6.0871e− 03

0.870 0.890 0.942 0.969 −
Results in Singh et al. (2023)

(2−6, 2−18) 7.8860e− 02 4.4466e− 02 2.3437e− 02 1.2013e− 02 6.0799e− 03
0.827 0.924 0.964 0.983 −

(2−12, 2−28) 1.4226e− 01 7.7775e− 02 4.0788e− 02 2.0889e− 02 1.0571e− 02
0.871 0.931 0.965 0.983 −

(a) ε = 2−4, µ = 2−8 and ϕ = 0.2 (b) µ = 2−8, ε = 2−10 and ϕ = 0.8

Figure 8.3: Computed solution profiles for Example 8.1 with N = 256 and M = 160,
illustrating the influence of varying ϕ values.

near x = 0.5, a direct consequence of the discontinuity, which is effectively resolved by

the Shishkin mesh and is evident in the accompanying solution plots. The computed

solution profiles are illustrated as surface-contour and mesh plots in Figures 8.1, 8.3,

8.4, 8.6, and 8.7 for Examples 8.1 and 8.2, respectively. These figures clearly demon-

strate the steep gradients of the numerical solution near the discontinuity points,

particularly as the perturbation parameters ε and µ decrease. Such behavior is a
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Table 8.5: Computed EN,M
ε,µ and R

N,M

ε,µ when ε = 2−8 for Example 8.2.

µ N = 32 N = 64 N = 128 N = 256 N = 512
↓ M = 32 M = 64 M = 128 M = 256 M = 512

1 2.2303e− 02 1.1082e− 02 5.6730e− 03 2.8751e− 03 1.4485e− 03
2−2 2.2303e− 02 1.1071e− 02 5.6738e− 03 2.8754e− 03 1.4485e− 03
2−4 2.1148e− 02 1.1066e− 02 5.6735e− 03 2.8754e− 03 1.4485e− 03
2−6 2.1087e− 02 1.1063e− 02 5.6732e− 03 2.8754e− 03 1.4485e− 03
2−8 2.1095e− 02 1.1064e− 02 5.6730e− 03 2.8754e− 03 1.4485e− 03
2−10 2.1097e− 02 1.1065e− 02 5.6731e− 03 2.8754e− 03 1.4485e− 03
...

...
...

...
...

...
2−22 2.1097e− 02 1.1065e− 02 5.6731e− 03 2.8754e− 03 1.4485e− 03
2−24 2.1097e− 02 1.1065e− 02 5.6731e− 03 2.8754e− 03 1.4485e− 03

EN,M 2.2303e− 02 1.1082e− 02 5.6738e− 03 2.8754e− 03 1.4485e− 03

R
N,M

1.01 0.966 0.981 0.989 −
Result in Chandru et al. (2018)
EN,M 1.33874e− 02 1.16318e− 02 8.67966e− 03 5.89059e− 03

R
N,M

0.202 0.422 0.559 −

Table 8.6: Computed EN,M
ε,µ and R

N,M

ε,µ for different ε, µ and ϕ for Example 8.2.

Number of intervals in space and time
N = 16 N = 32 N = 64 N = 128 N = 256

ϕ (ε, µ) M = 10 M = 20 M = 40 M = 80 M = 160

Present Approach
0.2 (2−6, 2−18) 5.6359e− 02 3.1368e− 02 1.6956e− 02 8.8405e− 03 4.5256e− 03

0.869 0.873 0.918 0.952 −
(2−12, 2−28) 5.8369e− 02 3.2425e− 02 1.7407e− 02 9.0228e− 03 4.5945e− 03

0.848 0.897 0.948 0.974 −
Results in Singh et al. (2023)

(2−6, 2−18) 6.7015e− 02 6.1676e− 02 4.3579e− 02 2.6251e− 02 1.4462e− 02
0.120 0.501 0.731 0.860 −

(2−12, 2−28) 3.7093e− 02 2.8247e− 02 1.8060e− 02 9.9259e− 03 5.2073e− 02
0.393 0.645 0.864 0.931 −

Present Approach
0.8 (2−6, 2−18) 5.2613e− 02 3.1062e− 02 1.7031e− 02 8.9668e− 03 4.6131e− 03

0.760 0.867 0.926 0.959 −
(2−12, 2−28) 5.8369e− 02 3.2582e− 02 1.7746e− 02 9.2488e− 03 4.7213e− 03

0.841 0.877 0.940 0.970 −
Results in Singh et al. (2023)

(2−6, 2−18) 5.6605e− 02 4.4466e− 02 1.7632e− 02 9.0974e− 03 4.6191e− 03
0.779 0.904 0.955 0.978 −

