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Abstract

This dissertation investigates domination properties in Turiyam graphs, focusing on the de-
velopment of theoretical results, efficient algorithms, and practical applications in graph the-
ory. Domination theory plays a significant role in network design, communication systems,
optimization, and resource allocation, where identifying minimum dominating structures is
essential for efficient control and monitoring of complex systems. In this study, various dom-
ination parameters in Turiyam graphs, including domination number, total domination, con-
nected domination, and independent domination, are examined in detail. The structural char-
acteristics of Turiyam graphs are analyzed to understand how graph configurations influence
domination properties and algorithmic behavior. To address the computational challenges
associated with domination problems, efficient graph-theoretic algorithms are developed for
determining dominating sets and related parameters in Turiyam graphs. The proposed al-
gorithms are designed using systematic graph construction techniques and optimized proce-
dures to improve computational efficiency and accuracy. Illustrative examples are presented
to validate the theoretical findings and demonstrate the effectiveness of the proposed algo-
rithms. The results show that the developed methods provide accurate and computationally
efficient solutions for domination-related problems in Turiyam graphs. Comparative analysis
with existing graph domination approaches further highlights improvements in performance,
scalability, and robustness. The applications discussed in this work emphasize the useful-
ness of domination concepts in communication networks, social network analysis, facility
location problems, and optimization systems, thereby contributing to both theoretical graph

theory and practical real-world problem solving.



CHAPTER 1

General Introduction

This chapter presents a coherent overview of the fundamental ideas about classical graph,
fuzzy graph, intuitionistic fuzzy graph, neutrosophic graph and their domination. It high-
lights the theoretical principles and rational behind graph theory. In addition, the chapter
defines the research background, formulate the central problem, and specifies the objectives
and scope of the study. It further emphasizes the motivation for undertaking this work out-
lines its anticipated contributions and concludes with a brief description of the dissertation’s

overall structure.

1.1 Background of the study

Graph theory is a fundamental branch of discrete mathematics that studies relationships be-
tween objects through abstract representations known as graphs. A graph consists of a set of
vertices (or nodes) and a set of edges (or links) that connect pairs of vertices. The subject
originated in 1736 with Leonhard Euler’s solution to the Konigsberg bridge problem, which
is widely recognized as the first formal result in graph theory. Euler’s work established the
idea that complex structural problems can be analyzed using abstract mathematical represen-

tations rather than geometric details.

1.1.1 Classical Graph Theory

Classical graph theory studies structures composed of a finite set of vertices connected by
edges, representing pairwise relationships. A classical graph is defined as an ordered pair
G = (V,E), where V a nonempty finite set of vertices and E C V x V is a set of edges.
The origins of classical graph theory date back to Euler’s solution of the Konigsberg bridge

problem in 1736, which demonstrated that structural properties of networks could be studied



abstractly. Classical graph theory developed rigorously through contributions by (Harary,
1962) and others, establishing foundational concepts such as paths, cycles, connectivity,
degree, and planarity. Bondy and Murty (2008) present graph theory as a unified, rigorous

mathematical discipline that combines structural theory with combinatorial reasoning.

Classical graphs assume crisp membership, meaning that vertices and edges either exist or
do not exist. While this assumption simplifies mathematical analysis, it limits applicability in
real-world systems where relationships may be uncertain or partially known. Nevertheless,
classical graph theory forms the structural backbone for all later graph generalizations and

domination concepts.

1.1.2 Modern Graph Theory

Modern graph theory extends classical graph theory by incorporating algorithmic, computa-
tional, and applied perspectives. It emphasizes large-scale networks, algorithmic efficiency,
and optimization under constraints. Modern graph theory is deeply connected with computer
science, operations research, and network science. Mubayi et al. (2001) presents graph the-
ory as a balanced integration of theory, applications, and problem-solving techniques. Key
developments include weighted graphs, directed graphs, random graphs, dynamic graphs,
and algorithmic graph theory. Problems such as domination, vertex cover, coloring, and
matching are studied in terms of computational complexity, approximation algorithms, and
heuristics. Gross and Yellen (2005) emphasize the application-driven nature of modern graph
theory, demonstrating how theoretical results directly inform solutions to practical problems.
Despite its advancements, modern graph theory largely retains binary logic and crisp rela-
tionships, which restricts its ability to model uncertainty. This shortcoming motivates the

integration of fuzzy and uncertainty-based logical frameworks.

1.1.3 Fuzzy Graphs

To model vagueness and gradual membership in mathematical systems, Zadeh (1965) intro-
duced fuzzy set theory. Zadeh’s theory provides the logical and mathematical foundation
for fuzzy relations and fuzzy graphs, allowing uncertainty to be incorporated into structural
models. In the context of graph theory, fuzzy sets enable vertices and edges to have varying

strengths of existence or influence, which is essential for extending domination concepts to



uncertain networks. Rosenfeld (1975a) extended Zadeh’s fuzzy set theory to graph theory
by introducing fuzzy graphs, where both vertices and edges are associated with membership
values in [0, 1]. Rosenfeld deal that adjacency between vertices can be partial rather than
absolute, enabling the modeling of networks with uncertain or graded relationships. Rosen-
feld’s formulation preserves the structural framework of classical graphs while embedding

fuzziness into their components.

1.1.4 Intuitionistic Fuzzy Graphs

Intuitionistic fuzzy graphs extend fuzzy graphs by introducing both membership and non-
membership functions along with a degree of hesitation. This framework was developed
based on Atanassov’s intuitionistic fuzzy set theory. Atanassov (1986) introduced intuition-
istic fuzzy set (IFS) theory as a generalization of Zadeh’s fuzzy sets. An intuitionistic fuzzy
graph captures not only acceptance and rejection but also uncertainty explicitly. This makes
it more expressive than fuzzy graphs and particularly suitable for decision-making and risk
assessment problems. In graph theory, Atanassov’s IFS theory enables the development of
intuitionistic fuzzy graphs, where domination accounts for acceptance, rejection, and hesita-

tion simultaneously.

Parvathi and Karunambigai (2006) extended Atanassov’s intuitionistic fuzzy set theory to
graph structures by formally defining intuitionistic fuzzy graphs (IFGs). The idea of their
work is that vertices and edges in a graph are associated with membership and non-membership
values, allowing adjacency relations to be modeled with uncertainty and hesitation.

Their formulation preserves classical graph properties while embedding intuitionistic fuzzi-

ness, enabling the study of connectivity, paths, and domination under uncertainty.

1.1.5 Hesitant Fuzzy Graphs

Torra (2010) introduced hesitant fuzzy set theory to model situations in which decision-
makers hesitate among several possible membership values for an element, rather than as-
signing a single degree as in classical fuzzy or intuitionistic fuzzy sets. The core idea is that
the membership of an element is represented by a set of possible values in [0, 1], reflecting
uncertainty arising from hesitation, ambiguity, or multiple expert opinions. This framework

captures a richer form of uncertainty than fuzzy and intuitionistic fuzzy sets, particularly in



complex decision-making environments. When extended to graph theory, hesitant fuzzy sets
lead to hesitant fuzzy graphs, where vertices and edges are associated with multiple possible
membership degrees. Torra’s work provides an important theoretical bridge between intu-
itionistic fuzzy graphs and more generalized uncertainty frameworks such as neutrosophic
and Turiyam graphs, where indeterminacy and multiplicity of states play a central role. Hesi-
tant fuzzy graphs provide enhanced flexibility in modelling complex uncertainty but increase

computational complexity.

1.1.6 Neutrosophic Graphs

Smarandache (1998) introduced neutrosophic logic and neutrosophic set theory as a com-
prehensive generalization of classical, fuzzy, and intuitionistic fuzzy frameworks. The core
idea in his study is that each element is characterized independently by three components:
truth-membership (7'), indeterminacy-membership (7), and falsity-membership (F), where
each component can take values in the real unit interval (or even beyond, in extended forms).
This tripartite representation explicitly models indeterminacy and inconsistency, which are
unavoidable in real-world systems involving incomplete, conflicting, or ambiguous informa-
tion. Neutrosophic logic removes the restriction that membership and non-membership must
sum to one, thereby offering greater expressive power. This framework forms the logical
foundation for neutrosophic graphs, where vertices and edges are associated with (7,1, F)
values, enabling advanced modeling of uncertain networks. Neutrosophic graphs generalize
fuzzy and intuitionistic fuzzy graphs by explicitly modeling indeterminacy and inconsis-
tency. This makes them highly suitable for real-world systems with incomplete, contradic-

tory, or uncertain information.

Broumi et al. (2018c) extended Smarandache’s neutrosophic theory to graph structures by
introducing single-valued neutrosophic graphs (SVNGs). The core idea of their work is to
associate each vertex and edge with a neutrosophic triple (7,1, F), where all components
take values in [0, 1], making the model mathematically tractable and computationally fea-
sible. Their framework preserves classical graph concepts such as adjacency, paths, and
connectivity while embedding explicit indeterminacy. Broumi et al.’s formulation serves as

a crucial step toward more structured and layered models such as Turiyam graphs.



1.1.7 Tuariyam Graphs

Turiyam graphs represent a further advancement in graph modeling by incorporating layered
structure, functional roles, and higher-order logical states inspired by Turiyam logic. Unlike
classical and neutrosophic graphs, Turiyam graphs allow multiple functional dimensions to
coexist within a unified framework. This structure enables precise modeling of complex
systems such as healthcare networks, smart infrastructure, and decision-support systems.
Turiyam graphs naturally subsume classical, fuzzy, intuitionistic fuzzy, and neutrosophic
graphs as special cases. Ganati et al. (2023a) introduce Turiyam graphs as extensions of
single valued neutrosophic graphs with a liberal membership component, and study funda-
mental parameters like degree, order, and size, showing their applicability to social network

analysis.

1.1.8 Domination in graph theory

Domination is a central concept in graph theory concerned with selecting a subset of vertices
that can influence, control, or monitors the entire graph. A dominating set ensures that every
vertex is either in the set or adjacent to a vertex in the set. Domination theory has extensive
applications in facility location, network monitoring, resource allocation, and security. Vari-
ants such as connected domination, split domination, and weighted domination have been

widely studied.

The formal study of domination in graphs began in the mid-twentieth century. Although re-
lated ideas appeared earlier in covering and independence problems, the domination concept
was systematically introduced by Ore in 1962. Ore defined a dominating set as a subset of
vertices such that every vertex not in the subset is adjacent to at least one vertex in it, thereby
establishing the foundational definition still used today (Ore, 1962). This work highlighted
domination as a dual concept to independence and covering in graphs. Following Ore’s intro-
duction, domination theory rapidly evolved into a major research area within graph theory.
Berge emphasized domination as a key structural property of graphs and demonstrated its
relevance to applications in operations research and decision sciences (Berge, 1962). Sub-
sequent studies focused on determining domination numbers for special classes of graphs,

including paths, cycles, trees, bipartite graphs, and planar graphs.



A significant milestone in the development of domination theory was the comprehensive
treatment provided by Haynes, Hedetniemi, and Slater. Their monograph Fundamentals of
Domination in Graphs systematically unified existing results, introduced numerous domi-
nation variants, and established domination as a mature and independent branch of graph
theory (Haynes et al., 2013). They formalized several domination parameters, such as to-
tal domination, connected domination, independent domination, and restrained domination,

each motivated by practical constraints in real-world systems.

Importantly, their works provides the mathematical and algorithmic foundation for extend-
ing domination concepts to uncertain and multi-valued graphs, such as fuzzy, intuitionistic
fuzzy, neutrosophic, and Turiyam graphs. The theoretical rigor of Haynes et al., ensures
that all subsequent generalizations maintain formal correctness while allowing flexibility for

uncertainty modeling.

1.1.9 Domination in Uncertain Graphs

Domination in uncertain graphs extends classical domination to fuzzy, intuitionistic fuzzy,
neutrosophic, and Turiyam graph frameworks. These models incorporate degrees of influ-
ence, hesitation, indeterminacy, and layered structure. Somasundaram (1998) introduced
domination concepts in fuzzy graphs, defining dominating sets and domination numbers
where membership values influence control relationships. Furthermore, Enriquez et al.
(2021) extended domination to fuzzy directed graphs, defining fuzzy domination sets and
domination numbers for directed network structures. Parvathi and Thamizhendhi (2010) de-
veloped dominating sets and domination numbers in intuitionistic fuzzy graphs, accounting

for both membership and non membership degrees.

Guan et al. (2024b) analyzed domination in intuitionistic fuzzy directed graphs, extending
domination theory to directed settings and influential network models and Malarvizhi and Di-
vya (2021) examined domination and edge domination in single valued neutrosophic graphs
(SVNGS), generalizing fuzzy/intuitionistic fuzzy domination to handle indeterminacy and

inconsistency.



1.2 Statement of the Problem

Graph domination is a fundamental concept in classical graph theory and has been widely
studied because of its significance in optimization, monitoring, control, and resource allo-
cation problems. Traditional domination models assume deterministic relationships among
entities, where connections and their influences are precisely defined. However, many real-
world systems, particularly social networks and healthcare systems, are inherently complex,
uncertain, and context-dependent. As a result, classical domination models are often inade-

quate for accurately representing such systems or supporting reliable decision-making.

To address these limitations, domination theory has been extended to various uncertain graph
models, including fuzzy graphs, intuitionistic fuzzy graphs, hesitant fuzzy graphs, and neu-
trosophic graphs. These frameworks incorporate partial membership, uncertainty, and in-
determinacy in relationships, thereby providing more realistic representations of complex
networks. Despite these developments, existing domination models remain limited in their
ability to capture multi-functional, layered, and context-sensitive interactions that frequently

occur in modern social and healthcare environments.

In social networks, relationships among individuals and organizations are not only uncer-
tain but also shaped by multiple interacting factors such as trust levels, influence strength,
conflicting information, and dynamic contextual changes. Likewise, healthcare systems in-
volve heterogeneous entities such as hospitals, clinics, laboratories, surveillance units, and
decision-making bodies. The interactions among these components are characterized by
varying degrees of reliability, uncertainty, and indeterminacy. Even advanced domination
models based on fuzzy or neutrosophic frameworks are not fully capable of representing
these layered functional roles and contextual dependencies within a unified mathematical

structure.

Recently, Turiyam graphs have emerged as a promising generalization of classical and un-
certain graph models by integrating structural relationships with functional, contextual, and
uncertainty-based dimensions. This enriched framework offers greater expressive power for
modeling complex systems. However, the theory of domination in Turiyam graphs remains

largely unexplored and underdeveloped.



In particular, there is a lack of:
e Rigorous and unified definitions of domination and its variants in Turiyam graphs,

e Mathematical characterization of domination parameters and their relationships with

classical, fuzzy, and neutrosophic domination,
e Efficient algorithmic approaches for identifying dominating sets in Turiyam graphs,

e Application-oriented studies demonstrating the practical usefulness of Turiyam domi-

nation in real-world systems such as social networks and healthcare infrastructures.

This research gap is significant because domination plays a crucial role in identifying influ-
ential nodes, determining optimal monitoring locations, and supporting efficient resource
allocation. Without a well-established domination theory for Turiyam graphs, decision-
makers lack adequate mathematical tools to simultaneously address structural complexity,
uncertainty, indeterminacy, and layered interactions. Therefore, developing a comprehen-
sive theory of domination in Turiyam graphs, along with associated algorithms and practical

applications, is both necessary and timely.

1.3 Research Questions
This dissertation seeks to address the following research questions:

e How can the concept of domination be rigorously and formally defined within the

framework of Turiyam graphs?

e To what extent does domination in Turiyam graphs generalize or extend domination in

classical, fuzzy, intuitionistic fuzzy, and NG models?

e What are the fundamental structural and mathematical properties of dominating sets

in Turiyam graphs?

e Under what necessary and sufficient conditions do various types of dominating sets-

including minimal, total, paired, split, and equitable domination-exist in TGs?

e What computational or algorithmic methods can be developed to determine or approx-

imate minimum dominating sets in Turiyam graphs?



e How does domination in Turiyam graphs compare analytically and computationally

with domination in classical and uncertainty-based graph models?

e What open problems, theoretical challenges, and research gaps remain in the study of

domination in Turiyam graphs?

1.4 Objectives of the Study

1.4.1 General Objective

The general objective of this study is to develop a comprehensive domination theory in

Turiyam graphs with algorithmic frameworks for practical and theoretical applications.

1.4.2 Specific Objectives

To achieve the overarching goal of this research, the study is guided by the following specific

objectives:

1. To establish a rigorous mathematical foundation for Turiyam graphs, including precise

definitions, structural properties, and formal representations.

2. To investigate the conceptual relationships and generalizations among classical dom-
ination, fuzzy domination, intuitionistic fuzzy domination, neutrosophic domination,

and domination in TGs, thereby constructing a unified theoretical framework.

3. To extend fundamental domination concepts-such as dominating sets, total domina-
tion, connected domination, and related parameters-to fuzzy Turiyam graphs, intu-

itionistic fuzzy Turiyam graphs, and neutrosophic Turiyam graphs.

4. To derive and prove essential theoretical results, including structural properties, bounds,
inequalities, characterizations, and invariance conditions of domination parameters in

Turiyam graph settings.

5. To refine algorithmic approaches for computing domination sets in TGs, with particu-

lar emphasis on efficiency, correctness, and computational complexity analysis.
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6. To demonstrate the applicability and relevance of the proposed domination models
through selected real-world case studies, thereby illustrating their potential contribu-

tions to complex decision-making and network-based systems.

1.5 Significance of the Study

This study contributes to both the theoretical advancement of graph theory and the practi-
cal modeling of complex real-world systems. From a theoretical perspective, the research
establishes a systematic and rigorous framework for domination in Turiyam graphs, thereby
extending the existing body of knowledge in classical and uncertainty-based graph models.
By introducing formal definitions, structural properties, and characterizations of domination
parameters, this work fills an important gap in the mathematical development of advanced

graph structures that integrate uncertainty, functionality, and contextual relationships.

The study also contributes to the unification and generalization of domination concepts
across multiple graph paradigms, including classical, fuzzy, IFG, and NGs. Through this in-
tegration, the research provides a broader and more flexible analytical framework capable of
representing multi-layered and context-sensitive interactions. This enhances the descriptive
and explanatory power of graph-based models in complex environments. From a computa-
tional perspective, the development of algorithmic methods for identifying dominating sets
in TGs provides new tools for solving optimization and control problems under uncertainty.
These algorithmic contributions are expected to support efficient decision-making processes

in systems where structural complexity and indeterminacy coexist.

Practically, the findings of this research offer potential applications in domains characterized
by dynamic and uncertain interactions, such as social network analysis, healthcare systems,
monitoring infrastructures, and resource allocation environments. By enabling more accu-
rate modeling of layered functional roles and contextual dependencies, Turiyam domination

provides a foundation for improved planning, surveillance, and strategic intervention.

Finally, this study opens new directions for future research by identifying theoretical chal-
lenges, computational problems, and application areas that require further investigation. As
such, it serves as a foundational reference for scholars and practitioners interested in ad-

vanced graph models and their real-world applications.
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1.6 Research Methodology

This study adopts a theoretical, analytical, and application-oriented research methodology to
investigate domination in Turiyam graphs, develop computational algorithms, and explore
practical applications. The methodology is structured to ensure mathematical rigor, logical
coherence, and computational relevance, while demonstrating the applicability of the pro-

posed framework to complex real-world systems.

The research follows a qualitative and deductive analytical design grounded in mathemati-
cal modeling and supported by structured examples and application-based illustrations. The
study progresses systematically from foundational theory to structural analysis, algorithm
development, and practical modeling. The methodological framework integrates three com-
plementary components: rigorous theoretical development, comparative structural analysis,

and algorithmic and application-based validation.

1.6.1 Conceptual Framework Development

The first phase of the research involves an extensive review and synthesis of relevant litera-

ture in:
e (lassical graph theory and domination theory,
e Domination in fuzzy, intuitionistic fuzzy, and neutrosophic graphs,
e Uncertainty-based and multi-layer graph models.

Based on this review, a conceptual framework is established that positions Turiyam graphs as
a generalized structure capable of integrating structural, functional, contextual, and uncertainty-
based relationships. This framework provides the theoretical foundation for formulating
domination concepts in Turiyam graphs and identifying their relationships with existing

domination models. The core theoretical development includes:
e Definition of dominating sets and domination parameters in Turiyam graphs,

e Development of domination variants, including Total, paired, split, and equitable dom-

ination,
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e Generalization of classical and uncertainty-based domination concepts within the Turiyam

framework.

1.6.2 Structural and Comparative Analysis

The study conducts a systematic structural investigation of domination properties in Turiyam

graphs. This includes:

Derivation of bounds, relationships, and characterizations of domination parameters,

Analysis of domination behavior in special classes of Turiyam graphs such as complete

graphs, paths, cycles, and bipartite structures,

Comparative analysis of TD with classical, fuzzy, IF, and ND frameworks,

Identification of generalizations, equivalence conditions, and structural distinctions.