(2−12, 2−28) 3.9828e− 02 3.1977e− 02 1.9895e− 02 1.0191e− 02 5.1934e− 03
0.317 0.685 0.965 0.973 −

direct indication of the presence of boundary and interior layers, a common feature in

SPPs involving discontinuous data. The narrowing of these layers with decreasing ε
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(a) ε = 1, µ = 2−12 (b) µ = 2−8, ε = 2−10

Figure 8.4: The computed solution profiles for Example 8.2 using N = M = 128.
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(a) ε = 1, µ = 2−12
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(b) µ = 2−8, ε = 2−10

Figure 8.5: Numerical line plots illustrating Example 8.2 for several time increments.

(a) ε = 2−6, µ = 2−18 and ϕ = 0.2 (b) µ = 2−18, ε = 2−6 and ϕ = 0.8

Figure 8.6: Computed solution profiles for Example 8.2 with N = 256 and M = 160,
illustrating the influence of varying ϕ values.

or µ (see Figures 8.1a and 8.4a) highlights the sensitivity of the solution to the pertur-

bation parameters, emphasizing the necessity of fitted mesh approaches for accurate

numerical resolution. In addition, surface and line plots for various discontinuity po-
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(a) $(x, t) =
(
et

2 − 1
)
(1 + xt) (b) $(x, t) = −t2 (2 + x)

Figure 8.7: Computed solution profiles for Example 8.2 with N = M = 256, ε =
2−12, µ = 2−8, considering multiple continuous source terms.

102 103
10-3

10-2

10-1

O(N-2(ln N)2)

=2-6, =2-18

=2-12, =2-28

(a) Example 8.1

102 103
10-3

10-2

10-1

O(N-2(ln N)2)

=2-6, =2-18

=2-12, =2-28

(b) Example 8.2

Figure 8.8: Log-log plot of Maximum pointwise errors.

sitions ϕ are displayed in Figures 8.3 and 8.6 corresponding to Examples 8.1 and 8.2.

The line plots at multiple time levels with N = M = 128 (Figures 8.2 and 8.5)

indicate that the maximum numerical error predominantly occurs within boundary

and interior layer regions, where rapid variations in the solution profile are observed.

The plots further confirm that reducing ε and µ produces sharper layer transitions,

validating the theoretical predictions regarding the dependence of layer thickness on

the perturbation magnitudes. The findings are consistent with earlier results reported

in O’Riordan & Shishkin (2004), which concluded that interior layers arise primar-

ily due to discontinuities in the convection coefficient, provided that the source term

$(x, t) remains continuous. This numerical evidence enhances our understanding of

the interplay between discontinuous coefficients and solution layer structures. As ob-

served in Figure 8.7, if the discontinuity appears solely in the convection coefficient
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(with a smooth $(x, t)), the resulting solution tends to exhibit only boundary layers.

To further analyze this behavior, the discontinuous source functions in Example 8.2

were replaced by smooth functions, for generating Figures 8.7a and 8.7b, respectively.

The results show that while the discontinuity in the convection coefficient induces a

shift in the layer position, no distinct interior layer forms when the source term is

smooth. This observation reveals that discontinuities in the source term are a key

factor in determining the interior layers. Moreover, to validate the theoretical conver-

gence behavior of the proposed method, error distributions are depicted on a Log-Log

scale in Figures 8.8a and 8.8b for Examples 8.1 and 8.2, respectively. The reference

curve being below the computed errors is expected and confirms the presence of strong

layers and non-smooth data. It does not contradict uniform convergence; it reflects

layer-controlled behavior in the maximum norm.

8.6 Conclusion

In this chapter, an implicit numerical scheme constructed on a predefined Shishkin

mesh has been developed for the numerical solution of two-parameter singularly

perturbed parabolic problems with discontinuous convection coefficients and source

terms. The coexistence of boundary and interior layers leads to highly complex so-

lution structures, setting these problems apart from their smooth-data counterparts.

The proposed approach combines the implicit Euler method for time discretization

with a cubic spline in compression for spatial approximation on a fitted mesh. Rigor-

ous theoretical analysis, supported by extensive numerical experiments, demonstrates

that the scheme is uniformly stable and robust with respect to all perturbation pa-

rameters, attaining first-order accuracy in time and second-order accuracy in space

up to a logarithmic factor. The graphical illustrations clearly capture boundary lay-

ers along the lateral boundaries and pronounced interior layers near the discontinuity

point x = ϕ, confirming the method’s reliabilitys in resolving steep gradients. Overall,

the proposed scheme exhibits performance comparable to, and in several cases supe-

rior to existing numerical methods, thereby establishing it as a reliable and reliable

tool for solving singularly perturbed problems with discontinuous data.
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Chapter 9

General Conclusions and

Recommendations

This chapter synthesizes the principal findings of the dissertation and delineates

promising directions for advancing the present research.

9.1 General Conclusions

This dissertation has explored a challenging class of SPPDEs that incorporate time

delays, discontinuous convection coefficients and source terms. The presence of two

small perturbation parameters in both the diffusion and convection terms renders

these problems highly nontrivial, giving rise to complex multiscale behaviors across

spatial and temporal domains. Such problems frequently arise in heat transfer, fluid

dynamics, and reaction-diffusion systems, where abrupt physical changes coexist with

small-scale processes. By developing both theoretical foundations and computational

frameworks for delay-dependent and discontinuous problems, this work contributes

meaningfully to the ongoing advancement of multi-parameter singular perturbation

theory.

A key theoretical result established in this study is the existence and uniqueness of a

sufficiently smooth analytical solution under appropriate smoothness and compatibil-

ity conditions, particularly at the spatial boundaries, points of discontinuity, and delay

interfaces. This analytical foundation enables the formulation of rigorous asymptotic

and numerical analysis. Due to the combined influence of the two perturbation pa-
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rameters and discontinuous problem data, the solutions exhibit multiple boundary

layers of varying thicknesses, along with interior layers whose locations and inten-

sities depend on the discontinuities and the relative magnitudes of the perturbation

parameters. These intricate layer structures reflect the essence of the underlying phys-

ical phenomena, regions of rapid local variation smoothly transitioning into broader,

globally stable behaviors.

The core contribution of this research lies in the construction and analysis of uni-

form numerical schemes designed to solve these complex classes of SPPDEs with and

without time delay. Six distinct fitted operator and fitted mesh schemes have been

formulated and examined. The fitted operator methods, encompassing exponential

fitting and nonstandard finite difference formulations, are developed and analyzed in

Chapters 3-7, while the fitted mesh methods are presented and studied in Chapter

8. All schemes are systematically built using Rothé’s technique, which discretizes the

time variable prior to spatial discretization, ensuring both stability and consistency

in the numerical process.

The effectiveness and robustness of the proposed numerical techniques have been

thoroughly validated through a series of carefully designed test problems that satisfy

the governing equations’ requirements. For each example, numerical errors and cor-

responding convergence rates are tabulated, and the solution profiles are visualized

through mesh, surface, and line plots. Comparative analyses with existing numeri-

cal methods in the literature demonstrate that the proposed schemes achieve higher

accuracy, uniform convergence, and numerical stability. Among the two categories,

the fitted operator methods, notably the exponential fitted operator and nonstandard

finite difference schemes exhibit relatively better performance compared to the fitted

mesh approaches. Graphical results further illustrate the impact of the perturbation

parameters ε, µ and discontinuity point on the formation and evolution of boundary

and interior layers, offering valuable physical insight.

In summary, this dissertation presents a comprehensive, step-by-step framework for

designing robust numerical schemes applicable to a broad range of delay-dependent,

discontinuous SPPs. The proposed algorithms are not only mathematically rigorous

and computationally efficient but also accessible for implementation, allowing future

197



researchers to adapt and extend them to even more complex real-world systems. Ul-

timately, this study enhances the understanding of multiscale parabolic dynamics

and provides a reliable computational foundation for further exploration of SPPs in

applied science and engineering.

9.2 Recommendations for the Future Work

This dissertation has developed and rigorously examined numerical schemes for 1D,

time-dependent TP-SPPPs with and without time delays and non-smooth data. By

integrating Mickens’ nonstandard finite difference approach, exponentially fitted oper-

ators, and piecewise-uniform Shishkin meshes, the study provides a stable and better

accurate computational framework capable of resolving sharp boundary and inte-

rior layers while preserving uniform convergence. The resulting methods are broadly

applicable to fields such as fluid dynamics, quantum mechanics, reaction–diffusion

systems, and semiconductor modeling, where singular perturbations and discontinu-

ities strongly influence system behavior. Looking ahead, several promising directions

emerge, including extending the schemes to higher-order models, incorporating more

advanced layer-adapted meshes for enhanced resolution, adapting the methodology to

nonlinear problems with turning points and fractional-order derivatives, integrating

modern computational tools such as machine learning, and developing user-friendly

software implementations. Furthermore, other numerical schemes devised to solve

the problem under consideration in the future may include the finite element method

where complex geometries are involved, higher-order B-spline collocations method to

achieve better results.
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