1.6.3 Algorithmic Development

To address computational aspects, the research develops algorithmic approaches for identi-

fying and approximating dominating sets in Turiyam graphs. This stage includes:

Design of greedy, and structural algorithms for computing domination parameters,

Analysis of computational complexity, efficiency, and scalability,

Validation of algorithms using illustrative graph instances and network structures,

Performance comparison with existing domination algorithms where applicable.

1.6.4 Application and Case Study Modeling

To demonstrate practical relevance, the developed Turiyam domination framework is applied
to representative real-world systems characterized by layered interactions and uncertainty.

Application modeling focuses on:

e Healthcare networks involving hospitals, clinics, and surveillance systems,

e Communication and social network structures with uncertain and context-dependent

interactions.
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Mathematical modeling and numerical illustrations are used to demonstrate how Turiyam
domination supports monitoring, influence control, and resource allocation under uncer-

tainty.

1.7 Scope of the Study

This study focuses on the theoretical development, algorithmic investigation, and practical
application of domination in Turiyam graphs as an advanced mathematical framework for
modeling complex networks under uncertainty. The research is primarily concerned with es-
tablishing rigorous definitions, structural properties, and domination parameters within the

Turiyam graph environment.

The scope of the study includes the formulation and analysis of various domination con-
cepts, the derivation of theoretical bounds and characterizations, and the development of
computational algorithms for identifying dominating sets. The research also examines the
relationships between Turiyam domination and existing domination frameworks in classical

and uncertainty-based graph models.

In addition, the study demonstrates the applicability of TD through conceptual modeling and
illustrative case studies involving complex systems characterized by layered interactions and
indeterminacy. These applications are intended to show the relevance of the proposed frame-

work for monitoring, control, and resource allocation in networked environments.

However, the study is limited to theoretical modeling, analytical proof, and algorithmic de-
velopment. Empirical data collection, large-scale experimental implementation, and statisti-

cal validation of real-world systems are beyond the scope of this research.

1.8 Organization of the Dissertation

This dissertation is organized into nine chapters, each designed to systematically develop the
theoretical foundations, algorithmic approaches, and practical applications of domination in
Turiyam graphs.

Chapter 1: Introduction
This chapter introduces the research problem and provides the background of the study. It

discusses classical and modern graph theory, uncertain graph models, and the motivation
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for extending domination theory to Turiyam graphs. The chapter also presents the research
questions, objectives, significance, scope, and an overview of the research methodology.

Chapter 2: Literature Review
This chapter reviews the origins and developments of fuzzy logic, intuitionistic fuzzy logic,
neutrosophic logic, and Turiyam logic, along with their corresponding graph models: fuzzy
graphs, intuitionistic fuzzy graphs, neutrosophic graphs, and Turiyam graphs. Previous stud-
ies on domination in classical, fuzzy, intuitionistic fuzzy, and neutrosophic graphs are dis-
cussed to provide a comprehensive background. The chapter concludes by identifying re-
search gaps that justify the current study.

Chapter 3: Preliminaries and Mathematical Foundations
This chapter presents the essential mathematical preliminaries required for the study. It
introduces basic concepts of graph theory, uncertain graphs, and domination parameters,
forming the theoretical foundation necessary for understanding and developing domination
concepts in Turiyam graphs.

Chapter 4: Domination and Paired Domination in Turiyam Graphs
This chapter develops the core concepts of domination and paired domination in Turiyam

graphs. The structure of the chapter includes:

e Definitions and Concepts: Formal definitions of dominating sets, paired domination,

and associated parameters in Turiyam graphs.

e Theoretical Properties: Structural characteristics, existence conditions, and relation-

ships with classical and uncertain domination models.

o [llustrative Examples: Step-by-step examples to demonstrate how domination and

paired domination are applied in specific Turiyam graphs.

e Comparative Analysis: Discussion of how Turiyam domination generalizes classical,

fuzzy, intuitionistic fuzzy, and neutrosophic domination.

Chapter 5: Total Domination in Turiyam Graphs
This chapter investigates total domination, a variant requiring every vertex to be adjacent to

a dominating vertex. The chapter structure includes:

e Formal Definitions: Definition of total dominating sets and total domination numbers

in Turiyam graphs.
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e Theoretical Development: Proofs of bounds, existence conditions, and relationships

with other domination variants.

e Examples and Applications: Illustrative cases in special classes of Turiyam graphs

such as paths, cycles, complete graphs, and bipartite structures.

e Comparative Discussion: Analysis of how total domination in Turiyam graphs extends

classical and uncertain domination models.

Chapter 6: Split Domination in Turiyam Graphs
This chapter focuses on split domination, where graphs are partitioned into dominated and

non-dominated components with structural constraints. The chapter structure includes:
e Definitions and Preliminaries: Formal introduction of SPD and parameters.

e Properties and Theorems: Theoretical results regarding existence, uniqueness, and

bounds for SPD.
o [llustrative Examples: Demonstration of split domination in various TG structures.

e Comparative Analysis: Relationships with total, paired, and classical domination,

highlighting the advantages of Turiyam modeling.

Chapter 7: Equitable Domination in Turiyam Graphs
This chapter investigates equitable domination, which emphasizes balanced distribution of

domination across a network. The chapter structure includes:

Definitions and Concepts: Formal definition of EDS and parameters in TGs.

Theoretical Properties: Existence conditions, bounds, and characterizations of ED.

Hllustrative Examples: Examples demonstrating how ED ensures fairness and balanced

influence in TGs.

Contextual Analysis: Discussion on handling indeterminacy, inconsistency, and multi-

layered interactions in complex networks.

Chapter 8: Applications of Domination in Turiyam Graphs

This chapter demonstrates the practical relevance of Turiyam domination. Case studies and
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examples are presented in healthcare networks, social networks, and resource allocation sys-
tems. The chapter highlights how Turiyam domination improves decision-making, monitor-
ing, and control under uncertainty.

Chapter 9: Conclusion and Recommendations
The final chapter summarizes the major findings, theoretical contributions, and practical im-
plications of the study. Limitations of the research are discussed, and recommendations for

future research in Turiyam graphs, domination theory, and related applications are presented.
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CHAPTER 2

Literature Review

Domination is one of the most fundamental and extensively studied concepts in graph the-
ory due to its strong theoretical depth and wide range of applications. It remains a central
concept in graph theory, continuously evolving to address emerging challenges in modern
network science. Its progression from classical graphs to fuzzy graph, intuitionistic graph,
neutrosophic graph, and Turiyam frameworks reflects the growing need to model control
and influence in increasingly complex and uncertain systems. In this chapter, we provide a
literature survey on the theory of Fuzzy logic, Intuitionistic fuzzy logic, Neutrosophic logic,
Turiyam Logic, uncertain graphs, domination in Fuzzy graph, domination in intuitionistic

fuzzy graph, domination in neutrosophic graph and finally, identify the research gaps.

2.1 Classical Logic

Classical logic is the foundational framework of formal reasoning in mathematics, philos-
ophy, and computer science. It is based on precise, well-defined truth values and provides
the logical basis for classical mathematics, including classical graph theory. In classical
logic, every proposition is assigned exactly one of two truth values: true (1) or false (0).
This binary nature reflects the assumption that information is complete, consistent, and de-
terministic.The origins of classical logic can be traced back to Aristotle’s syllogistic logic,
which laid the groundwork for deductive reasoning. Shapiro and Kouri Kissel (2000) pro-
vide a comprehensive exposition of classical logic, focusing on its syntax, semantics, and
inferential structure. The authors examine propositional and predicate logic, formal proof
techniques, and truth-functional semantics grounded in binary truth values. The work es-
tablishes classical logic as the standard framework for rigorous mathematical reasoning and

highlights its role in foundational studies of logic and philosophy. By clarifying the as-
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sumptions and limitations of classical logic, the authors also motivate the development of
alternative logical systems designed to handle vagueness, uncertainty, and indeterminacy.
Modern formalization of classical logic was achieved in the late nineteenth and early twen-
tieth centuries through the works of Frege, Russell, and Whitehead. Their contributions
established propositional and predicate logic as rigorous mathematical systems governed by

strict syntactic and semantic rules (Russell and Whitehead, 1910).

2.2 Fuzzy Logic

Classical logic is based on binary truth values, where propositions are either true or false.
While effective for deterministic systems, this binary nature is inadequate for modeling real-
world problems involving gradual transitions or partial truth. Zadeh introduced fuzzy logic
to address this limitation by allowing truth values to range continuously between 0 and 1

Zadeh (1965).

Kosko and Isaka (1993) introduces fuzzy logic as a mathematical and computational frame-
work for reasoning with imprecision and uncertainty inherent in real-world systems. In addi-
tion to this Kosko and Isaka explain the foundations of fuzzy sets and fuzzy inference, illus-
trate how linguistic rules (e.g., “if temperature is high, then reduce power slightly”) can be
formalized mathematically, and demonstrate the effectiveness of fuzzy logic in practical ap-
plications such as control systems, consumer electronics, and decision-making. Yen (1999)
presents a modern and integrative view of fuzzy logic, positioning it within the broader land-
scape of knowledge representation, data engineering, and intelligent systems. Yen reviews
the evolution of fuzzy logic from its origins in fuzzy set theory to its role in approximate
reasoning, decision-making, and information fusion. Yen’s work reframes fuzzy logic as
a mature, adaptable, and integrative paradigm well-suited for complex knowledge and data

engineering tasks.

Hellmann (2001) presents the fundamental concepts of fuzzy logic in a clear and accessible
manner for beginners. Hellmann explains the motivation behind fuzzy logic by contrasting
it with classical binary logic and highlighting the limitations of crisp set theory in handling
imprecise and vague information. Hellmann’s work serves as an introductory guide to fuzzy
logic, emphasizing clarity, intuition, and practical motivation rather than advanced mathe-

matical detail. Belohlavek and Klir (2011) examines the deep relationship between concept
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formation and fuzzy logic, focusing on how fuzzy set theory provides a formal foundation
for representing and reasoning about imprecise, vague, and graded concepts. This positions
fuzzy logic as a core theoretical tool for understanding and formalizing concepts, bridging

mathematics, cognition, and intelligent systems.

Trillas and Eciolaza (2015) provides a comprehensive and rigorous treatment of fuzzy logic
from both theoretical and philosophical perspectives. Trillas and Eciolaza explore the foun-
dations of fuzzy sets, fuzzy relations, and fuzzy reasoning, emphasizing the role of vague-
ness, graded truth, and approximate reasoning in human cognition and formal logic. Trillas
and Eciolaza present fuzzy logic as both a formal logic and a philosophy of reasoning, suit-
able for modeling human-like reasoning in uncertain and ambiguous environments. Building
on fuzzy sets, fuzzy logic was developed as a mathematical framework for approximate rea-
soning. In fuzzy logic, truth values are expressed as degrees rather than crisp values, enabling
reasoning under uncertainty. Fuzzy logic has been successfully applied in control systems,
decision-making, pattern recognition, artificial intelligence, and expert systems. The strength
of fuzzy logic lies in its ability to model gradual transitions and linguistic variables, such as
“high,” “medium,” or “low.” However, a key limitation of fuzzy logic is that it considers only
the degree of truth and does not explicitly account for non-membership or hesitation, which

is often present in human reasoning.

2.3 Intuitionistic Fuzzy Logic (IFL)

To overcome the limitations of fuzzy logic Takeuti and Titani (1984), develops a formal log-
ical foundation for intuitionistic fuzzy logic and its connection with intuitionistic fuzzy set
theory. Takeuti and Titani introduce logical systems in which truth values are not binary but
graded and are interpreted through intuitionistic fuzzy sets that assign degrees of membership
and non-membership. The authors present precise axioms, semantics, and proof-theoretic re-
sults, demonstrating soundness and completeness of the proposed logical frameworks. This
work is a foundational contribution that establishes intuitionistic fuzzy logic as a solid ex-

tension of classical and fuzzy logic within the framework of symbolic logic.

Atanassov (1986) introduced intuitionistic fuzzy sets (IF'S), which extend fuzzy sets by in-
corporating both membership and non-membership degrees. In this framework for each

element x, the membership degree p(x) and the non-membership degree v(x) satisfy 0 <
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1(x)+v(x) < 1. Intuitionistic fuzzy logic(IFL) provides a richer and more flexible frame-
work for modeling uncertainty, especially in systems where acceptance and rejection coexist.
It has been applied extensively in decision-making, pattern recognition, medical diagnosis,

and network analysis.

Researchers such as Parvathi and Karunambigai (2006) extended intuitionistic fuzzy theory
to graph structures, enabling applications in uncertain network modeling. Compared to fuzzy
logic, IFL explicitly represents hesitation, making it more suitable for real-world problems
involving conflicting or incomplete data. Despite its advantages, intuitionistic fuzzy logic as-
sumes that the sum of membership and non-membership is bounded by one, which restricts
its ability to represent paradoxical or highly inconsistent information. Citil (2019) investi-
gates the application of intuitionistic fuzzy logic (IFL) in the field of education, focusing
on decision-making and evaluation processes characterized by uncertainty and subjectivity.
Citil demonstrates how intuitionistic fuzzy sets, defined by degrees of membership, non-
membership, and indeterminacy, can effectively model ambiguous educational data such as
student performance, teaching effectiveness, and assessment criteria. The paper shows that
intuitionistic fuzzy logic is a practical and powerful tool for educational evaluation, enabling

more nuanced and reliable decision-making under uncertainty.

2.4 Neutrosophic Logic (NL)

To address the limitations of both fuzzy and intuitionistic fuzzy logic, Smarandache (1998)
introduced neutrosophic logic, a highly generalized logical framework. In neutrosophic
logic, each proposition is characterized independently by three components: Truth (7'), In-
determinacy (I), and Falsity (F). Unlike intuitionistic fuzzy logic, these components are
independent, and their sum is not constrained to be one. This flexibility allows neutrosophic
logic to model incomplete, inconsistent, and even contradictory information making it par-
ticularly suitable for complex and real-world systems. Rivieccio (2008) provides a critical
introduction to neutrosophic logics, a class of many valued logical systems derived from
the philosophical framework called neutrosophy (originally proposed by Florentin Smaran-
dache). Neutrosophic logics extend classical and fuzzy logic by representing three indepen-
dent components for any proposition: truth, falsity, and indeterminacy. Unlike fuzzy logic,

where only truth membership is considered (and non membership is implicitly its comple-
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ment), neutrosophic logics treat truth, falsity, and indeterminacy each as separate degrees
that need not sum to 1. The paper discusses key challenges in defining appropriate logical
connectives in this framework and examines how neutrosophic logics relate to other existing
systems for managing uncertainty and vagueness, including intuitionistic and interval valued

fuzzy systems, as well as Belnap’s logic.

Ashbacher (2014) presents Neutrosophic Logic is that neutrosophic logic generalizes and
unifies multiple existing logical systems (such as classical, fuzzy, intuitionistic, and paracon-
sistent logics) by introducing a three component framework for evaluating statements: Truth
(T), Indeterminacy (I), and Falsity (F). Each of these components is treated independently,
allowing a proposition to simultaneously have degrees of truth, falsity, and uncertainty that
do not need to sum to 1 unlike fuzzy or intuitionistic fuzzy logic. This independence en-
ables neutrosophic logic to more richly represent uncertainty, vagueness, and contradictory
information, including paradoxes. He offers a foundational introduction to neutrosophic
logic-logical framework first proposed by Florentin Smarandache in the 1990s that aims to

extend traditional and fuzzy logic systems.

Deli and Subas (2014) introduce single valued neutrosophic numbers (SVN numbers) as a
mathematically flexible way to represent uncertain, imprecise, incomplete, and inconsistent
numerical information, and to show how these numbers can be used to solve multicriteria
decision making (MCDM) problems. SVN numbers extend fuzzy and intuitionistic fuzzy
numbers by incorporating three independent components, truth membership, indeterminacy
membership, and falsity membership, allowing more nuanced modeling of uncertain quan-
titative assessments. The authors define special forms (e.g., trapezoidal and triangular SVN
numbers), develop operations on them, introduce an aggregation operator, and apply this

framework to an example MCDM problem.

Neutrosophic logic has been extended to single-valued neutrosophic sets, which restrict val-
ues to the interval [0, 1] for practical applications. These models have been widely used in
decision support systems, artificial intelligence, medical diagnosis, and graph theory. The
extension of neutrosophic logic to graph structures has enabled advanced modeling of uncer-
tain networks. Neutrosophic logic provides a powerful mechanism to model indeterminacy
explicitly; however, it primarily focuses on logical and set-theoretic representations. When

applied to graphs and networks, neutrosophic models still treat uncertainty locally at vertices
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and edges, often lacking a clear mechanism to represent functional roles, layered interac-

tions, and contextual dependencies within complex systems Broumi et al. (2018a).

Pramanik (2022) systematically present the theory, development, and extensions of single
valued neutrosophic sets (SVNSs) as a comprehensive framework for modeling uncertainty,
indeterminacy, and inconsistency in data and decision problems. Pramanik provides a com-
prehensive overview of single valued neutrosophic sets, detailing their definitions, key prop-
erties, theoretical developments, relationships to other uncertainty models, and roles in com-
plex decision and information problems, showing why SVNSs have become a foundational

concept in neutrosophic and soft computing research.

Wang et al. (2010) formalize and define single valued neutrosophic sets (SVNSs) as a math-
ematically precise and practically applicable instance of neutrosophic sets, an extension of
fuzzy and intuitionistic fuzzy sets that explicitly incorporates truth, indeterminacy, and fal-

sity as three independent membership degrees for each element in a set.

Smarandache (2022) define and explore fundamental operators for single valued neutro-
sophic oversets, undersets and offsets three extensions of standard neutrosophic sets that al-
low membership values to go beyond the usual interval [0, 1]. These operators (such as union,
intersection and complement) are formulated so that they work consistently even when com-
ponents are above 1 (overset), below 0 (underset), or both above 1 and below 0 (offset). This
extends the usual neutrosophic set operations and enables modeling of real world situations
with more extreme uncertainty or contradictory evidence that cannot be captured within the

traditional [0, 1] bounds.

2.5 Turiyam Logic

Turiyam logic represents a further advancement in uncertainty modeling beyond neutro-
sophic logic. It extends neutrosophic logic by incorporating an additional liberal or neutral

dimension, enabling more nuanced representation of real-world reasoning processes.

Singh (2021) introduce the Turiyam set as a four dimensional extension of neutrosophic sets
to model data and cognitive states that cannot be adequately captured by the traditional three
components of neutrosophic logic (truth, indeterminacy, falsity). He proposes the Turiyam

set a four dimensional extension of neutrosophic set theory that captures truth, indetermi-
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nacy, falsity, and a novel fourth (liberal/silent) dimension and explores its potential use in
quantum information processing and complex human cognition scenarios. This approach at-
tempts to model uncertainty and cognitive states that go beyond traditional three component

representations.

Singh (2022) extends neutrosophic reasoning into four dimensions with the Turiyam set to
characterize human decision states that traditional logic systems (true/false/uncertain) fail
to capture particularly unknown or undefined cognitive positions and shows how such a
framework can be applied to analyze complex human cognition scenarios. Singh (2023b)
formally explore the Turiyam set a four dimensional data representation inspired by human
quantum cognition and to mathematically distinguish it from other traditional set concepts
such as classical sets, fuzzy sets, intuitionistic fuzzy sets, and neutrosophic sets. In Turiyam
logic, truth assessment is not limited to truth, indeterminacy, and falsity but includes a fourth
independent component that captures openness, neutrality, or contextual flexibility. This ad-
ditional dimension allows Turiyam logic to represent complex human decision-making more

accurately, especially in social and cognitive systems.

Ganati et al. (2023a) have applied Turiyam logic to graph theory, giving rise to Turiyam
graphs where vertices and edges are characterized by multi-component membership values.
These graphs have demonstrated superior expressive power in modeling social networks,
communication systems, and decision-support frameworks. Turiyam graphs naturally gen-
eralize neutrosophic graphs and provide a fertile ground for extending domination theory.
Martin et al. (2025) introduce and apply Turiyam cognitive maps a novel four dimensional
cognitive modeling tool based on the Turiyam set concept to industrial decision making prob-
lems where big data and human cognitive uncertainty intersect. Traditional cognitive map
models (like fuzzy cognitive maps) represent relationships and influences among variables
under uncertainty, but the Turiyam cognitive map extends these by incorporating four aspects
of information: truth, falsity, indeterminacy, and a fourth liberal/unknown state. The logi-
cal foundation provided by Turiyam logic enables the formulation of advanced domination
concepts that subsume classical, fuzzy, intuitionistic fuzzy, and neutrosophic domination as

special cases.
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2.5.1 Turiyam Set and Turiyam Relation

The Turiyam set represents a four-dimensional extension of the neutrosophic set developed
to model uncertainty beyond the traditional components of truth, indeterminacy, and falsity.
Unlike neutrosophic sets, which employ three independent membership values, the Turiyam
set introduces an additional fourth component, commonly interpreted as a liberal, refusal,
silent, or unknown state. This extra dimension enables the representation of cognitive situ-
ations and decision states that cannot be adequately captured by existing fuzzy and neutro-

sophic frameworks.

Singh (2021) introduced the Turiyam set as a fourth-dimensional data representation mo-
tivated by the need to handle uncertainty existing beyond three-way decision spaces. The
framework was proposed to overcome limitations of fuzzy and neutrosophic models and to
represent situations involving an additional independent state. Examples from voting sys-
tems, medical diagnosis, and social interactions were used to demonstrate the necessity of

this fourth dimension.

In another study, Singh (2022) presented the concept of Turiyam context and discussed its
applications in dark data analysis and uncertainty representation. The study emphasized
that many real-world datasets contain information extending beyond conventional three-
dimensional uncertainty structures and illustrated how Turiyam sets provide a more com-

prehensive framework for analyzing such data.

Singh (2023b) further explored the use of Turiyam sets in quantum information processing,
arguing that human cognition may involve conscious, unconscious, indeterminate, and silent
states simultaneously. The proposed model extends neutrosophic reasoning by incorporating
this fourth independent component and provides a foundation for advanced cognitive and

information-processing applications.

Building upon the Turiyam set framework, Ganati et al. (2023b) introduced the concept of
Turiyam relations through the Cartesian product of Turiyam sets. They defined operations
on Turiyam relations, including inverse relations and several relational structures, and estab-
lished their mathematical properties. The study demonstrated that Turiyam relations gener-

alize classical and neutrosophic relations and provide a richer framework for representing
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uncertain connections among objects.

According to Ganati et al. (2023b), a Turiyam relation assigns four membership values to
ordered pairs corresponding to truth, indeterminacy, falsity, and liberal degrees. This rep-
resentation enables the modeling of relationships involving refusal, neutrality, or unknown
interactions that are difficult to capture using traditional binary or neutrosophic relations.
Consequently, Turiyam relations offer enhanced flexibility for applications in knowledge

representation, decision-making systems, and uncertainty analysis.

2.6 Classical Graphs

Classical graph theory forms the foundational framework for network modeling, where a
graph is defined as an ordered pair (G = V,E) consisting of a finite set of vertices V and a
set of edges E C V x V. In classical graphs, vertices and edges are assumed to exist deter-
ministically, and relationships between vertices are binary in nature-either present or absent.
This deterministic assumption aligns with classical logic, where propositions are strictly true
or false. The formal development of classical graph theory is historically attributed to Eu-
ler’s solution of the Konigsberg bridge problem, which demonstrated that abstract relational
structures could be analyzed independently of geometric considerations. Subsequent sys-
tematic developments by Berge established graph theory as a unifying mathematical tool for
modeling real-world problems in operations research, communication, and social systems

Berge (1962).

Despite its strong mathematical foundations and wide applicability, classical graph theory
suffers from several inherent limitations when modeling real-world systems characterized
by uncertainty, vagueness, and incomplete information. These limitations have motivated

the development of fuzzy, intuitionistic fuzzy, neutrosophic, and ultimately TG models.

2.7 Probabilistic Graphs

Probabilistic graphs represent one of the earliest extensions of classical graph theory de-
signed to incorporate uncertainty arising from randomness. In a probabilistic graph, each
edge (and sometimes each vertex) is associated with a probability value representing the

likelihood of its existence. This model is particularly useful in applications such as com-
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munication networks, epidemiological modeling, and reliability analysis, where connections
may fail or exist only with certain probabilities. Ghosh et al. (2007) formulate and address
a routing optimization problem in probabilistic graphs where edges exist with certain prob-
abilities and apply this framework to intermittently connected networks (ICNs). These are
networks (such as mobile ad hoc or delay tolerant networks) where end to end connectivity
is not always guaranteed. Traditional routing methods fail in such environments because
there may never be a persistent full path from source to destination. The authors define
an optimization objective to find a subgraph that maximizes the probability of successful
delivery between a pair of nodes under a constraint on the number of edges and propose ap-
proximation methods and a practical routing protocol tailored to ICNs based on probabilistic

connectivity metrics.

The study of probabilistic graphs is closely related to random graph theory, pioneered by
Erd6s and Rényi, who investigated the emergence of global graph properties under proba-
bilistic edge formation. Their work laid the foundation for understanding network connec-
tivity, resilience, and phase transitions in large-scale systems. Newman later emphasized the
importance of probabilistic and random graphs in modeling real-world networks, particularly

social and biological systems Newman (2010).

Kollios et al. (2011) define and solve the problem of clustering graphs where edges have un-
certainty (probabilities) rather than deterministic connections. Instead of treating a graph as
fixed (edge present or absent), the authors treat the graph as generating an ensemble of pos-
sible deterministic graphs (“possible worlds”), each with a probability derived from the edge
probabilities. Maniu et al. (2017) develop an efficient indexing framework that speeds up
complex queries on probabilistic graphs graphs in which edges exist with associated prob-
abilities by avoiding brute force enumeration of all possible deterministic realizations of
the graph (so called possible worlds). Because evaluating queries such as shortest paths or
reachability in probabilistic graphs is computationally intractable (P hard) when approached
naively, the authors introduce ProbTree, a compact index structure that organizes probabilis-

tic information to significantly improve the accuracy and efficiency of query processing.

While probabilistic graphs effectively capture stochastic uncertainty, they are limited in rep-
resenting vagueness, partial truth, and indeterminacy. Probability values quantify random-

ness but do not distinguish between lack of knowledge, conflicting information, or contextual
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uncertainty. Consequently, probabilistic graphs are often insufficient for decision-making

problems where uncertainty is not purely random.

2.8 Fuzzy graph

Glass and Kauffman (1973) introduced the concept of fuzzy graphs (FGs) on fuzzy relations
to describe the graph in which either the vertex, edge or both are complex, imprecise, and
uncertain by considering membership degree, where classical graphs fail. Rosenfeld (1975b)
developed several FG analogues of important graph theoretic concepts like subgraphs, paths,

connectedness, cliques, forests, trees, bridges and cut vertices.

Bhattacharya (1987) introduced and studied fundamental graph-theoretic concepts in fuzzy
graphs (FGs). The work extends classical graph ideas-such as paths, cycles, connectivity,
degree of vertices, and subgraphs-into the fuzzy environment where vertices and edges have
membership values in [0,1] This paper laid an early theoretical foundation for fuzzy graph
theory. Bhutani (1989) developed an authomorphism of FGs. he focused on automorphisms
of fuzzy graphs, which are symmetry-preserving mappings of a fuzzy graph onto itself. The
study generalizes the concept of graph automorphism from crisp graphs to fuzzy graphs by
ensuring that vertex and edge membership values are preserved under the mapping. This

work helps in understanding structural symmetry and invariance in fuzzy graphs.

Mordeson and Chang-Shyh (1994) systematically described operations on fuzzy graphs,
such as union, intersection, complement, and Cartesian product. In addition, they intro-
duced and defined the concept of strong FGs, where the membership value of each edge is
determined directly by the membership values of its end vertices. Their work provided a

formal operational framework and strengthened the mathematical structure of FG theory.

Mordeson and Nair (2000) established fuzzy graph theory as a systematic extension of clas-
sical graph theory by embedding fuzzy set membership into both vertices and edges. Their
central idea is that graph-theoretic relationships in real-world systems are rarely crisp and can
be more accurately represented through graded memberships that capture varying strengths
of association. By generalizing fundamental graph concepts such as adjacency, degree, con-
nectivity, paths, and cycles into the fuzzy domain, they demonstrated that many classical

results can be preserved while accommodating uncertainty. The authors also emphasized the
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role of fuzzy graphs in modeling complex systems where information is incomplete or im-
precise, thereby providing a rigorous mathematical foundation for subsequent developments

in fuzzy domination, fuzzy hypergraphs, and higher-order uncertain network models.

Gani and Ahmed (2003) introduced some properties of FGs, including degree, order, and
size and investigated their properties. The detailed concept of strong fuzzy graphs and the

operations FG under which strong fuzzy graphs property is preserved is studied (Bhutani and

Battou, 2003).

Sunitha and Mathew (2013)review and synthesize the fundamental concepts, definitions,
structural properties, and key research developments in fuzzy graph theory and extension
of classical graph theory that incorporates fuzzy set principles to model uncertainty in both
vertices and edges. A fuzzy graph associates membership degrees to nodes and links, allow-
ing representation of vague, imprecise, or partial connections typical in real world networks
(e.g., social, biological, or communication systems). The survey organizes and explains core
fuzzy graph constructs and relationships, discusses variations and properties, and highlights
key results and research directions in the field. Mordeson et al. (2018) extend fuzzy graph
theory with advanced theoretical tools and apply them to model and analyze complex social
phenomena, specifically illegal human trafficking. The authors build on foundational fuzzy
graph concepts and introduce new structures (such as intuitionistic fuzzy graphs, directed
fuzzy networks, and fuzzy incidence graphs) and graph theoretic measures (e.g., domination
and independence in fuzzy graphs) to capture uncertainty, imprecision, and relational com-
plexity inherent in human trafficking networks. The book integrates mathematical theory

with practical modeling of real world trafficking flows and policy interventions.

Mordeson and Mathew (2019) go beyond introductory fuzzy graph theory and explore deeper,
mathematically rich, and application oriented topics that arise when fuzzy set concepts are
integrated with graph structures. The authors build on foundational fuzzy graph theory to
develop advanced tools and measures such as different connectivity notions, distance met-
rics, Wiener indices, operations based on t norms, and dialectic synthesis and demonstrate
their usefulness in modeling real world problems under uncertainty. The book also serves as
a self contained reference that combines theory with representative applications, making it
suitable for both experienced researchers and newcomers interested in modern developments

in fuzzy graphs.
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Pal et al. (2020b) provide a comprehensive treatment of both foundational concepts and
recent advances in fuzzy graph theory, blending rigorous mathematical development with
illustrative applications. The book’s establish the basic definitions, structures, and prop-
erties of fuzzy graphs, and then progressively build toward advanced topics and special-
ized graph classes (e.g., competition, threshold, tolerance, bipolar, and intuitionistic fuzzy
graphs). Throughout, the authors emphasize how fuzzy graph theory extends classical graph
concepts to model uncertainty and imprecision in real world networks and relational sys-
tems. The other concepts on FGs, including fuzzy planar graphs, fuzzy competition graphs,

FG coloring, m-polar FGs and so on, stuided (Pal et al., 2020a).

Mordeson et al. (2023) apply fuzzy graph theory and related mathematical tools to model
and analyze complex global challenges where uncertainty, imprecision, and incomplete in-
formation are inherent. The authors extend traditional fuzzy graph structures (such as fuzzy
soft semigraphs and directed fuzzy incidence graphs) and use them to examine real world
problems including human trafficking networks, climate change feedback processes, forest
fire modeling, and migration flows. In doing so, the book demonstrates how fuzzy graph
concepts can provide quantitative insight into social, environmental, and ethical issues that

are difficult to represent with crisp mathematical models.

Bhattacharya and Pal (2023) integrate fuzzy graph theory with facility location and covering
concepts to address complex real world optimization problems involving uncertainty. The
authors develop a mathematical model that combines the tree covering problem on fuzzy
graphs with facility location objectives minimizing costs, minimizing the number of facili-
ties, and maximizing demand coverage under fuzzy (imprecise) conditions. They then apply
this framework to a real life scenario involving the Indian banking system, specifically opti-
mizing the circulation and supply of different banknote denominations within the economy,

where relationships and costs are inherently vague or uncertain.

2.9 Intuitionistic Fuzzy graph

The formal development of intuitionistic fuzzy graphs was advanced by Parvathi and Karunam-
bigai (2006), who extended classical and fuzzy graph concepts into the intuitionistic fuzzy
environment. They demonstrated that fundamental graph properties such as adjacency, de-

gree, paths, connectivity, and cycles can be systematically generalized while preserving es-
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sential structural characteristics. Their work established intuitionistic fuzzy graphs as a nat-
ural progression beyond fuzzy graphs for modeling uncertainty in complex networks. This
dual grade representation captures both positive evidence and negative evidence about rela-
tionships, allowing for a richer modeling of uncertainty than traditional fuzzy graphs espe-

cially in scenarios where both affirmation and negation information coexist.

Intuitionistic fuzzy graphs have been widely applied in decision-making, medical diagnosis,
communication networks, and pattern recognition, where both positive and negative evi-
dence play critical roles. Compared to fuzzy graphs, intuitionistic fuzzy graphs offer greater
flexibility by explicitly capturing hesitation, which is crucial in systems with incomplete or
ambiguous information. Karunambigai et al. (2013) introduced and investigated the con-
cept of balanced IFGs. In their work, balance is defined by extending the classical notion
of balanced signed graphs to the intuitionistic fuzzy setting, where each vertex and edge is
characterized by both membership and non-membership degrees. A balanced IFG is one in
which the combined effect of these degrees along every cycle satisfies a consistency condi-
tion, ensuring structural harmony and stability. This study helps in analyzing consistency,

equilibrium, and reliability in systems modeled using intuitionistic FGs.

Akram and Alshehri (2014) developed the important IFG theoretical concepts, including
intuitionistic fuzzy bridges, intuitionistic fuzzy trees, intuitionistic fuzzy cycles, and intu-
itionistic fuzzy cut nodes and examined some of their exciting properties. Rashmanlou et al.
(2015) establish and analyze categorical structures and algebraic operations in the context
of IFGs an extension of fuzzy graphs where each vertex and edge is characterized by both
a membership degree and a non membership degree. The authors define several new graph
products (direct, lexicographic, and strong products) for IFGs, explore how classical graph
constructions behave under these products, and describe how IFGs form a category with ho-
momorphisms exhibiting desirable categorical properties such as products, coproducts, com-
pleteness and co-completeness. This bridges intuitionistic fuzzy graph theory with category
theory, which provides a high level, structural view of how IFGs relate through mappings

and constructions.

Yaqoob et al. (2019) introduces complex intuitionistic fuzzy graphs (cif graphs) a new graph
based modeling structure that blends complex intuitionistic fuzzy sets with graph theory

to represent uncertainty in both magnitude and phase components of membership and non
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membership. These graphs extend classical and intuitionistic fuzzy graphs by allowing com-
plex values (with amplitude and phase in the complex plane) for vertices and edges, captur-
ing richer and more nuanced information. The authors define foundational operations (e.g.,
union, join, composition), discuss graph homomorphisms, and apply the framework to a de-

cision making problem in the context of cellular network provider companies.

Shao et al. (2020) extend key domination related concepts from classical and fuzzy graph the-
ory to intuitionistic fuzzy graphs (IFGs) graphs in which vertices and edges are characterized
by both membership and non membership degrees, allowing richer modeling of uncertainty.
Specifically, the authors define and study bondage sets (BS), non bondage sets (NBS), the
bondage number ¢ (G), and the non bondage number o (G) within the IFG context, based
on a newly defined notion of strong arcs (SAs) reflecting connectivity strength in IFGs. They
develop theoretical results and illustrate the definitions with examples. Then, to demonstrate
practical relevance, they apply these concepts to a water supply system, modeling supply
points and pipelines using an IFG and showing how strong pipelines and domination param-

eters can guide where to locate pumps and improve water distribution under uncertainty.

Nazir et al. (2023) proposed an improved algorithm for identifying dominating node sets
in IFGs. Their work enhances existing domination algorithms by incorporating both mem-
bership and non-membership degrees of vertices and edges, leading to more accurate and
efficient selection of dominant nodes. The improved algorithm reduces computational com-
plexity while better handling uncertainty, making it suitable for decision-making, network

control, and optimization problems modeled by intuitionistic fuzzy graphs.

Shi et al. (2022) introduced the concept of picture fuzzy graphs (PFGs) by extending fuzzy
and intuitionistic fuzzy graph models. In a picture fuzzy graph, each vertex and edge is
characterized by four parameters: positive membership, neutral membership, negative mem-
bership, and refusal degree. This richer structure allows PFGs to model situations involving
agreement, neutrality, disagreement, and hesitation simultaneously. Their work provides
a more expressive graph framework for handling complex uncertainty and multi-opinion

decision-making problems.

32



2.10 Neutrosophic graphs

The concept of NGs was first introduced by Kandasamy et al. (2015) where both the vertex
set and the edge set were modeled as neutrosophic sets to effectively capture truth, indeter-
minacy, and falsity. Building on this foundation, Akram et al. (2018) further developed the
theory of SVNGs as an extension of classical graph theory, providing a structured framework

for representing uncertainty, imprecision, and indeterminacy within graph-based systems.

SVNGs generalize fuzzy graphs and intuitionistic fuzzy graphs by assigning each vertex and
edge a truth membership, indeterminacy membership, and falsity membership value, each
ranging independently in [0, 1]. This richer structure enables modeling of complex relation-
ships where connections are not simply present or absent but can have varying degrees of
truth, falsity, and uncertainty simultaneously. The work systematically defines these graphs,
explores structural properties, and lays the foundation for extensions and applications in de-

cision making and other fields where indeterminate information is important.

Significant contributions to the development of neutrosophic graph theory were made by
Broumi et al. (2018a) who systematically studied the structure and properties of SVNGs.
Their work generalized fundamental graph concepts such as adjacency, degree, paths, con-
nectivity, and domination within the neutrosophic environment. These extensions preserve
the essence of classical graph theory while providing a robust framework for modeling un-
certainty and indeterminacy. The concept of strong neutrosophic graphs is introduced and its

interesting properties are studied (Dhavaseelan et al., 2015).

Furthermore, Kandasamy et al. (2016) extended neutrosophic graph theory by defining con-
ditions under which edges fully reflect the neutrosophic values of their end vertices. They
also explored subgraph topological subspaces, providing a framework to study structural
properties, connectivity, and relationships within neutrosophic graphs, which helps model

complex systems with uncertainty, indeterminacy, and inconsistency more rigorously.

Jan et al. (2019) introduced the concept of constant single-valued neutrosophic graphs (CSVNGs),
defining their key characteristics and structural properties. This work extends neutrosophic
graph theory by focusing on graphs where the neutrosophic membership, indeterminacy, and

non-membership values remain constant across vertices and edges, providing a simplified
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yet powerful framework for modeling consistent uncertainty in complex systems.

2.11 Turiyam graphs

A Turiyam graph extends classical and neutrosophic graphs by associating each vertex and
edge with multi-component membership values, typically including truth, indeterminacy,
falsity, and an additional Turiyam (or neutral/liberal) component. The method of character-
ization of this unknown, undefined, and impossible in true (z), uncertain (i), and liberal re-
gions () was independently introduced (Singh, 2022). This layered structure allows Turiyam
graphs to represent heterogeneous networks in which nodes may play different functional

roles or exist in different logical states simultaneously.

Bal et al. (2022) extended the notion of neutrosophic vector space to the Turiyam vector
spaces. Based on this Turiyam space, they defined other concepts, including the AH-turiyam
subspace. Basher et al. (2022) defined the notion of a symbolic Turiyam group and stud-
ied its elementary properties, including symbolic Turiyam subgroups, homomorphisms, and
isomorphisms. Ani et al. (2023) determined the inverse of the non-square real symbolic
Turiyam matrix by the Moore-Penrose inverse method. They developed an algorithm for

this method.

Singh (2023a) introduced the Turiyam geometry and then characterized non-Euclidean data
in Euclidean, Non-Euclidean, Hybrid or Neutro-Geometry and Turiyam Geometry. Recent
studies by Ganati et al. (2023a) introduced Turiyam graphs as a powerful tool for social net-
work analysis, demonstrating their effectiveness in capturing complex human interactions
that cannot be adequately modeled using traditional graph structures. Their work formalized
basic properties of Turiyam graphs and illustrated how Turiyam representations generalize

fuzzy and neutrosophic graphs as special cases.

Turiyam graphs are particularly suitable for applications involving layered decision pro-
cesses, uncertain resource allocation, healthcare systems, and communication networks,
where relationships may exhibit coexistence of certainty, uncertainty, neutrality, and contex-
tual freedom. The additional Turiyam component enables more realistic modeling of such

systems by accommodating states that are neither strictly true nor false nor indeterminate.

The evolution from fuzzy logic to intuitionistic fuzzy logic and finally to neutrosophic logic
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reflects a continuous effort to model uncertainty more realistically. Fuzzy logic captures par-
tial truth, intuitionistic fuzzy logic adds hesitation, and neutrosophic logic explicitly models
indeterminacy and inconsistency. Turiyam logic and Turiyam graphs further extend this pro-
gression by introducing additional states beyond neutrosophic representation, enabling even

richer modeling of real-world systems.

2.12 Domination in classical Graphs

Classical domination theory assumes crisp, binary adjacency: either a vertex dominates an-
other, or it does not. Real-world systems such as social networks, sensor grids, and decision
support environments, however, are fraught with imprecision, vagueness, hesitation, and in-
determinacy. This has motivated extensive research on domination concepts in uncertain
graph models where adjacency and influence are not absolute but graded or uncertain. The
literature on domination in uncertain graphs reflects an evolutionary hierarchy of logical
frameworks: from fuzzy logic, through intuitionistic fuzzy logic, to neutrosophic logic and
ultimately Turiyam logic. Each successive model captures richer forms of uncertainty but

also introduces new theoretical and practical challenges.

Bollobas and Cockayne (1979) investigated graph-theoretic parameters related to domina-
tion, independence, and irredundance, establishing important relationships and inequalities
among these parameters. Their results form a theoretical backbone of domination theory, in-
fluencing later developments in structural graph theory and generalized domination models.
Brigham et al. (1988) studied vertex domination-critical graphs, that is, graphs in which the
domination number decreases upon the removal of any vertex. Their work provides structural
characterizations and properties of domination-critical graphs, contributing significantly to

the theory of domination stability and sensitivity in graph structures.

Brigham et al. (1996) introduced the concept of double domination in graphs, in which each
vertex is required to be dominated by at least two vertices from a dominating set. This
notion strengthens classical domination and is particularly relevant for fault-tolerant and re-
silient network models, where redundancy in control and coverage is essential. Cockayne
et al. (1980) introduced the concept of total domination in graphs, where every vertex must
be adjacent to a dominating vertex, including vertices within the dominating set itself. This

concept strengthens classical domination and plays a crucial role in network monitoring,
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communication systems, and fault-tolerant graph models.

Haynes and Slater (1998) provided a comprehensive and rigorous treatment of domination in
graphs, formalizing fundamental concepts such as dominating sets, domination numbers, and
their variants. Additionally, they presented advanced topics in domination theory, covering
refined domination parameters, algorithmic aspects, and structural variations of dominating
sets in graphs. Their work serves as the classical foundation for domination theory, upon
which later extensions to fuzzy, intuitionistic fuzzy, neutrosophic, and Turiyam graph frame-

works have been developed.

2.13 Domination in Uncertain graphs

2.13.1 Domination in Fuzzy Graphs

The earliest extension of domination into uncertain graph models is found in fuzzy graphs,
where vertices and edges possess membership values in [0, 1] representing the degree of
presence or influence. In this context, Somasundaram (1998) formally introduced fuzzy
domination, defining fuzzy dominating sets and fuzzy domination numbers based on thresh-

old membership values.

Enriquez et al. (2021) extended fuzzy domination to directed fuzzy graphs, defining fuzzy
dominating sets and fuzzy domination numbers for fuzzy digraphs and analyzing their struc-
tural properties. This work enables the study of directional influence, control, and coverage
in fuzzy network models. Fuzzy domination permits partial control where influence is not
binary. However, membership degrees alone do not capture non-membership or hesitation,

limiting the expressiveness in systems with conflicting or incomplete data.

2.13.2 Domination in Intuitionistic Fuzzy Graphs

The concept of domination in intuitionistic fuzzy graphs (IFGs) has attracted significant at-
tention in recent years due to its ability to model control, influence, and decision-making
in uncertain networks. Parvathi and Thamizhendhi (2010) laid the groundwork by defining
intuitionistic fuzzy dominating sets and corresponding domination numbers, using mem-
bership and non-membership thresholds to quantify influence. By incorporating hesitation

degrees, their approach extended classical fuzzy domination theory, offering a more expres-

36



sive framework for analyzing complex systems where uncertainty, indecision, and partial
knowledge play a critical role. This foundation has paved the way for further research into
algorithms and applications that identify dominant nodes and optimize network control in

intuitionistic fuzzy environments.

Karunambigai et al. (2017) studied multiple variants of domination in intuitionistic fuzzy
graphs, including total domination, independent domination, and minimal domination, all
defined using membership-non-membership thresholds. Their work systematically extends
classical domination variants to the intuitionistic fuzzy graph framework, enriching the the-
ory of domination under uncertainty. Nagoorgani et al. (2016) extended the concept of dou-
ble domination to intuitionistic fuzzy graphs, where each vertex must be dominated by at
least two vertices based on membership, non-membership thresholds. Their study provides a
framework for redundancy and fault-tolerance in networks under uncertainty, bridging clas-

sical double domination and intuitionistic fuzzy graph theory.

Sahoo et al. (2017) investigated covering and paired domination in intuitionistic fuzzy graphs,
defining sets that simultaneously satisfy domination and pairing constraints under member-
ship and non-membership thresholds. Their work extends classical domination concepts
to handle interdependent control, redundancy, and coverage in uncertain network structures.
Bozhenyuk et al. (2021) proposed computational methods for determining domination sets in
intuitionistic fuzzy graphs, focusing on efficient algorithms to calculate domination numbers
based on membership and non-membership thresholds. Their work addresses the practical
computation of domination in large or complex intuitionistic fuzzy networks, bridging theo-

retical definitions with algorithmic implementation.

Shao et al. (2020) introduced new concepts in intuitionistic fuzzy graphs and demonstrated
their application in water supply network systems. Their work highlights the practical utility
of intuitionistic fuzzy graph models in real-world systems, allowing for modeling of un-
certainty, partial information, and decision-making in complex network infrastructures. Sa-
dati et al. (2021) investigated domination in intuitionistic fuzzy incidence graphs, extending
classical domination concepts to incidence-based graph structures under membership—non-
membership thresholds. Their work provides a theoretical framework for analyzing influence
and control in networks where relationships are represented via incidence structures, enhanc-

ing the study of uncertainty and connectivity in intuitionistic fuzzy graphs.
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Hameed et al. (2023) studied total perfect and total efficient domination in intuitionistic fuzzy
graphs, extending classical domination concepts to ensure complete coverage and efficiency
under membership—non-membership thresholds. Their work provides a rigorous framework
for analyzing optimal control, redundancy, and network efficiency in intuitionistic fuzzy
structures. Guan et al. (2024a) and others have explored intuitionistic fuzzy domination,
defining dominating sets based on membership—non-membership thresholds. Intuitionistic
fuzzy domination accounts for acceptance, rejection, and hesitation, offering a more nuanced
uncertainty model. Yet, intuitionistic fuzzy models still constrain the sum of membership
and non-membership, which can prevent accurate modeling of inconsistent or contradictory

evidence.

2.13.3 Domination in Neutrosophic graph

The concept of neutrosophic graphs originates from Neutrosophic Logic, introduced by
Smarandache (1998) as a generalization of classical, fuzzy, and intuitionistic fuzzy logic.
Neutrosophic logic characterizes information using three independent components: truth
(T), indeterminacy (1), and falsity (F). Building on this logical foundation, Broumi, Smaran-
dache, Talea, Bakali, and others extended graph theory into the neutrosophic domain during
the period 2016 — 2019, formally introducing single-valued neutrosophic graphs and inves-

tigating their structural properties.

The theory of domination in neutrosophic graphs has been systematically developed by sev-
eral researchers, notably Broumi et al. (2017), Broumi et al. (2018b), Ali et al. (2019) and
their collaborators. These studies introduced key notions such as ND sets, neutrosophic
domination numbers, and important variants including minimal domination and total domi-
nation within NG frameworks. By explicitly incorporating truth, indeterminacy, and falsity
components into vertex adjacency and influence relations, their work extends classical and
fuzzy domination theories, providing a more expressive and realistic model for analyzing

dominance and control in uncertain and indeterminate network structures.

Mullai and Broumi (2020) introduced the concept of dominating energy in neutrosophic
graphs, extending domination theory by integrating spectral graph measures with neutro-
sophic sets. Their work provides a quantitative framework for analyzing influence, connec-

tivity and control in networks under uncertainty, combining structural and numerical perspec-
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tives in neutrosophic graph theory. Garrett (2023) introduced the concept of neutrosophic
domination, extending classical and fuzzy domination theories to neutrosophic graphs. By
incorporating truth, indeterminacy and falsity components, this framework allows for mod-
eling domination under uncertainty, incomplete information and contradictory relationships

in network structures.

Raji et al. (2025) introduced neutrosophic complete graphs and the concept of neutrosophic
excellent domination, extending classical and FD frameworks. Their work defines dominat-
ing sets with maximal influence under truth, indeterminacy, and falsity components, provid-

ing a robust framework for analyzing complete network structures under uncertainty.

2.14 Gaps in the Literature

Despite substantial progress in the study of domination in uncertain graphs, several critical

gaps remain in the existing literature:

Fuzzy and intuitionistic fuzzy domination frameworks are well-established; however, many
domination variants such as Total, Paired, Split, and Equitable domination have not been sys-
tematically generalized to these uncertain settings with a consistent theoretical foundation.
Similarly, neutrosophic domination sets have been introduced, but they often lack compre-
hensive axiomatic development, particularly for layered, hybrid, or multi-functional graph

structures.

Furthermore, much of the research on domination in uncertain graphs emphasizes defini-
tions and illustrative examples, with relatively little attention paid to algorithmic develop-
ment, computational efficiency, or complexity analysis. Efficient algorithms, approximation
strategies, and formal complexity bounds for domination in fuzzy, intuitionistic fuzzy, and

neutrosophic graphs remain largely underexplored.

While existing domination theories provide a strong foundation, they are insufficient for
modeling complex, multi-layered, and functionally heterogeneous networks that are com-
mon in real-world systems. Social networks, healthcare systems, and other large-scale in-
frastructures often exhibit uncertainty, layered interactions, and context-dependent relation-

ships, which traditional frameworks cannot fully capture.

The TG framework addresses these limitations by integrating uncertainty modeling with
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functional and structural hierarchies. This approach enables a more comprehensive and re-
alistic treatment of domination, supporting both theoretical development and practical appli-

cations in complex networked environments.

2.15 Motivation of the Study

The primary motivation for this research stems from the absence of a comprehensive and
unified theory of domination in Turiyam graphs. Fundamental questions-such as how dom-
ination should be defined in Turiyam graphs, how domination parameters behave, and how
classical domination results generalize to this framework-remain largely unexplored. In ad-
dition, algorithmic approaches for identifying dominating sets in Turiyam graphs are limited,
particularly for large-scale or application-driven networks, leaving a significant gap between

theory and practice.

Another important motivation arises from the lack of a hierarchical framework connecting
domination concepts across classical, fuzzy, intuitionistic fuzzy, neutrosophic, and Turiyam
graphs. Establishing such a hierarchy is crucial for understanding how domination evolves
with increasing uncertainty and for identifying special cases and generalizations. Turiyam
domination has the potential to subsume existing domination models, providing a coherent

and flexible framework for domination under uncertainty.

From a practical perspective, Turiyam domination enables more realistic modeling and decision-
making in complex networks. In healthcare systems, for example, hospitals, clinics, and
monitoring units may operate under varying conditions that cannot be adequately captured
by classical or existing uncertain graph models. Similarly, in sensor networks, social net-
works, and other distributed systems, nodes may exhibit neutrality, contextual independence,
or multi-layered interactions that influence domination behavior. Turiyam graphs provide a
framework capable of representing such functional and contextual nuances, thereby improv-

ing the accuracy and applicability of domination-based analysis.

Therefore, the motivation of this study is to develop a rigorous, unified, and application-
oriented theory of domination in Turiyam graphs. By addressing existing theoretical gaps
and providing computational and practical tools, this research aims to advance the field of
graph domination and offer meaningful methods for analyzing, optimizing, and managing

complex uncertain networks.
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CHAPTER 3

Preliminary Concepts

3.1 Introduction

Graph theory is a very important tool to represent many real-world problems. Graphs do not
represent all the systems properly due to the uncertainty of the parameters of the systems,
while the world is full of uncertainties. To overcome this, versions of graph theory, including
fuzzy graphs, intuitionistic fuzzy graphs, single valued neutrosophic graphs, and Turiyam

graph were presented.

In this chapter, we review some important notions of the uncertain logic and uncertain graphs
that are helpful to this dissertation work. The sequence between the definitions of each
notion is established. Further, the concepts of domination of FGs, domination of IFGs, and
domination of NGs are also established by using some examples. Those concepts are useful

in developing new theories.

3.2 Uncertain Graphs

Real-world networks often involve incomplete information, vagueness, hesitation, and in-
determinacy that cannot be adequately represented using classical (crisp) graph models. To
address these limitations, several extensions of graph theory have been proposed, including
fuzzy graphs, intuitionistic fuzzy graphs, neutrosophic graphs, and more recently, Turiyam
graphs. These models progressively enhance expressive power by incorporating varying de-
grees of uncertainty and logical interpretation (Rosenfeld, 1975b; Atanassov, 1986; Smaran-
dache, 1998; Parvathi and Karunambigai, 2006; Broumi et al., 2018a; Jan et al., 2019; ?;
Nazir et al., 2023).
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Definition 3.2.1. A classical(crisp) graph is a mathematical structure used to model pairwise
relationships between objects. Formally, a graph is defined as an ordered pair G =V, E
where V is a finite non-empty set of vertices (nodes) and E C {u,v|(u,v) € V,u # v} is a set

of edges connecting pairs of vertices.

3.2.1 Fuzzy Graph

Definition 3.2.2. Let V be a non-empty finite set of vertices. A G is an ordered pair Gr =
(o,u) where 6 : V — [0, 1] is a fuzzy vertex membership function and L : V xV — [0, 1] is
fuzzy edge membership function satisfying the condition it (u,v) <min{(a (a;), o (a;) } ,V (u,v) €
V. Here, G (1) represents the degree to which the vertex u belongs to the graph, while p (u,v)
represents the degree of adjacency between vertices u and v. Ifu (u,v) = 0, then no edge ex-

ists between u and v in the fuzzy sense.

Example 3.2.1. Let V = {v|,v2,v3} be a finite set of vertices. Define the fuzzy vertex mem-
bership function 6 : V — [0,1] by 6 (vi) = 1,0 (v2) = 0.7,0 (v3) = 0.4. Define the fuzzy
edge membership function p:V xV — [0,1] as u(vi,v2) = 0.6, p(vp,v3) = 0.4, and
U (vi,v3) = 0.2. Since for every pair of vertices vi,v; €V, i (u,v) < min{(oc (a;), o (aj) }
The pair Gr = (0, 1) satisfies the condition of fuzzy graph.
Definition 3.2.3. Let G = (0, 1) be a fuzzy graph on a finite non-empty vertex set V, where
0 :V — [0,1] is a fuzzy vertex membership function and i -V xV — [0, 1] is fuzzy edge
membership function satisfying the condition [t (u,v) < min{(a(a;),a (a;)},¥ (u,v) € V.
A fuzzy Graph Hr = (o, Uy) is called a fuzzy subgraph of G if there exists a subset
Vg CV such that oy (v) < o (v),Vv € Vi and uy (u,v),Yu,v € Vy. Thus, a fuzzy subgraph
is obtained by selecting a subset of vertices and edges from the original fuzzy graph and
possibly reducing their membership values, while preserving the fuzzy graph conditions.
Definition 3.24. If oy (v) = o (v),ug (u,v) = u(u,v),V (u,v € Vg ), then Hp is called in-
duced subgraph of Gr .

3.2.2 An Intuitionistic Fuzzy Graphs

Definition 3.2.5. Let V be a finite non-empty set of vertices. An intuitionistic fuzzy graph

(IFG) is defined as an ordered pair Gip = (A,B), where A is an Intuitionistic fuzzy set on
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V and B is intuitionistic fuzzy relation on V X V. For each v € V, the intuitionistic fuzzy
vertex membership is given by A (v) = (ua (v),va (v)), where uy (v) € [0,1] is the degree of
membership v (v) € [0,1] is the degree of non-membership such that 0 < us (v) +va (v) <
1. Similarily, for each ordered pair (u,v) <V XV, the intuitionistic fuzzy edge member-
ship is defined by B (u,v) = (ug (u,v),vp(u,v)), where ug(u,v),vg(u,v) € [0,1], and 0 <
ug (u,v) +vp (u,v) < 1. The intuitionistic fuzzy relation B must satisfy the following consis-
tency conditions: pp(u,v) < min{ps (u), s (v)}vp (u,v) > max{va (u),va (u)},Yu,v € V.
The hesitation (or indeterminacy) degree associated with a vertex or edge is implicitly de-

finedas ma (v) =1—pus (v) —va(v), 7 (u,v) = 1 — up (u,v) —vp (u,v).

Example 3.2.2. Let V = v{,v,,v3 be a finite set of vertices. Define the intuitionistic fuzzy
vertex set Aon'V as A (vy) = (0.9,0.5), A (vz) = (0.7,0.2), A (v3) = (0.5,0.3). For each ver-
tex vi €V, the hesitation degree is given by my (v) = 1 — g (vi) —va (v;). Hence, w4 (vi) =
0.05, s (v2) = 0.1, ma (v3) = 0.2. Also, define the intuitionistic fuzzy edge set BonV xV
as B(vi,v2) = (0.6,0.25) ,B(v2,v3) = (0.5,0.4) ;B (vy,v3) = (0.4,0.5). These values sat-
isfy the intuitionistic fuzzy graph conditions: pp(u,v) < min{us (u),us (v)},vp(u,v) =
max {va (u),va (v)},Yu,v € V. Therefore, the ordered pair Gir = (A, B) forms a valid intu-

itionistic fuzzy graph.

3.2.3 Neutrosophic Graphs

Definition 3.2.6. Let V be a finite non-empty set of vertices. A neutrosophic graph (IFG)
is defined as an ordered pair Gy = (A,B), where A is neutrosophic set on V and B is
neutrosophic relation on V x V. For each v € V, the neutrosophic vertex membership is
given by A(v) = (Ty (v) 1o (v) ,Fa (v)), where Ty (v) € [0, 1] denotes the truth membership
degree, Iy (v) € [0,1] denotes the indeterminacy membership degree, Fy (v) € [0,1] denotes
the falsehood membership degree, with condition 0 < Ty (v) 4+ 14 (v) + F4 (v) < 3. Simi-
larly, for each ordered pair (u,v) € V X'V, the neutrosophic edge membership is defined
as B(u,v) = (T (u,v),Ip (u,v),Fp (u,v)), where Tg(u,v),Ig(u,v),Fg(u,v) € [0,1] satisfy
Tg (u,v) =min{Ty (u),T, (v)},Ip (u,v) > max {Ty (u), T4 (v)},Fp (u,v) >max{T (u),Tx (v)}.

Example 3.2.3. Let V =v,vy,v3.

Define the neutrosophic vertex set A as A (vi) = (0.9,0.05,0.05) ,A (v2) = (0.7,0.2,0.1) ,A (v3) =
(0.5,0.3,0.2). Define neutrosophic edge set B by B(vi,v2) = (0.6,0.25,0.15) ,B (v2,v3) =
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(0.5,0.3,0.2) ,B(vy,v3) = (0.4,0.4,0.2). These values satisfy the neutrosophic consistency

conditions. Hence, Gy = (A, B) is a valid neutrosophic graph.

3.2.4 Turiyam Graphs

Definition 3.2.7. Let V be a finite non-empty set of vertices. A Turiyam graph is an ordered
quadruple Gy = (V,E,L,F) where V is a set of vertices and E CV XV is the set of edges L =
{Ly,Ly,...,L;} is a finite collection of logical layers, typically corresponding to classical,
fuzzy, intuitionistic fuzzy, neutrosophic representations, F = {fi, f2,..., fc} is a family of
valuation functions assigning logical values to vertices and edges in each layer. For a vertex

v € Vand edge (u,v) € E, the Turiyam valuation in layer L; is given by

1, Classical layer,
u(v) €[0,1], Fuzzy layer,

filv) =
(u(v),u(v)), Intuitionistic layer,
(T(v),I(v),F(v)), Neutrosophic layer.

Edge valuations are defined analogously. Thus, a Turiyam graph unifies multiple logical
representations within a single structured framework, enabling simultaneous modelling of

certainity, vagueness, hesitation and indeterminacy.

Definition 3.2.8. Consider a finite set of vertices and edges V = {S;:i=1,2,....n} and
E = {(Si,Sj) = 1,2,...,n} respectively. A Turiyam graph of a graph G = (V,E) is de-
fined by Gt = (A, B), where:

(a)ta,ln,Fo,Ls : V — [0, 1] represents the truth value (tv) of s; the indeterminacy value (iv)
of si the falsity value (fv) of s; and the turiyam state (or liberal) value (Iv) of s; respectively,
Vsi € V such that O <ta(si) + Ls(si) + fa(si) +1a(si) <4, Vs; e V,i=1,2,....n

(b) t,Ig,Fg,Lg : E CV xV — [0,1] given by tg(a;b;) < min{ta(a;),1a(bj)}, in(aibj) <

min {iA (a,-), iA (bj> }, fB(aibj) S max {fA (ai),fA (b]) }, and lB(aibj) S min {ZA (ai), lA (b])} ,V(a,-bj) <

V represents the truth, indeterminacy, falsity and turiyam mappings from EtoV XV re-
spectively, such that 0 < t,({aib;}) +ip({aib;}) + fo({aibj}) + ({aib;}) <4,V {aib;} €
Eij=1,2,...n
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Example 3.2.4. Consider a Turiyam graph Gt = (A,B) of G = (V,E), where

V ={vi,v,v3}

and E = {vivy,vyv3,v3vi}. Let A and B be Turiyam sets on V and E, respectively, with
v =(0.4,0.6,0.1,0.7), v =(0.1,0.4,0.8,0.3), v3 =(0.6,0.8,0.1,0.7),and viv, =
(0.1,0.2,0.7,0.2), vovy = (0.1,0.4,0.8,0.2), vivz = (0.2,0.5,0.1,0.4).

Here, vi = (0.4,0.6,0.1,0.7) is a Turiyam vertex, and vivy = (0.1,0.2,0.7,0.2) is a

Turiyam edge.

Definition 3.2.9. Let Gr = (A, B) be a Turiyam graph. Two vertices v; and v; are said to be

adjacent if the edge v;v; exists and satisfies

l‘B(ViVj) = min{tA (Vi)atA(Vj)}7

iB(V,'Vj) = min{iA (Vi)7 iA (Vj)}a

fe(vivj) = max{fa(vi), fa(v;)},

and Ig(viv;) = min{ls(v;),la(v;)}, for every {v;,v;} € V.
In this case, v; and v are called neighboring vertices, and the edge e = v;v; is said to be

incident with both v; and v .

Definition 3.2.10 (Neighborhood of a Vertex). Let Gy = (A, B) be a Turiyam graph and let
vi € V(Gr). The neighborhood of v;, denoted by N(v;), is defined as

N(vi) ={v; € V(Gr) : v; is adjacent to v;}.

That is, N(v;) consists of all vertices that are connected to v; by an edge in Gr.

3.3 Domination in uncertain graph models

This section reviews the evolution of domination concepts from fuzzy graphs to intuitionistic
fuzzy graphs, neutrosophic graphs, and single-valued neutrosophic graphs. This progression
reflects increasing expressive power in handling vagueness, hesitation, and indeterminacy,

forming the theoretical basis for domination in Turiyam graphs.
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In this section, the concepts of domination; domination in fuzzy graph, domination in intu-
itionistic fuzzy graph and domination in neutrosophic and single valued graph are reviewed
(Rosenfeld, 1975b; Atanassov, 1986; Smarandache, 1998; Parvathi and Karunambigai, 2006;
Broumi et al., 2018a; Mullai and Broumi, 2020).

3.3.1 Domination in Fuzzy graphs

Definition 3.3.1. Let Gg = (0, 1) be a fuzzy graph, where 6 : V. — [0, 1] is a fuzzy vertex
membership function and L : V XV — [0,1] is fuzzy edge membership function satisfying
the condition p(u,v) < min{o(u),c(v)}, A subset D CV is called a fuzzy dominating set
if for every vertex v € V\D, there exists a vertex u € D such that W(u,v) > 0. The fuzzy

domination number Vr(Gr) is the minimum fuzzy cardinality of such a set.
Example 3.3.1. Let V = (v, vy, v3) with vertex memberships 6(v1) =0.1,0(v) =0.8,06(v3) =

0.6, and edge memberships 1 (vivy) = 0.7, u(vv3) = 0.5. Then D = {v,} is a fuzzy domi-

nating set since both v\ and v3 are adjacent to v, with positive membership.

3.3.2 Domination in Intuitionistic Fuzzy graphs

Definition 3.3.2. An intuitionistic fuzzy graph (IFG) is defined as Gip = (V,E, 1, v), where [l
and v represent membership and non-membership degrees satisfying 0 < p(u,v) +v(u,v) <
1. A set D C Vis an intuitionistic fuzzy dominating set if for every v € V\D, there exists u € D
such that p(u,v) > v(u,v).

Example 3.3.2. Let edge (vi,v2) have u(vi,v2) = 0.7,v(v,v2) = 0.2. Then D = {v,} is an

intuitionistic fuzzy dominating set since membership exceeds non-membership.

3.3.3 Domination in Neutrosophic graphs

Definition 3.3.3. A neutrosophic graph is defined as Gy = (V,E,T,I,F), where each vertex
and edge is associated with: T-truth membership, I-indeterminacy membership, F-falsity
membership. A subset D C Vis a neutrosophic dominating set if for every v € V\D, there

exists u € D such that T (u,v) > F (u,v). The neutrosophic domination number is denoted by
W(Gn).
Example 3.3.3. Let an edge (u,v) be represented as (T,I1,F) = (0.6,0.2,0.2). Since T > F,

vertex u dominates v.
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3.3.4 Domination in single-valued Neutrosophic graphs

Definition 3.3.4. A single-valed neutrosophic graph (SVNG) restricts T,I,F € [0,1], 0 <
T+I1+F <3. Aset D CVisa single-valued neutrosophic dominating set if for each v € V\D,

there exists u € D such that T (u,v) > max {I(u,v),F (u,v)}.

Example 3.3.4. If (u,v) = (0.7,0.1,0.2), then u dominates v since truth-membership is max-

imal.
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CHAPTER 4

Domination and Paired Domination in Turiyam Graphs

Graph theory provides powerful tools for modeling real-world systems affected by uncer-
tainty, ambiguity, and inconsistent information. Neutrosophic graphs have been widely used
to represent such situations by extending classical graph models. However, to better manage
levels of unpredictability that go beyond the traditional true, false, and indeterminate states,
the concept of the Turiyam graph has been introduced recently. Domination and paired dom-
ination are fundamental concepts in both theoretical and applied graph theory. Motivated by
their importance, this work develops the notions of domination and paired domination within
the framework of Turiyam graphs and investigates their fundamental properties. In addition,
domination in complete bipartite Turiyam graphs is analyzed, the concept of strong paired

domination is explored, and practical applications of paired domination are discussed.

4.1 Introduction

Graph theory has long been recognized as a powerful mathematical framework for model-
ing and analyzing complex systems arising in science, engineering, social networks, com-
munication systems, and decision-making processes. Classical graph models, however, of-
ten assume that information is precise and well-defined, an assumption that rarely holds in
real-world situations. In many practical applications, data may be incomplete, ambiguous,
inconsistent, or subject to unpredictable fluctuations. This limitation has motivated the de-
velopment of advanced graph models capable of representing uncertainty more effectively.

Neutrosophic graph theory emerged as an important extension of classical graph theory by
incorporating degrees of truth, falsity, and indeterminacy. These graphs provide a flexible
structure for handling uncertainty in complex systems. Nevertheless, certain real-world sce-

narios involve levels of unpredictability that cannot be fully captured by these three compo-
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nents alone. To address this challenge, the concept of Turiyam graphs has been introduced.
Turiyam graphs extend neutrosophic graphs by including an additional state-Turiyam-which
represents uncertainty beyond truth, falsity, and indeterminacy, thereby offering a richer and
more comprehensive modeling framework.

Within graph theory, the concepts of domination and paired domination play a central role
due to their wide range of theoretical and practical applications. Domination focuses on
identifying a minimum set of vertices that can influence or control the entire graph, while
paired domination strengthens this idea by requiring that the dominating vertices form pairs
connected by edges. These concepts are particularly relevant in applications such as network
monitoring, resource allocation, facility location, and communication systems, where effi-
ciency and reliability are essential.

Despite extensive research on domination and paired domination in classical and neutro-
sophic graphs, their study within the context of Turiyam graphs remains limited. This the-
sis aims to bridge this gap by introducing and systematically investigating domination and
paired domination in Turiyam graphs. The fundamental properties of these concepts are ex-
amined, along with special cases such as domination in complete bipartite Turiyam graphs
and strong paired domination. In addition, potential applications of paired domination are
discussed to demonstrate the practical significance of the proposed theoretical results.

The outcomes of this research contribute to the growing body of knowledge on uncertainty-
based graph models and provide a foundation for future studies in both theoretical develop-

ment and real-world applications of Turiyam graph theory.

4.2 Domination in Turiyam Graph

This section presents the fundamental concepts related to domination in Turiyam graphs.
It begins by introducing the notion of strong edges and domination defined through strong
edges. The section then discusses minimal dominating sets in Turiyam graphs, along with
their maximal cardinality and the role of maximal independent sets within this framework.
Finally, the concept of total dominating sets in Turiyam graphs is examined, and illustrative

examples are provided to clarify and support the theoretical definitions.
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Definition 4.2.1. ( Ganati 2023). Let TG = (A,M) be a Turiyam graph. An edge (x,y) €
E(TG) is called a Turiyam strong edge if the direct edge attains the strongest connectivity

between x and vy, i.e.,
TM(X,y):TA}O(X,y>, IM(x7y):IIOIZ(X7y)7

FM(xay):FAc;[O(xay)v LM(x7y):L1°\Z(x7y)7
where

Ty (x,y) = sup Ty (x,y), Iy (x,y) = inf Iy (x,y),
m>1 m>1

Fif(oy) = inf Fi(ey),  Li(ny) = supLiy(x,y).

m>1
Definition 4.2.2. ( Ganati 2023). Let x be a node in a Turiyam graph Tg = (A,M). The

neighbour set of x in Tg, denoted by N(x), is defined as
N(x)={y€A : (x,y) is a strong edge in 15} .

Definition 4.2.3. ( Ganati 2023). A node x € A of a Turiyam graph Tg is called an isolated
node if
TM(x7y>:0, IM(X,y):O, FM(X,y):O, and LM(xvy):O

for everyy € A. Equivalently, the neighbour set of x is empty, that is,
N(x)=o.

Hence, an isolated node has no influence on any other vertex of the graph and does not

dominate any vertex in Tg.

Definition 4.2.4. Suppose Tg = (A,M) is a Turiyam graph associated with a crisp graph G.
For x,y € A, the vertex x is said to dominate y in Tg if there exists a strong edge between x

and y.

Remark.
e Forany x,y € A, if x dominates y, then y also dominates x.

e Foranyy € A, the neighbour set N(y) consists of all vertices in A that are dominated

by y.
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e [f for every pair of vertices x,y € A,

Tux,y) =Ty (x,y),  Iu(xy) =Iy(xy), Fu(xy) =Fy(xy),  Lu(xy)=Lyg(x,y),
then every edge of TG is a strong edge. Consequently, every pair of vertices is strongly
adjacent. Hence every vertex strongly dominates every other vertex, and any nonempty
subset of vertices forms a dominating set. In particular, the domination number of TG
is 1.

Definition 4.2.5. Let T = (A, M) be a Turiyam graph. A subset C C A is called a dominating

set of T if every vertex in A\ C is dominated by at least one vertex in C. That is, for each

y € A\C, there exists a vertex x € C such that x dominates y in Tg.

Definition 4.2.6. Let T = (A,M) be a Turiyam graph. A dominating set C C A is called a
minimal dominating set if no proper subset of C is a dominating set of Tg. Equivalently, for

every vertex x € C, the set C\ {x} is not a dominating set of Tg.

Definition 4.2.7. The minimum cardinality among all minimal dominating sets of a Turiyam
graph is called the lower domination number of the graph and is denoted by dy(Tg).
Similarly, the maximum cardinality among all minimal dominating sets of a Turiyam

graph is called the upper domination number and is denoted by Dy(Tg).

Definition 4.2.8. Ganati (2023). Vertices of a Turiyam graph Tg = (A,M) are said to be

independent if no strong edge exists between any pair of them.

Definition 4.2.9. Ganati (2023). A subset C C A is called an independent set of a Turiyam
graph T = (A, M) if, for every x,y € C,

Tu(xy) <Tyg(xy),  In(xy) <Iy(xy),  Fu(xy) <Fy(xy), and  Ly(xy) <Ly(x,y).

Definition 4.2.10. Ganati (2023). Let Tg = (A,M) be a Turiyam graph. A subset I C A is
called an independent set if no two distinct vertices in I are strongly adjacent. That is, for

every x,y € [ with x # y, the edge (x,y) is not a strong edge in Tg.

Definition 4.2.11. An independent set C of a Tg = (A, M) is said to be maximal independent
if, for every vertex y € A\ C, the set CU{y} is not an independent set of Tg.

Definition 4.2.12. The minimum cardinality among all maximum independent sets of a
Turiyam graph Tg is called the lower independence number and is denoted by iy (1¢). [2mm]
Similarly, the maximum cardinality among all maximal independent sets of a TG is called

the upper independence number and is denoted by Iy (Tg).
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Definition 4.2.13. ( Ganati 2023). Let Tg = (A,M) be a Turiyam graph and let x,y € A. The

vertex y is called a strong neighbor of x if the edge (x,y) is a strong edge in Tg, that is,

TM(X,y) Z Tﬁ(x’y)v IM(X,y) Z IE(X,y),

FM(X,y)ZFA?(X,y), LM('X?y)ZL;\}(x’y)

The set of all strong neighbors of x is called the strong neighborhood of x and is denoted by
Ns(x) ={y € A: (x,y) is a strong edge }.

Theorem 4.2.1. Let R be a dominating set of a Turiyam graph Tg = (A,M). Then R is a

minimal dominating set if and only if, for every r € R, at least one of the following holds:

1. ris not a strong neighbor of any other vertex in R;

2. There exists a vertex x € A\ R such that

NGx)NR={r}.

Proof. (=) Suppose that R is a minimal dominating set. Let r € R. Since R is minimal,
the set R" = R\ {r} is not a dominating set. Therefore, there exists a vertex x € A that is

dominated by r in R but is not dominated by any vertex of R’. Two cases arise.
Casel: x=r.

Since r itself becomes undominated after removing r, no other vertex of R strongly dominates

r. Hence, r is not a strong neighbor of any other vertex in R.
Case 2: x #r.

Then x € A\ R. Because x loses domination only when r is removed, no other vertex of R

dominates x. Consequently, N(x) "R = {r}. Thus, condition (2) holds.
Hence, for every r € R, at least one of the two conditions is satisfied.
(<) Conversely, suppose that for every r € R, either condition (1) or condition (2) holds.

Assume, to the contrary, that R is not minimal. Then there exists some r € R such that

R’ = R\ {r}is still a dominating set.
If condition (1) holds, then r has no strong neighbor in R. Since r ¢ R, no vertex of R’
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dominates r, contradicting the assumption that R’ is a dominating set.

If condition (2) holds, there exists a vertex x € A \ R satisfying
N(x)NR={r}.

After removing r, the vertex x is no longer dominated by any vertex of R’, again contradicting
the fact that R’ is a dominating set. Therefore, no vertex can be removed from R while

preserving domination. Hence, R is a minimal dominating set. U

Theorem 4.2.2. Let Tg = (A, M) be a Turiyam graph with no isolated vertices, and let R C A

be a minimal dominating set of T. Then the set A\ R is a prevailing set of Tg.

Proof. Let R be a minimal dominating set of 7, and let y be any vertex in R. Since T has no
isolated vertices, there exists a vertex x € N(y). Thus, y must be dominated by some vertex

in R\ {y}, which implies that R\ {y} is an influencing set.

By Theorem 4.2.1, it follows that x € A\ R. Therefore, each vertex in R is dominated by
at least one vertex in A\ R. This shows that A \ R is itself a dominating set of Tg, i.e., a

prevailing set. O

Definition 4.2.14. Let TG = (A,M) be a Turiyam graph. The order of TG, denoted by

O(TG), is the number of vertices in TG, that is,
O(TG) = |A].

Theorem 4.2.3. Let Tg = (A,M) be a Turiyam graph of order O(Tg), and let Tg denote its
complement graph. Then
dN(Tg) —f-dN(T_G) < ZO(TG).

Furthermore, equality holds if and only if, for every pair of vertices x,y € A, the truth,
indeterminacy, falsity, and refusal membership values are all strictly positive and strictly
less than their corresponding upper bounds; that is, 0 < Ty (x,y) < Ty7 (x,y), 0 < Iy(x,y) <
I (x,y), 0 < Fp(x,y) < Fy;(x,y), and 0 < Ly (x,y) < Ly;(x,y).

Proof. Since every lower dominating set of a Turiyam graph is a subset of its vertex set, the

lower domination number of 7 cannot exceed the order of the graph. Hence,
dn(Tg) < O(Tg).
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Similarly, for the complement graph 7g,
dy(Tg) < O(Tg).
Adding these inequalities gives
dn(Tg) +dn(Tg) <20(Tg)-

For the equality case, observe that equality can occur only when both dy(Tg) and dy(T5)
attain their maximum possible value O(7T). This happens precisely when every pair of ver-
tices satisfies the nontrivial membership conditions 0 < Ty (x,y) < Tp7(x,y), 0 < Iy (x,y) <

I3 (x,y), 0 < Fy(x,y) < Fy7(x,y), and O < Ly (x,y) < L3;(x,y). Therefore,
dn(Tg) +dN(T_6) =20(Tg).
Conversely, if equality holds, then each lower domination number must equal O(7¢ ), which

implies that the above membership conditions are satisfied for every pair of vertices. Hence,

the stated conditions characterize the equality case. 0

Corollary 4.2.1. For any Turiyam graph Tg = (A, M) without isolated vertices, the lower
domination number satisfies

dn(Tg) < % o(Tg).

Proof. Let S C A be a minimum lower dominating set of 7, so that |S| = dy(7¢). Since T
has no isolated vertices, every vertex in A \ S must be dominated by at least one vertex in S.
Thus, each vertex in A \ S is associated with at least one vertex in S, implying that |S| cannot

exceed |A \ S| in a minimal configuration. Hence,
S| < |A\S].
Since |S|+ |A\ S| = O(Tg), we obtain
2|8 < O(To),

which yields
1
dy(Tg) = IS| < 5 O(Tc)-
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Corollary 4.2.2. Let Tg be a Turiyam graph such that both Tg and its complement Tg have
no isolated vertices. Then

dn(Tg) +dn(Tg) < O(Tg),

and equality holds if and only if
dn(Tg) = dn(Tg) = O(Tg)-
Proof. Let S and S’ be minimum lower dominating sets of 7 and T respectively. Then
S| =dn(Tc), |S'|=dn(T5).

Since S,5" C A, we have

ISUS'| < O(Tp).

Using the identity
S|+ 15| = [SUS'|+|SNS'],

we obtain

S|+ 18| < O(Tg) + SN S|.

Because both T and T have no isolated vertices, the dominating structures cannot be si-

multaneously minimal on disjoint complements, implying [SNS’| < min(|S],|S’|). Hence,
S| +18' < O(Tg).

Therefore,

dn(Tg) +dn(Tg) < O(Tg).

For equality to hold, we must have |SNS’| = min(|S|,|S’|), which is possible only when
S =S5 =A. Hence,
dn(Tg) = dy(Tg) = O(Tg).

O

Theorem 4.2.4. Let T = (A, M) be a Turiyam graph of order O(Tg) and maximum degree

A. Then the lower domination number satisfies

dN(TG) < O(TG) —A.
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Proof. Let u € A be a vertex of maximum degree, so that
deg(u) = A.

Denote by N(u) the neighborhood of u. Since u is adjacent to exactly A vertices, the set
A\ N(u) contains O(Tg) — A vertices. Consider the set R=A\ N(u). Clearly, u € R, because a
vertex does not belong to its own neighborhood. Moreover, every vertex in N(u) is dominated
by u, while each vertex of R dominates itself. Hence every vertex of 7 is dominated by some
vertex in R, and therefore R is a dominating set of 7. Since the lower domination number is

the minimum cardinality among all dominating sets, we obtain
dy(Tg) < |R[ = [A\N(u)| = O(Tg) — A.
Therefore,
dn(Tg) < O(Tg) — A.
O]

Definition 4.2.15. Let Tg = (A, M) be a Turiyam graph. A subset S C A is called a maximal

independent set if:
e S is an independent (stable) set, i.e., no two vertices in S are adjacent, and
e for every vertex v € A\ S, the set SU{v} is not independent.

Equivalently, no proper superset of S in A is independent.

Theorem 4.2.5. A subset S C A of a Turiyam graph Tg = (A,M) is a maximal stable (inde-

pendent) set if and only if it is both a dominating set and an independent set.

Proof. (=) Let § C A be a maximal stable (independent) set. Then § is independent by
definition. We show that S is dominating. If S were not a dominating set, then there exists a
vertex v € A\ S such that v is not adjacent to any vertex in S. Hence SU{v} would still be an

independent set, contradicting the maximality of S. Therefore, S must be a dominating set.

(<) Let S C A be both independent and dominating. We show that S is maximal independent.
Assume that S is not maximal. Then there exists a vertex v € A\ S such that SU {v} is
independent. This implies that v is not adjacent to any vertex in S, contradicting the fact that
S is a dominating set. Hence no such vertex exists, and S is maximal independent. Therefore,

S is a maximal stable set if and only if it is both independent and dominating. [
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Theorem 4.2.6. Every maximal stable (independent) set in a Turiyam graph Tg = (A,M) is

a minimal dominating set.

Proof. Let C be a maximal stable (independent) set in a Turiyam graph 7 = (A,M). By
Theorem 4.2.5, C is a dominating set. Suppose, for contradiction, that C is not a minimal
dominating set. Then there exists a vertex x € C such that C\ {x} is still a dominating set.
However, if C'\ {x} dominates A\ (C\ {x}), then at least one vertex in C\ {x} must be a
strong neighbor of x. This contradicts the fact that C is independent (stable). Therefore, C

must be a minimal dominating set. [

Theorem 4.2.7. Let Tg = (A,M) be a Turiyam graph. Then the lower domination number

equals the order of the graph, that is,

dy(Tg) = O(To),
if and only if every vertex of Tg has a unique neighbor.

Proof. (=) Assume that dy(Tg) = O(Tg). Let S be a minimum lower dominating set of 7.
Then § = A. This implies that every vertex must be necessary for domination; hence no ver-
tex can be dominated by more than one alternative vertex in A. Therefore, each vertex must
have a unique neighbor structure ensuring that removing any vertex destroys domination,

which implies every vertex has a unique neighbor.

(<) Assume that every vertex of 7 has a unique neighbor. Let S be a lower dominating set
of Ti. Since each vertex is dominated by exactly one neighbor, no vertex can dominate more

than one vertex in a redundant way.

Hence, every vertex is essential in any dominating configuration, implying that all vertices
must be included in every lower dominating set. Therefore, dy(Tg) = |A| = O(Tg). Thus,

dn(Tg) = O(Tg) if and only if every vertex of T has a unique neighbor. O

4.3 Dominance of Edges in Turiyam Graphs

In this section, we introduce the concept of edge domination in Turiyam graphs. We define
minimal edge dominating sets and explore their fundamental properties and characteristics

within the framework of Turiyam graphs.

57



Definition 4.3.1. An edge e = (u,v) of a Turiyam graph T is called an effective edge if
Ty (u,v) =min{Tx (u), Ta(v)}, Iy(u,v)=min{ly(u),ls(v)}, Fy(u,v)=min{Fs(u),Fx(v)}, Lp(u,v)
min{LA(u),LA(v)}.

Definition 4.3.2. The link (edge) domination number of a Tg = (A, M), denoted by dg(Tg),

is defined as the minimum cardinality among all edge dominating sets of Tg.

Definition 4.3.3. Let T = (A, M) be a Turiyam graph corresponding to a graph G = (V,E).
A subset E' C E is called a link dominating set in T if, for every edge e € E \ E', there exists

an effective edge in E’ that is adjacent to e.

Definition 4.3.4. A minimal link dominating set in a Turiyam graph Tg = (A,M) is a link
dominating set E' C E such that no proper subset of E' is itself a link dominating set. In
other words, removing any edge from E' would result in a set that no longer dominates all

edgesin E\ E'.
Properties of Minimal Link Dominating Sets:
1. Every minimal link dominating set is a link dominating set, but the converse is not.

2. If E' is a minimal link dominating set, then for each edge e € E', there exists at least

one edge f € E\ E' such that f is dominated only by e.

3. The cardinality of a minimal link dominating set is at least the lower edge domination
number of T, and the maximum cardinality among all minimal link dominating sets

is the upper edge domination number.

Definition 4.3.5. The link domination number of a Turiyam graph Tg = (A, M), denoted by

dg(Tg), is defined as the minimal cardinality among all edge (link) dominating sets of Tg.

Definition 4.3.6. An isolated link of a Turiyam graph Tg is an edge (a,m) for which no

effective edge is incident on either of its endpoints.

Remark.
. N(s)NY =g,

2. There exists an edge e € E \ Y such that N(e) Y = {s} and s is an effective edge.

58



Theorem 4.3.1. Let T be a Turiyam graph with no isolated links. Then for each minimal

edge dominating set Y, the set E\'Y is also an edge-dominating set.

Proof. Lety €Y be any edge in a minimal edge dominating set Y. Since 7 has no isolated
links, there exists an edge e € N(y), which implies e € E \ Y. Hence, every edge in Y is
dominated by at least one edge in E \ Y, showing that E \ Y is itself an edge-dominating

set. O]

Definition 4.3.7. Let Tg = (A,M) be a Turiyam graph. The lower edge domination number
of Tg, denoted by dg (Tg), is defined as the minimum cardinality among all minimal link

(edge) dominating sets of Tg.

The upper edge domination number of Tg, denoted by dg(T(;), is defined as the maximum

cardinality among all minimal link (edge) dominating sets of Tg.

Theorem 4.3.2. For a Tg, every minimal link dominating set corresponds to a vertex domi-

nating set of the line graph L(Tg), and the following inequality holds:
dy(Tg) < dp(Tg) < De(Tg) < Dn(T),

where dy(Tg) and Dy (Tg) are the lower and upper vertex domination numbers of Tg, re-

spectively.

Proof. Consider the line graph L(7), whose vertices correspond to edges of Tg, and two
vertices in L(Tg) are adjacent if their corresponding edges in Ti; share a common vertex. A
minimal link dominating set in 7 dominates all edges not in the set, which translates to a
dominating set in L(7). The inequalities follow because any edge dominating set induces a
vertex dominating set in L(7g ), and maximal vertex domination provides bounds on minimal

and maximal edge domination. O

4.4 Paired Domination in Turiyam Graphs

This section focuses on the concept of paired domination in Turiyam graphs and explores
its fundamental properties. We also introduce the basic ideas of paired domination sets and

illustrate them with several examples to provide a clear understanding of the concept.

59



Definition 4.4.1. Let T be a Turiyam graph and let r be a vertex in Tg. Then r strongly
dominates all of its neighbors as well as itself, i.e., r strongly dominates the vertices in Y [r].
A subset D C V(Tg) is called a strongly dominating set of T if every vertex in V(Tg) \ D is

a strong neighbor of at least one vertex in D.

Definition 4.4.2. Let D C V(1) be a strongly dominating set in a Turiyam graph Tg. Define

the following aggregate values associated with D:

W (D) = Z hy(u,v) (actual membership value),
ueD

Wh(D) = Z g2(u,v) (abstinence value),

ueD

W3(D) = Z ny(u,v) (non-membership value),
ueD

Wy(D) = Z ky(u,v) (liberal value),
ueD

where for each vertex u € D:

o hy(u,v), g2(u,v), and ky(u,v) represent the minimum membership, minimum absti-

nence, and minimum liberal values of the edges incident on u, respectively,
e ny(u,v) represents the maximum non-membership value of such edges.

The strong domination number of the T is denoted by R(Tg) = R = (R1,R2,R3,R4), where
R, Ry, and Ry are the lowest membership, lowest abstinence, and lowest liberal values

among all such collections, and R3 is the highest non-membership value.

Definition 4.4.3. Let T = (A,M) be a TG. A subset D C A is called a paired dominating set
of T if:

1. D is a dominating set of Tg, and

2. the induced Turiyam subgraph Tg|D) contains a perfect matching.

Definition 4.4.4. Let T = (A,M) be a Turiyam graph. A subset D C A is called a strong

paired dominating collection (SPD) if:

1. D is a strong dominating set of Tg, and
2. the induced Turiyam subgraph Tg|D) admits a perfect effective matching.
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Definition 4.4.5. For each vertex u € D, define the local aggregate values (computed over a

single vertex) as:

h = min h = mi
2(”) (u{ll})lgM 2(”,\)), g2(u) (uT)lgMgZ(u7V)7

) = max m(uy), ko) = min k()

where (u,v) ranges over all edges incident to u in Tg.

Definition 4.4.6. The global aggregate values (computed of a set of vertex) of a strong paired

dominating collection D are defined as:

Wi(D) =Y ha(u), Wa(D) =Y g2(u),

ueD ueD

W3(D) =Y na(u), Wa(D)=Y ko(u).

ueD ueD

Definition 4.4.7. The strong paired domination number of Tg, denoted by
B(Tc) = (B, B2, B3, Bs),
is defined as:
Bi = minWi (D), B, =minW,(D), Bz =maxW3(D), Ps=minWy(D),

where the extrema are taken over all strong paired dominating collections D of Tg, and P,
Ba, and B4 are the lowest membership, lowest abstinence, and lowest liberal values among

all strong paired dominating collections, and B is the highest non-membership value.

we want to illustrate this concept as shown in 4.1.

(03.0.5,06,0.7) v2 v4 (08030409

0.3,04.0.2,0.6)

(0.2.03.06.04) (0.1.03.0.2.0.6)

(0.1,04.08,0.2)

(02.04,07.05) v y3 06080107

Figure 4.1: paired domination in Turiyam graph
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In Figure 4.1, the red thick edges represent the minimal edge dominating set Y and Black
thin edges are the remaining edges E \ Y, which form a complementary edge-dominating set.

Every edge in Y is adjacent to at least one edge in E \ Y, illustrating Theorem 4.3.1.

Theorem 4.4.1. Let T = (V,E) be a complete Turiyam graph. Then the SPD number of
Tc satisfies Bi1(Tg) = 2ha(u,v), PBa(Te) = 2g2(u,v), B3(Tg) = 2n2(u,v), Pa(Tg) =
2ky(u,v). where hy(u,v), g2(u,v), na(u,v), and ko(u,v) are the membership, abstinence,

non-membership, and liberal values of the weakest edge in T, respectively.

Proof. Let Tg = (V,E) be a complete Turiyam graph with vertex set V and edge set E. In a
complete graph, every vertex is adjacent to every other vertex, so any two vertices can form a
pair in a strong paired dominating set (SPD). Let (u, v) be the edge with the weakest values in
Tg, i.e., the edge for which the membership, abstinence, non-membership, and liberal values
are minimal among all edges. Denote these values as hy(u,v), g2(u,v), na(u,v), and kp (u, v).
Since T is complete, the smallest SPD consists of two vertices connected by this weakest

edge. Each vertex in this pair strongly dominates itself and the other vertex.

Therefore, the aggregate SPD values of this minimal SPD are simply twice the values of the

weakest edge:

ﬁl(TG> = 2h2(uvv)7 ﬁZ(TG) = 2g2(u7v)7 ﬁ3(TG) = 2n2(u7v)7 ﬁ4(TG) = 2k2(u7v)'
[

Theorem 4.4.2. Let Q be a complete bipartite Turiyam graph. Suppose that (u,v) is the
weakest edge of Q, having membership value hy(u,v), abstinence value g,(u,v), non-membership
value ny(u,v), and liberal value ky(u,v). Then the strong paired domination (SPD) numbers
of Q are given by

Bi1(Q) =2hy(u,v),  B2(Q) = 282(u,v),

B3(Q) = 2n2(uvv)> ﬁ4(Q) = 2k2<uav)'

Proof. Let Q = (X,Y) be a complete bipartite Turiyam graph, where every vertex of X is
adjacent to every vertex of Y, and no two vertices within the same partite set are adjacent.
Assume that (u,v) is the weakest edge in Q with corresponding values hy(u,v), g2(u,v),
ny(u,v), and k(u,v). Since Q is complete bipartite, any pair consisting of one vertex from

X and one vertex from Y forms a connected pair and strongly dominates all vertices of the
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graph. Consequently, a minimum strong paired dominating set contains exactly two vertices,
one from each partite set. To minimize the aggregate SPD values, the selected pair must be
joined by the weakest edge (u,v). Therefore, the membership, abstinence, non-membership,
and liberal SPD numbers are obtained by summing the corresponding values contributed by

the two vertices of the pair. Hence,
ﬁl (Q) = 2]’12(1/1,\/), ﬁZ(Q) = 2g2(u,v),

ﬁ3(Q) = 2n2(uvv)> ﬁ4(Q) = 2k2<uav)'

Conclusion

In this work, domination and paired domination in Turiyam graphs have been developed to
model control and influence in complex networks with uncertainty and multi-valued relation-
ships. The domination framework identifies key vertices that effectively govern the network
under Turiyam membership conditions, extending classical domination theory to more real-

istic uncertain environments.

Paired domination further strengthens this structure by ensuring that dominating vertices oc-
cur in pairs via perfect matching, improving stability, redundancy, and coordinated control
in the network. Overall, the results show that Turiyam domination and paired domination

provide a flexible and effective framework for analyzing complex systems under uncertainty.
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CHAPTER 5

Total Domination in Turiyam Graphs

5.1 Introduction

Total domination is an important concept in graph theory that extends the idea of vertex dom-
ination. In a standard graph, a vertex dominates itself and its neighbors. However, in total
domination, every vertex must be dominated by a neighboring vertex only, meaning no ver-
tex dominates itself. In the context of Turiyam graphs, which incorporate the membership,
abstinence, non-membership, and liberal values of edges and vertices, total domination takes
into account the strength of connections between vertices. A subset of vertices in a Turiyam
graph forms a fotal dominating set if every vertex in the graph is strongly connected to at

least one vertex in the set.

This section introduces the concept of total domination in Turiyam graphs, explores its fun-
damental properties, and defines the corresponding lower and upper total domination num-
bers, which quantify the minimum and maximum cardinalities of total dominating sets. The
definitions and theorems presented here provide the groundwork for analyzing strong con-

nectivity and control in networks modeled by Turiyam graphs.

5.2 Total dominance in Turiyam graphs

This section develops the principal results concerning fotal domination in Turiyam graphs.
We begin by establishing the fundamental properties and bounds of total dominating sets in
Turiyam graphs. Subsequently, total domination results are derived for several special classes
of Turiyam graphs, including complete, split, connected, and restrained Turiyam graphs. To
enhance clarity and practical relevance, numerical examples and tabulated computations are

provided. In addition, applications and algorithmic aspects related to total domination in
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Turiyam graphs are discussed to support and illustrate the theoretical findings.

Definition 5.2.1. Let Tg = (¢r, Y1) be a Turiyam graph, where each vertex and each edge
is characterized by four membership functions, namely truth, indeterminacy, falsehood, and

liberal state. For every vertex hj €V, the vertex membership is defined as
or(hj) = (Ts (), Ig(hj), Fo(hj), Ly (h;)),
and for every edge hjhy € E, the edge membership is given by
wr(hj,he) = (Ty(hj, h), Ly (hj hie), Fy(hj he), Ly (hj, b))

The Turiyam graph Tg is said to be a complete Turiyam graph if, for every pair of distinct

vertices hj,hi € V, the edge membership functions satisfy

Here, Ty(h;), 1s(h;), Fy(hj), and Ly (h;) denote the truth, indeterminacy, falsehood, and
liberal-state strengths of the vertex /1, respectively. Similarly, Ty (h;, i), Iy (h;j, hi), Fy(hj, h),
and Ly (h;,hy) represent the corresponding membership values of the edge connecting ver-

tices i and hy.

Remark 5.2.1. i If the liberal-state component L is omitted, the above definition re-

duces to the complete single-valued neutrosophic graph (S-VNG).

ii A complete Turiyam graph guarantees the maximum possible interaction strength be-

tween every pair of vertices under four-dimensional uncertainty modeling.

iii This structure is particularly suitable for total domination analysis, since every vertex

is directly connected to all other vertices through Turiyam-strong edges.
Definition 5.2.2. Let T = (¢r, yr) be a Turiyam graph with vertex set
V =A{hi,hy,....h,}.
For each vertex h; € V, the vertex membership is given by
or (hi) = (Tp (hi), Iy (h), Fy (hi), Ly (i),
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where Ty(h;), Iy(hi), Fy(h;), and Ly(h;) denote the truth, indeterminacy, falsehood, and
liberal-state membership values of the vertex h, respectively.
The Turiyam node cardinality of T is defined as

"1+ Ty (hi) + Iy (hi) — F (hi) + Lo (hy)

Vir=2, 2 ‘

Here,
e T, (h;) represents the degree to which the vertex /; truly exists or is reliable,
e Iy(h;) denotes the degree of indeterminacy or uncertainty associated with £,
e Fy(h;) measures the degree of falsity or non-existence of 4;, and

o Ly(h;) is the liberal-state component, which captures amplified influence, enhanced
reliability, or dominance potential of the vertex and is not necessarily restricted to the

unit interval.

Definition 5.2.3. Let T = (¢r, Wr) be a Turiyam graph with edge set E. The Turiyam edge
cardinality of Tg is defined by

1+ Ty (hi,hj) + Ly (hi,hj) — Fy(hi,hj) 4 Ly (hi, hj)
2 b

where Ty (hi,hj), Ly(hi,h;), Fy(hi,h;), and Ly (h;, h;) denote the truth, indeterminacy, false-

hood, and liberal-state membership values of the edge h;hj, respectively.
Here,

o Ty (hi,h;) represents the degree to which the interaction between vertices 4; and h; is

true or reliable,
e Iy(h;,hj) measures the level of uncertainty associated with the interaction,
e Fy(h;,h;) denotes the degree of falsity or unreliability of the edge, and

o Ly(hj,hj) is the liberal-state component, which captures amplified interaction strength,

extreme dominance, or over-influence.

Remark 5.2.2. i If Ly(hi,h;) =0 for all hih; € E, then |E|7 reduces to the edge cardi-
nality of a single-valued neutrosophic graph (S-VNG).
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ii Turiyam edge cardinality plays a crucial role in domination and total domination anal-

ysis, as domination strongly depends on the strength of edges.

iii Larger values of Ly enhance domination capability, even in the presence of high un-

certainty.

Example 5.2.1. Consider a Turiyam graph Tg = (V,E) with
V ={hy,hy,h3}, E = {hihy, hahs}.
The Turiyam edge membership values are given as follows:
yr(hy,hy) =(0.6,0.2,0.1, 1.3), yr(hy,h3) = (0.7,0.1,0.1, 1.4).

Using definition 5.2.3, the Turiyam edge cardinality of Tg is computed as

140.6+02-0.1+13  140.7+0.1—0.1+14
2 * 2

+3.1
2

Elr =
Q
2
=3.05.

Thus, the Turiyam edge cardinality of the given graph is |E|r = 3.05.
Example 5.2.2. Let TG = (V,E) be a complete Turiyam graph with vertex set
V ={hy,hy,h3}.
The Turiyam membership values of the vertices are defined as
or(hy) =(0.8,0.1,0.1,0.3),

or(h2) = (0.6,0.2,0.2,0.2),

and

¢r(h3) = (0.7,0.1,0.1,0.4).

Since T G is complete, every pair of vertices is joined by an edge. The corresponding Turiyam

edge membership values are chosen as
yr(hy,hy) = (0.6,0.1,0.1,0.2),

wr(hy,h3) = (0.7,0.1,0.1,0.3),
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and

IVT(hz,h3) = (0.6,0.1,0.1,0.2).
Using Definition 5.2.3, the Turiyam edge cardinality of Tg is

0.64+0.1-0.1+0.2 L 0.740.1-0.1+0.3 i 0.6+0.1-0.14+0.2

Elr =
|E|r 5 5 5

Hence,
0.8 1.0 0.8

Elr=—+—+—=04+05+04=1.3.

|E|r 5 + 5 + > +0.5+

Definition 5.2.4. Let Tg = (A,M) be a Turiyam graph with no isolated vertices. A set C C A
is called a total dominating set if, for every vertex y € A, there exists a vertex x € C, x # y,

such that x dominates y in Tg.

Definition 5.2.5. The lower total domination number of a Turiyam graph Tg, denoted by
tn(Tg), is the minimum cardinality among all total dominating sets of Tg. Similarly, the
upper total domination number, denoted by Ty (1), is the maximum cardinality among all

total dominating sets of Tg.

Definition 5.2.6. Let T = (97, Wr) be a Turiyam graph with no isolated vertices and vertex
set' V. A subset S CV is called a effective Turiyam total dominating set (TTD-set) of Gt if
every vertex v € V is strongly connected to at least one distinct vertex u € S. Equivalently, for
each vertex v € V, there exists a vertex u € S with u # v such that u belongs to the Turiyam-
strong arc neighborhood of v. The Turiyam-strong arc neighborhood of a vertex v, denoted

by Nr(v), is defined as
Nr(v) ={u €V | vu is a Turiyam-strong arc in Gt }.

Remark 5.2.3. i The condition u # v ensures that no vertex dominates itself, which

distinguishes total domination from ordinary domination.

ii This definition is applicable only to Turiyam graphs without isolated vertices, since

every vertex must be dominated by another vertex.

iii If the liberal-state component is omitted, the above definition reduces to the total dom-

inating set of a single-valued neutrosophic graph (S-VNG).
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Theorem 5.2.1. Let T = (¢, wr) be a complete Turiyam graph without isolated vertices,

where each vertex h; € V is assigned the Turiyam membership
o7 (hi) = (T (i), 1o (hi), Fy (hi), Ly (hi))-
Then the lower and upper Turiyam total domination numbers of Tg are equal and satisfy
Ya(Te) =Trp(Te) =2|hil,  hi€V.

Proof. Let Tg = (¢r, yr) be a complete Turiyam graph without isolated vertices and with

vertex set

V={h,h,....hy}.

Step 1: Structure of a complete Turiyam graph. Since 7 is complete, every pair of
distinct vertices h;,h;j € V is connected by a Turiyam-strong arc. Hence, for every vertex

h; € V, its Turiyam-strong arc neighborhood satisfies
Nr(hi) =V \ {h}.

Step 2: Minimum size of a Turiyam total dominating set.

By Definition 5.2.9, a Turiyam total dominating set S C V must satisfy the condition that
every vertex v € V is strongly dominated by a distinct vertex in S. Thus, no vertex can dom-
inate itself, and at least two vertices are required to totally dominate a complete Turiyam
graph. Let S = {h;,h;}, where h; # h;. Since Gt is complete, i; and &; are Turiyam-strong
neighbors of each other, and every other vertex in V is also strongly connected to both A;
and h;. Therefore, S is a Turiyam total dominating set. Hence, the minimum cardinality of a

Turiyam total dominating set is 2.

Step 3: Equality of lower and upper total domination numbers. In a complete Turiyam
graph, any Turiyam total dominating set must contain at least two vertices, and every pair
of distinct vertices forms a Turiyam total dominating set. Consequently, both the lower and

upper Turiyam total domination numbers coincide.

Step 4: Turiyam total domination values. Since each vertex h; € V contributes equally
under the Turiyam membership structure, the total domination value corresponding to a min-

imal Turiyam total dominating set consisting of two vertices is
%IQZ(TG) = F}D(TG) = 2wh;, heV.
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Therefore, the lower and upper Turiyam total domination numbers of a complete Turiyam

graph are equal and equal to twice the Turiyam node cardinality of a vertex. [
Example 5.2.3. Consider a complete Turiyam graph Tg = (V,E) with

V ={hy,hy,h3,hs}.
The Turiyam vertex and edge membership values of Tg; are given in table 5.1

Table 5.1: Vertex and edge membership functions of 7

Vertex | Ty | Iy | Fy | Ly || Edge | Ty | Iy | Fy | Ly
hy 07]102]01 /|14 hhy | 0603]0.1]1.2
hy 06030112 hhs |07/02]0.1]14
h3 081010116/ hhsy |05]040.1]1.0
hy 05{04]0.1]1.0 | hshy 05|04 0.1]|1.0

From table 5.1, all edges satisfy the Turiyam-strong arc conditions. Hence, since Tg
is complete, every pair of distinct vertices forms a Turiyam total dominating set. Possible

Turiyam total dominating sets include

{h1,ha}, {h1,h3}, {h2,h3}, {h3,ha}.

Each of these sets totally dominates all vertices of Tg, with every vertex being strongly dom-

inated by a distinct vertex in the set. The Turiyam vertex cardinality of h3 is computed as

140.840.1-0.1+1.6

1.7.
2

3| =
Therefore, by Theorem 5.2.1, the Turiyam total domination number of Tg is
v(T) = 2|hs| =2 x 1.7 =3.4.
Thus, the Turiyam total domination number of the complete Turiyam graph Tg is
Ya(T6) = 3.4.

Definition 5.2.7. Let T = (¢r, Wr) be a Turiyam graph without isolated vertices. A Turiyam
total dominating set S C 'V is called a split Turiyam total dominating set (STTD-set) if the

induced Turiyam subgraph Tg[V \ S| is disconnected.
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Example 5.2.4. Consider a Turiyam graph Tg = (V,E) with vertex set
V = {h1,ho,h3, ha, hs)}.
Let

S = {hy,hs}.

Assume that every vertex in'V is Turiyam dominated by at least one vertex in S. That is, each
vertex in'V has a Turiyam-strong arc connecting it to either hy or hy. Consider the induced

subgraph on the remaining vertices:

6V \ S| = Tg[{hy, hs, hs}].

If there is no Turiyam-strong arc connecting hy and hs, then Tg[V \ S| is disconnected. Hence,

S forms a split Turiyam total dominating set (STTD-set) of Tg.

Theorem 5.2.2. Every Turiyam graph Tg that contains a cut-vertex admits a split Turiyam

total dominating set (STTD-set).

Proof. Let Tg = (V,E) be a Turiyam graph with a cut-vertex v € V.

Step 1: Identify the cut-vertex. By definition, a cut-vertex is a vertex whose removal

disconnects the graph. That is, the induced subgraph 75 [V \ {v}] is disconnected.

Step 2: Construct the STTD-set. Consider S = {v}. Since v is a cut-vertex, it is adjacent

(via Turiyam-strong arcs) to at least one vertex in each component of Tg[V \ {v}].

Step 3: Verify total domination. Every vertex u € V is strongly dominated by v or by

another vertex in S. Therefore, S is a Turiyam total dominating set.

Step 4: Check the split condition. The induced subgraph on V' \ S is
TV \ S| = Ta[V \ {v}],

which is disconnected by the definition of a cut-vertex. Hence, S is a split Turiyam total

dominating set of 7. [

Definition 5.2.8. Let Tg = (97, yr) be a Turiyam graph with vertex set V, and let S CV
be a Turiyam total dominating set (TTD-set). The set S is called a connected Turiyam total
dominating set (CTTD-set) if the induced subgraph TS| is Turiyam-connected, that is, there

exists a Turiyam-strong path between every pair of vertices in S.
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Remark 5.2.4. i . A CTTD-set ensures that the total dominating vertices themselves

form a connected structure under Turiyam-strong arcs.

ii . This is useful in network design where not only domination but also connectivity

among dominant nodes is required.

iii . Every CTTD-set is necessarily a TTD-set, but not every TTD-set is connected.
Example 5.2.5. Consider a Turiyam graph Tg = (V,E) with vertex set
V ={hi,hy,h3,ha,hs}.

Let
S= {h17h27h3}'

Assume that every vertex in 'V is Turiyam-dominated by at least one vertex in S. Further,

suppose the induced subgraph TS| contains the Turiyam-strong arcs
h1h2 and h2h3.

Since there exists a Turiyam-strong path between every pair of vertices in S, the induced
subgraph Tg(S| is Turiyam-connected. Hence, S forms a connected Turiyam total dominating

set (CTTD-set) of Tg.

Theorem 5.2.3. Let T; be a Turiyam-connected graph. Then the connected Turiyam total

domination number of T satisfies

YC/zd(TG) 2 %/d(TG)a
where v,,(T¢) is the Turiyam total domination number.

Proof. Let Si;q C 'V be a connected Turiyam total dominating set (CTTD-set) of T, and let

S;a C V be a Turiyam total dominating set (TTD-set) of Tg.

Step 1: Connection constraint. By definition, S.; is a TTD-set with the additional re-
quirement that the induced subgraph T;[S.4] is Turiyam-connected. This connectivity re-
quirement may force the inclusion of additional vertices that are not strictly necessary for

domination alone.

Step 2: Comparison of cardinalities. Since S;; only needs to dominate all vertices in V

(without the connectivity requirement), it is possible that
|Scld| > ‘Sld|‘
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Step 3: Minimal sets.
Taking the minimum cardinalities, we have
Yera(Tc) = min{[Scq|}  and  y,(Tg) = min{|S;q[}-

Hence,
f}/c{td(TG) > %/ni(TG)v

since every CTTD-set is also a TTD-set, but not every TTD-set is necessarily connected.
Hence, The connected Turiyam total domination number is always greater than or equal to

the Turiyam total domination number. [

Definition 5.2.9. Let Tg = (¢r, Wr) be a Turiyam graph with vertex set V, and let S C'V
be a Turiyam total dominating set (TTD-set). The set S is called a restrained Turiyam total

dominating set (RTTD-set) if the following two conditions are satisfied:
1. Everyvertex in V' \ S is Turiyam-dominated by at least one vertex in S.
2. Every vertex in V' \ S has at least one Turiyam-strong neighbor within V' \ S itself.

Remark 5.2.5. i . An RTTD-set strengthens the total domination concept by requir-
ing that the remaining vertices (V' \ S) are not isolated; they must maintain Turiyam

connectivity among themselves.

ii . This concept is useful in networks where nodes outside the dominating set still need

to communicate or maintain redundancy.
iii . Every RTTD-set is also a TTD-set, but not every TTD-set is necessarily restrained.
Example 5.2.6. Consider a Turiyam graph Tg = (V, E) with vertex set
V ={hi,hy,h3,hq,hs,he}.
Let S = {hy,hs}. Assume the following conditions hold:

1. Every vertex in V\ S = {hy,h3,hq,he} is Turiyam-dominated by at least one vertex in
S.

2. The subgraph induced by V \ S contains internal Turiyam-strong arcs among its ver-

tices.
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Since both conditions of definition 5.2.9 are satisfied, S is a restrained Turiyam total domi-

nating set (RTTD-set) of Tg.

Theorem 5.2.4. Let T be a Turiyam graph without isolated vertices. Then the restrained

Turiyam total domination number satisfies

Ya(T6) = 14(T5),

where y!,(Tg) is the Turiyam total domination number.

Proof. Let S,;; CV be a restrained Turiyam total dominating set (RTTD-set) of T;;, and let

S;qa C V be a Turiyam total dominating set (TTD-set) of 1.

Step 1: RTTD-set conditions. By definition, S,,; satisfies all the conditions of a TTD-set
(every vertex is dominated by a vertex in S,,4), and additionally, the vertices in V' \ S,,; must

have at least one Turiyam neighbor within V' \ S,4.

Step 2: Implication on cardinality. The additional restraint may require including extra
vertices in S, to ensure that all vertices in V \ S,,; maintain Turiyam-strong connectivity.
Thus,

‘Srtd| > |Std|~

Step 3: Minimal sets. Taking the minimal cardinalities of the sets, we get

Vra(Tc) = min{[Sygl} and  14(Tg) = min{|S;a}.

Since every RTTD-set is also a TTD-set, but not every TTD-set satisfies the restraint condi-

tion, it follows that

Ya(T) > Y4 (T5).

5.3 Algorithmic Aspects of Total Domination in Turiyam graph

This section presents algorithms for computing Turiyam total dominating sets (TTD-sets)
and their variants, including connected and restrained TTD-sets. The algorithms are based
on the Turiyam neutrosophic-strong arc (T-NSA) adjacency framework, which captures the
four-dimensional membership characteristics (truth, indeterminacy, falsity, and liberal state)

of vertices and edges.
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The procedures aim to efficiently identify dominating sets while respecting Turiyam-
strong connectivity constraints, total domination requirements, and additional structural prop-
erties such as connectivity or restraint. Both step-by-step computation and illustrative exam-

ples are provided to clarify the application of these algorithms.

Algorithm 1: Construction of Turiyam Strong Neighborhoods

Purpose: Compute the Turiyam neighborhood N7 (v) for each vertex v € V.

Input:
e Turiyam graph 7 = (97, yr)
e Thresholds: TV",°, I;,°, Fu"f, L°l;
Output: Turiyam neighborhood sets Ny (v) for allv € V.
1. For each vertex v € V, initialize Ny (v) < 0.
2. Foreach vertex u € V, u #v:
(a) If the edge vu satisfies T-NSA conditions:
Ty(v,u) > Tll°,°, Ty (v,u) > I;, Fy(v,u) < F{;’, Ly (v,u) > L‘;}
then add u to N7 (v): Nr(v) < Nr(v) U{u}.

3. Return all sets Ny (v).

Algorithm 2: Construction of Turiyam Total Dominating Set (TTD-Set)

Purpose: Compute a Turiyam total dominating set S C V.

Input:

e Turiyam graph T = (¢7, yr)

e Turiyam neighborhoods Nr(v) for allv € V
Output: A Turiyam total dominating set S.

1. Initialize S < 0.
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2. While there exists a vertex v € V not dominated by S:

(a) Select a vertex u € V that dominates the maximum number of undominated ver-
tices.

(b) Adduto S.

3. Return S.

Algorithm 3: Construction of Connected Turiyam Total Dominating

Set (CTTD-Set)

Purpose: Construct a connected Turiyam total dominating set S C V.

Input:
e Turiyam graph 7 = (97, yr)
e Turiyam neighborhoods Nr(v) for allv € V

Output: Connected Turiyam total dominating set S.

1. Compute a TTD-set S using Algorithm 2.

2. While Tg|S] is not connected:
(a) Add a vertex u € V '\ S that connects two disconnected components of 7¢[S].

(b) Update S < SU {u}.

3. Return S.

Algorithm 4: Construction of Restrained Turiyam Total Dominating

Set (RTTD-Set)

Purpose: Compute a restrained Turiyam total dominating set S C V.

Input:
e Turiyam graph 7 = (¢7, yr)

e Turiyam neighborhoods Nr(v) for all v € V
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Output: Restrained Turiyam total dominating set S.

1. Compute a TTD-set S using Algorithm 2.
2. Ensure that each vertex in V' \ S has at least one neighbor in V' \ S.

3. If any vertex v € V' \ S has no neighbor in V \ S, add a suitable vertex u € V'\ S to S to

satisfy the restrained condition.

4. Return S.

Algorithm 5: Computation of Turiyam Total Domination Numbers

Purpose: Compute the lower and upper Turiyam total domination numbers of a Turiyam
graph Tg.
Input:

e Turiyam graph Tg = (¢7, yr)

e Turiyam vertex cardinality formula

Output: (1,,(76), ¥rp(Tc))

1. Generate all minimal Turiyam total dominating sets {S1,S,...,Sk}.
2. For each S;:

(a) Compute its Turiyam vertex cardinality |S;|7 using

LT (V) +15(v) —Fo(v) + Lo (v)

1Silr =Y 3

veS;

3. Compute the lower and upper total domination numbers:

%a(T6) < min|Silz,  ¥7p(TG) ¢ max|Silr

4. Return (v,(Ts), Yrp(TG))-
Notation: Complexity Analysis
e Neighborhood construction: O(|V|?)

e Greedy TTD-Set construction: O(|V|?)
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e Connectivity and restraint checks: O(|V|+ |E|)

Thus, the overall algorithm runs in polynomial time, making it suitable for large-scale Turiyam

networks.

Conclusion

The concept of total domination in Turiyam graphs extends the classical notion of total dom-
ination to environments characterized by uncertainty and incomplete information. By incor-
porating the four membership components of Turiyam sets truth, indeterminacy, falsity, and
neutrality the model provides a more comprehensive framework for representing complex

relationships among vertices.

In a Turiyam graph, every vertex, including those belonging to the dominating set, must be
adjacent to at least one dominant vertex. This requirement ensures continuous interaction,
mutual support, and complete coverage throughout the network. Consequently, total domi-
nation eliminates isolated dominance and strengthens the overall stability and reliability of
the system. The study of total domination in Turiyam graphs establishes fundamental prop-
erties and provides a generalized framework that extends domination concepts from classical
and uncertainty-based graph theories. The results demonstrate that Turiyam total domina-
tion is an effective tool for analyzing interconnected systems operating under ambiguous or

uncertain conditions.

Furthermore, the proposed framework has potential applications in social networks, commu-
nication systems, decision-support models, and other complex systems where continuous in-
fluence and coordinated interactions are essential. Thus, total domination in Turiyam graphs
contributes to the advancement of uncertainty graph theory and provides a foundation for

future investigations on other domination parameters and their applications.
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CHAPTER 6

Split Domination in Turiyam graph

6.1 Introduction

In this section, we introduce and study the concept of split domination in Turiyam graphs.
Split domination extends the classical notion of domination by incorporating structural sep-
aration within the graph after the removal of dominating vertices. Specifically, a split dom-
inating set not only ensures that every vertex is strongly dominated, but also produces a
disconnected induced subgraph when the dominating vertices are removed. This additional
structural constraint makes split domination particularly useful in analyzing fragmentation,

control, and structural vulnerability in Turiyam networks under multi—valued uncertainty.

Turiyam graphs, characterized by truth, indeterminacy, falsehood, and liberal-state compo-
nents, provide a flexible framework for modeling complex relational systems. Within this
framework, split domination helps identify subsets of vertices whose influence both controls
the network and simultaneously partitions the remaining structure. Such properties are im-

portant in network design, stability analysis, and hierarchical control modeling.

This section develops the theoretical foundations of split domination in Turiyam graphs.
We begin with formal definitions and fundamental properties, followed by key theorems de-
scribing structural conditions and bounds for split dominating sets. To clarify the theoretical
results, several illustrative examples are provided. These examples demonstrate how split
domination operates in different Turiyam graph configurations and highlight its relationship

with connectivity and domination strength.

The results presented here establish the groundwork for further analysis of structural domi-

nation variants in Turiyam graph theory.
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Definition 6.1.1. Let T = (V,E) be a Turiyam graph and let p € V be a vertex. The adja-
cency set (or neighborhood) of p in T, denoted by I'(p), is defined as the collection of all

vertices in 'V that are strongly connected to p. That is,
['(p) ={q €V |(p,q) represents a high-strength (Turiyam-strong) connection in T} .

Definition 6.1.2. Let T = (V,E) be a Turiyam graph. A vertex x € V is called an isolated
vertex if it has no connection of any strength with any other vertex in the graph. That is, for

everyy €V, the edge membership values between x and y are all zero, namely
Te(x,y) =0, Ig(x,y)=0, Fg(x,y)=0, Lg(x,y)=0.

Definition 6.1.3. Let Tg = (V,E) be a Turiyam graph associated with a crisp graph G. For
vertices x,y € V, the vertex x is said to dominate the vertex y in T if there exists a Turiyam-

strong relationship (or bond) between x and y.
Notes.

1. Symmetry of dominance. Dominance in a Turiyam graph is symmetric. Thus, if x

dominates y, then y also dominates x.

2. Neighborhood of a vertex. For any vertex y € A, the neighborhood of y is defined as

N(y) ={z€ A\ {y} |y dominates z} .

3. Unique dominating set condition. If, for every pair of vertices (x,y) € A, the Turiyam

edge membership values satisfy

Te(x,y) <Tp (xv,y), Ie(xy) <Ig(xy), Fe(xy) <Fg(xy), Le(xy) <Lg(xy),
then the entire vertex set A forms the unique dominating set of the Turiyam graph 7.

Definition 6.1.4. Let T = (V,E) be a Turiyam graph. A subset C C 'V is called a Turiyam
dominating set if for every vertex v € V' \ C, there exists a vertex u € C such that u dominates

vinT.

Definition 6.1.5. Let Tg = (A,E) be a Turiyam graph. A subset C C A is said to be a
dominating set of T if for every vertex v € A\ C, there exists a vertex u € C such that u

dominates vin T.
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Definition 6.1.6. Let T = (V,E) be a Turiyam graph. The vertices of T are said to be
independent if no pair of vertices is connected by a strong edge. In other words, for any
two distinct vertices x,y € V, the edge between them does not satisfy the condition of strong
connectivity. Hence, none of the vertices exerts strong influence or dominance over another,

and they remain mutually independent within the structure of the graph.

Definition 6.1.7. Let T = (V,E) be a Turiyam graph. A subset C C'V is called an indepen-
dent set of T if no two vertices in C are connected by a strong Turiyam edge. Equivalently, for
every pair of distinct vertices x,y € C, the Turiyam edge membership values corresponding
to truth, indeterminacy, falsity, and level satisfy the prescribed threshold conditions that pre-
vent the formation of a strong Turiyam connection. Hence, the vertices in C remain mutually

non-dominating and structurally independent.

Definition 6.1.8. Let T = (V,E) be a Turiyam graph. An independent set S C A is called
a maximal independent set if it is not properly contained in any larger independent set.
Equivalently, S is maximal if adding any vertex from outside S destroys its independence.

That is, for everyy € A\ S, the set SU{y} is no longer independent.

Definition 6.1.9. Let Tg = (V,E) be a Turiyam graph. The lower independence number
of T, denoted by iN(T), is the minimum cardinality among all maximal independent sets
of T. Similarly, the upper independence number of T, denoted by In(T), is the maximum
cardinality among all maximal independent sets of T. These numbers measure the smallest

and largest possible sizes of mutually non-dominating vertex sets in T, respectively.

Definition 6.1.10. Let T = (V,E) be a Turiyam graph with no isolated nodes. A subset
C CV is called a total dominating set of T if every vertex in'V is dominated by at least one
vertex in C. In other words, for every x € C, if x dominates all vertices in 'V, then the set C

forms a total dominating set of the Turiyam graph T.
Definition 6.1.11. Let T = (V,E) be a Turiyam graph with no isolated nodes.

e The lower total domination number of T, denoted by ty(T ), is the minimum cardinality

among all total dominating sets of T.

e The upper total domination number of T, denoted by Ty(T), is the maximum cardinal-

ity among all total dominating sets of T.
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These numbers measure the smallest and largest sizes of vertex sets capable of dominating

every node in the Turiyam graph.

Definition 6.1.12. Let Tg = (V, E) be a Turiyam graph, and let DT CV be a total dominating
set of T. If the induced subgraph

H=(\D' V' E

is disconnected, then DT is called a split total dominating set (or split dominant set) of the
Turiyam graph T. In other words, removing the vertices of DT splits the remaining graph

into two or more disconnected components.

Example 6.1.1. Consider the Turiyam graph illustrated in Figure 6.1. The minimum split

total dominating set of this graph is
T
D :{I/t2,l/t3,lxt5},

with the remaining vertices

VAD! = {uy,u4}.

Removing the vertices in DT disconnects the subgraph induced by V \ DT, demonstrating

that DT is indeed a split dominant set.

V2 (020304,06)

7 2 5
(02,03,05,06)el €2(02,03,06,09)

€7(0.1,0.2,0.5,0.6)

V5 01030508  PV3 (02040605)

020406071 5(0.1,0.2,0.50.5)

(01,03,05,04) et 8(01,02,0504)

V4

(01030.405)

Figure 6.1: Turiyam graph

Remark 6.1.1. Figure 6.1 depicts a Turiyam graph constructed from a dataset with the

vertex set

V ={vi,v2,v3,v4,V5}
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and the edge set
E= {61762563764765766767}‘

For the split total dominating set DT, the induced subgraph
v\D

is disconnected. This disconnection demonstrates the presence of two isolated vertices,

specifically uy and uy, which are not adjacent to any other vertex in V\ DT .

Definition 6.1.13. Let Tg = (V,E) be a Turiyam graph, and let DT C 'V be a split dominant
set. The set D' is called a minimal split dominant set if the removal of any single vertex from
DT causes it to lose its split domination property; that is, the induced subgraph V \ (DT \ {v})

becomes connected for some v € DT .

Definition 6.1.14. Let T = (V,E) be a Turiyam graph. The lower split dominance number
of Tg, denoted by d! (Tg), is defined as the minimum cardinality among all minimal split

dominant sets of Ti. That is,
dI (Tg) = min{ |DT | | DT is a minimal split dominant set of T }.

Definition 6.1.15. Let Tg = (V,E) be a Turiyam graph. A subset DT C A is called a split

dominant set if it satisfies the following two conditions:

1. Dominance condition: Every vertex y € A\ D! is dominated by at least one vertex

xeDT,

2. Splitting condition: The induced subgraph on the remaining vertices, T[A\ DT, is

either disconnected or reduced to a single isolated vertex.

Definition 6.1.16. Let T = (V,E) be a Turiyam graph. The upper split dominance number
of Gr, denoted by DI (Tg), is defined as the maximum cardinality among all minimal split

dominant sets of Gt. Formally,
DI (Tg) = max{|D"| | DT is a minimal split dominant set of Tg }.

Example 6.1.2. Consider the Turiyam graph illustrated in Figure 6.2, where the edges iden-
tified as strong are ej,eq,eg,e9, and ey, representing the most influential connections in
the network. Based on these strong connections, two minimal split dominant sets can be

determined:
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° DIT = {uy,up,us,us}, which collectively dominates all nodes outside the set.

° Dg = {uy,u3,us,uq}, which also satisfies the dominance condition, ensuring every

node not in the set is adjacent to at least one node within the set.

These examples illustrate different configurations of vertices that effectively influence the

entire graph according to the Turiyam domination criteria.
Vi (05,04.0.2,03)
€11(0.4,0.4,04,03) e1(0.5,0.40.2,03)

(05,05,030. 4}/ | ] (0.6.02.0.203)

el 00.5.05.02.03)

27(0.2.05.030.4) ~ 2(03.07.0402)
» 03030300 V3 (0307.050.4)
02,0.80.5,0.7 28(0.5,0.5,04.0.4

‘ Ve (0302 > o | 40502020

25(0.4.03,020.1 £3(03,060.7.02)

V4 04,03.0202)

£6(0.2,08,03,0.5)

(0.7,02,03,0.6)
Figure 6.2: Graph of the Turiyam minimal split dominance set

Remark 6.1.2. Figure 6.2 illustrates the Turiyam graph corresponding to a dataset with
vertices
V= {Vl,VQ,V3,V4,V5,V6,V7}
and edges
E = {e1,e,e3,¢4,€5,¢6,€7,¢8,€9,¢€10,€11 |,

with the specified membership values. Among the various Turiyam dominant sets, the mini-

mal split dominance sets are identified as follows:
L4 D{:{VI,VZ,VAL,VS}, V\D{:{V3,V6,V7}
o DI = {vi,v2,v4,v6}
3 1,V2,V4,V6
L4 Dz == {Vl,VZ,V57V7}
o ... (other minimal split dominant sets follow similarly)

These sets demonstrate different configurations of vertices that satisfy both the dominance
and the splitting conditions in the Turiyam graph, highlighting the variety of ways to achieve

minimal split domination.
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Theorem 6.1.1. Let T = (V,E) be a Turiyam graph, and let DT C 'V be a split dominant set
of T. Then the weight of DT satisfies

§(G) <W(D") <A(G),

where 8(G) and A(G) denote the minimum and maximum degrees of the underlying crisp

graph G, respectively.
Proof. By definition of vertex degrees, for every v € V we have
6(G) < degg(v) <A(G),

where 6(G) and A(G) are the minimum and maximum degrees of the underlying graph G,
respectively. Since this holds for all vertices v € DT, summing over all vertices in the split

dominant set gives

), 3(G) < ) degg(v) < ), A(G)

veDT veDT veDT

Because d(G) and A(G) are constants independent of v, the sums simplify to
IDT|8(G) < Y degs(v) ) < |DT|A(G).
veDT
Dividing through by |[D” | (which is positive, since DT is nonempty) yields
Z degs;(v) w(DT) < A(G),
VGDT

which proves the claimed inequality. [

Theorem 6.1.2. Let Tg = (V,E) be a Turiyam graph and DT C 'V be a dominance set. Then,
DT is a split dominance set if and only if the induced subgraph on the remaining vertices,

T[V \ D"}, is disconnected.

Proof. (=) Suppose D7 is a split dominance set. By definition, the removal of all vertices in
DT from T results in an induced subgraph T[V \ D”] that is either disconnected or consists

of isolated vertices. Therefore, T[V \ D] is disconnected.

(<=) Conversely, assume that the removal of D7 disconnects the induced subgraph T'[V \ D7].
Since DT is a dominance set, every vertex in V \ DT is dominated by at least one vertex in
DT. Together with the fact that T[V \ DT] is disconnected, this satisfies both the dominance

and splitting conditions of a split dominance set. Hence, D is a split dominance set. O
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Theorem 6.1.3. Let Tz = (V,E) be a Turiyam graph. Then the split dominance number
v (G) of T satisfies
1 (G) > B(G),

where B(G) denotes the fuzzy node covering number of G.

Proof. By definition, a split dominant set DT C V must satisfy two conditions:

1. Dominance: Every vertex in V \ DT is dominated by at least one vertex in D .

2. Splitting: The induced subgraph T[V \ DT] is disconnected. The fuzzy node covering
number B(G) represents the minimum number of vertices required to cover all edges of the
graph under the fuzzy or Turiyam membership structure. Since any split dominant set D7
must dominate all vertices (hence indirectly cover all edges incident to vertices in V' \ D),
it follows that |D”| cannot be smaller than 8(G), which is the minimal number of vertices

needed to cover all edges.

Therefore, we obtain the inequality ¥/ (G) = min{|D” | : DT is a split dominant set} > B(G),

as required. [

Theorem 6.1.4. Let DT be a split-dominance set of a Turiyam graph T = (V,E;). Then DT

is minimal if and only if. for each vertex v € DT, at least one of the following conditions

holds:
1. Removing v would violate the split-dominance property of the set.
2. vis an isolated vertex in the induced subgraph (DT).
3. The induced subgraph (V \ (DT \ {v})) becomes connected.

Proof. (=) Necessity: Assume D’ is a minimal split-dominance set. By definition, remov-

ing any vertex v from D7 either:
e destroys the dominance of some vertex in V \ DT, or
e connects the subgraph induced by V' \ (DT \ {v}), violating the splitting condition.

If neither of these occurs, then v must be isolated in (DT> to maintain minimality. (<)
Sufficiency: Conversely, suppose that for each v € D7, at least one of the stated conditions

holds. Then removing any v either:
e breaks the split-dominance property, or

86



e causes the remaining induced subgraph to become connected,
e preserves v as an isolated node, i.e it cannot be removed without affecting minimality.

Hence, no vertex can be removed without violating the split-dominance property, proving

that D7 is minimal. ]

Theorem 6.1.5. Let T = (V,E) be a Turiyam graph with end vertices (vertices of degree

one) such that

9 (G)>9"(G),

where 9! (G) is the split dominance number and 9" (G) is the standard dominance num-
ber. Then G admits a split-dominant set that contains at least some vertices adjacent to its

Turiyam end vertices.

Proof. Consider the set of Turiyam end vertices in 7. By definition, these vertices have
degree one, meaning they are connected to exactly one other vertex. Since 9! (G) > 37 (G),
the minimal split-dominance set must be larger than a standard dominance set. This implies
that in order to maintain the splitting condition (i.e., the induced subgraph on the remaining
vertices is disconnected), some vertices adjacent to the end vertices must be included in the

split-dominant set. Including these adjacent vertices ensures that:
1. Every end vertex is dominated by a vertex in the split-dominant set.

2. The removal of the split-dominant set preserves the disconnected structure of the re-

maining graph, satisfying the split property.

Hence, any minimal split-dominant set necessarily contains at least some vertices adjacent

to the Turiyam end nodes. [

Theorem 6.1.6. Let G* = (A,M) be a Turiyam graph with p = |A| vertices. Then the split

dominance number d(G*) satisfies the following bounds:

d(TG") TGIIT d(TG") TOIIT 9(TG") T T 9(TG")

where A (T G*), Aj(TG*), Ap(TG*), and AL(T G*) denote the maximum degrees of G* with

respect to the truth, indeterminacy, falsity, and liberal-state components, respectively.

Proof. Let D* be a minimal split-dominant set of G*. By the definition of split dominance:
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1. Each vertex outside D* is dominated by at least one vertex in D* under the Turiyam

edge membership criteria.

2. The induced subgraph on A \ D* is disconnected.

For the truth-degree component 7', each vertex in D* can dominate at most A7 (G*) vertices
outside D*. Including the vertex itself, the total coverage per vertex in D* is at most Ar (G*) +

1. Since all p vertices must be dominated, the minimal number of vertices in D* satisfies:

* p
MO ST

Similarly, considering the indeterminacy, falsity, and liberal-state components separately, we

obtain the corresponding inequalities:

a(G)Zm, a(G)Zm7 a(G)Zm'

Hence, the split dominance number of G* is bounded below by the ratios above, completing

the proof. 0

Theorem 6.1.7. Let G* = (A, M) be a Turiyam graph with p = |A| vertices. Then the split

dominance number Y;(G*) satisfies the following bounds:

_Ar(GY) MG _Ar(GY)
Ar(G)+1 Ar(G)+ 1’ Ar(G)+1

where Ar(G*), Aj(G*), Ap(G*), and Ar(G*) denote the maximum degrees of G* with respect

%(G") = p- %(G") = p- %(G") = p-

to the truth, indeterminacy, falsity, and liberal-state components, respectively.

Proof. Consider a minimal split-dominant set D* C A of G*. Each vertex in D* can dominate
at most A7 (G*) + 1 vertices with respect to the truth component (including itself). Hence,
the minimal number of vertices needed to dominate all p vertices satisfies

Ar(G*)
G)>p ——————.
Similarly, analyzing domination with respect to the indeterminacy, falsity, and liberal-state
components, we obtain

Ar(G*)
AP(GH+ 1

Ar(G*)

FGrT MO0 g

(G > T
%(G") =p =P Ar(G*)+1

%(G*) > p

These inequalities establish lower bounds on the split dominance number of G*, considering

all four Turiyam graph components. [
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Theorem 6.1.8. Let T = (V,E) be a Turiyam graph and let v € V be a cut-vertex of G.
Suppose v is adjacent to all vertices in at least two Turiyam blocks Hy and Hy. Then v is

contained in every split dominating set of G.

Proof. By definition, a split dominating set DT C V is such that the removal of D discon-
nects the remaining graph, i.e., G[V \ D] is disconnected. Consider the cut-vertex v adjacent
to all vertices of two distinct blocks H; and H,. If v ¢ DT, then after removing D7, both H;
and H, remain connected through v, preventing the induced subgraph G[V \ DT] from being
disconnected. This violates the definition of a split dominating set. Therefore, v must be

included in every split dominating set of G to ensure the split condition is satisfied. U

Example 6.1.3. Consider the Turiyam graph Tg = (V,E) illustrated in Figure 6.3. The
edges identified as Turiyam-strong arcs are ey, e3, es, eq, and eq. Let Hy = {v,v2,v3,v4} and
H, = {us,uc} be two Turiyam blocks sharing a common cut-vertex v7. Observing the graph,
it is clear that v7 is adjacent to all vertices in both H| and H,. According to Theorem 3.8,
the cut-vertex vy must be included in every split dominating set of G, ensuring the split

domination condition is satisfied.

y] (05040203

el1(04,0404.03) el(0.5,0.402,03)

03050304 0o \P2 06020203
£7(0.2.0.5,03,0.4) ~ £2(0.30.7,040.2)
o ~ ﬂﬂ.i.ﬂ 5030R) 73 03070509
(02.0.805,07)7, £8(0.5,0.5,04.0.4 ~ N 05020207
o6(02,08,0305) €5(04.03020.1 €3(03.0.6.0.7.02)
Vs V4 4030200

(0.7,02,030.6)

Figure 6.3: Turiyam graph illustrating with the split dominant set structure

Remark 6.1.3. Figure 6.3 illustrates the split dominance structure of a Turiyam graph Tg =

(V,E) with the vertex set V. ={v{,v2,v3,v4,Vs,Vs } and the edge set E = {e|,e3,e3,e4,e5,€6,€7,€8,€9}.

The figure highlights the Turiyam-strong arcs among the vertices, along with their associ-
ated Turiyam membership values, including truth, indeterminacy, falsity, and liberal-state
components. Based on these strong connections, minimal split dominating sets can be iden-

tified. For instance, one such set is DlT = {vp,v3,vs}, which dominates all vertices outside
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the set, namely V\ DT = {v,v4,v6}. Observing the induced subgraph on V\ DT, we see that
it is disconnected, confirming that DlT satisfies the split dominance condition. Similarly, al-
ternative minimal split dominating sets, such as DI = {v1,v3,v6}, also exist, demonstrating
different configurations of nodes capable of controlling or influencing the remaining graph
while maintaining the split domination property. This example emphasizes how the structure
of Turiyam-strong arcs directly affects the formation of minimal split dominating sets and

their strategic importance in network control.

Theorem 6.1.9. Let Tg = (V,E) be a Turiyam graph, and let H C G be a block with a unique
cut vertex v. If v dominates all vertices of H, then there exists a split dominating set of G that

contains v.

Proof. Let v be the unique cut vertex of the block H. By assumption, v Turiyam-dominates
all other vertices in H, i.e., for each u € H \ {v}, there exists a strong Turiyam arc (v,u).

Consider a candidate split dominating set DT defined as:
DT = {VuD/,

where D’ contains nodes from G\ H chosen to satisfy the split domination of the remaining

vertices outside H.

Step 1: Dominance condition. Since v dominates all nodes in H, every vertex in H \ {v}
is adjacent to a vertex in D”. For vertices outside H, the set D' is constructed so that each
vertex in G \ H is dominated by at least one node in DT . Therefore, the dominance condition

of a split dominating set is satisfied.

Step 2: Splitting condition. Removing D’ from G disconnects the remaining graph at the
block H. Since v is the only cut vertex of H, the vertices H \ {v} become disconnected from
the rest of the graph once v is included in D”. This ensures that the induced subgraph on
V\ DT is disconnected, satisfying the split domination property. Thus, DT is a valid split

dominating set, and it necessarily includes the cut vertex v. [

Remark 6.1.4. This theorem highlights the strategic role of cut vertices in Turiyam graphs
for controlling network structure. In blocks where a single vertex dominates all others,
including it in the split dominating set guarantees that the block can be “controlled” while
simultaneously disconnecting the remainder of the graph. Practically, this can be interpreted
as identifying a key influencer or gatekeeper within a network whose presence is critical for

domination and structural separation.
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Theorem 6.1.10. Let Tg = (V,E) be a Turiyam graph, and let DT CV be a split dominant
set of G. If

then the complement set V\ D' is also a split dominant set of G.
Proof. Let DT be a split dominant set of G. By definition, D’ satisfies two conditions:

1. Dominance condition: Each vertex in V \ DT is dominated by at least one vertex in

DT.

2. Splitting condition: The induced subgraph G[V \ D] is disconnected or reduces to

isolated nodes.

Assume that ¥/ (G) < ¥5(G), where y! (G) denotes the minimal split dominance number and
v} (G) is the cardinality of D. This implies that D is at least as small as any minimal split
dominant set, so the remaining set V \ D’ is non-empty and contains vertices that collectively

dominate the vertices of DT .

Step 1: Dominance of the complement. Each vertex v € DT is adjacent to some vertex
u € V\ DT through a Turiyam strong arc, because otherwise D’ would not be a split dom-
inant set (it would fail to dominate the remaining vertices). Hence, every vertex in D is

dominated by at least one vertex in V \ DT

Step 2: Splitting condition of the complement. The original D’ ensured that G[V \ D] is
disconnected. Since V \ D' is precisely the original complement, it inherits a disconnected
structure when considered as a candidate split dominant set. In other words, G[D] is dis-
connected or forms isolated nodes, satisfying the splitting property for V \ DT. Therefore,
vV \ DT also satisfies both the dominance and splitting conditions of a split dominant set.

Hence, it is a valid split dominant set of G. U

Remark 6.1.5. This theorem emphasizes a symmetry in Turiyam split dominance: under the
stated condition, not only can a minimal split dominant set control the graph, but its comple-
ment also forms a split dominant set. This duality is particularly useful in network analysis,
as it allows identifying alternative controlling subsets of nodes that maintain structural sep-

arations within the graph.

Theorem 6.1.11. Every connected Turiyam graph Tg = (V,E) with at least two vertices

admits a split dominant set.
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Proof. Let G be a connected Turiyam graph with |[V| > 2.
Step 1: Select a high-degree vertex.

Choose a vertex v € V with the highest Turiyam degree (considering the strong Turiyam

arcs). By definition, v dominates all its neighbors in V, forming a singleton dominance set
{v}.
Step 2: Check the complement.

Consider the induced subgraph G[V \ {v}].

e If G[V \ {v}] is already disconnected, then {v} itself is a split dominant set.

e If G[V \ {v}] remains connected, then we iteratively add vertices from a minimal
Turiyam dominance set to the candidate split dominant set. Each added vertex domi-

nates additional nodes and gradually partitions the remaining subgraph.
Step 3: Termination.

Continue this process until the removal of the selected dominating vertices disconnects the
remaining subgraph or reduces it to isolated vertices. By construction, the resulting set of
selected vertices forms a split dominant set D”. Hence, any connected Turiyam graph with

at least two vertices admits a split dominant set. 0

Remark 6.1.6. This theorem provides a constructive method to obtain a split dominant set
in a connected Turiyam graph: start with the highest-degree vertex, iteratively select vertices
to dominate the graph, and ensure that the remaining subgraph becomes disconnected. This

guarantees the existence of split dominant sets in all nontrivial connected Turiyam graphs.

6.2 Application of Turiyam Split Domination in Healthcare Systems

6.2.1 Case Study: Hospitals and Disease Surveillance Network

Healthcare Network Scenario. Consider a regional healthcare system consisting of a Cen-
tral Hospital, a District Hospital, urban and rural clinics, a Diagnostic Laboratory, and a
Disease Surveillance Unit. These institutions operate collaboratively to provide medical ser-
vices, exchange health information, coordinate patient referrals, conduct laboratory testing,
and monitor disease outbreaks. The resulting healthcare infrastructure can be naturally mod-

eled as a Turiyam graph, where each vertex represents a healthcare facility and each edge
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represents a functional interaction between two facilities.

In this network, the Central Hospital serves as the primary referral center for specialized
treatments and emergency cases. The District Hospital provides secondary healthcare ser-
vices, while the Urban and Rural Clinics act as the first points of contact for patients. The
Diagnostic Laboratory supports disease diagnosis and medical testing, whereas the Surveil-
lance Unit collects epidemiological data and monitors the spread of infectious diseases. To-
gether, these facilities form a connected healthcare ecosystem responsible for maintaining

regional public health.

Healthcare interactions are inherently uncertain. Patient referrals may be delayed, commu-
nication channels may experience disruptions, diagnostic reports may be incomplete, and
outbreak information may evolve rapidly. To capture such uncertainties, each interaction is
characterized by a Turiyam membership quadruple (7,1, F,L), where T denotes the degree
of reliability of the interaction, I represents uncertainty or indeterminacy, F' measures in-
effective or failed communication, and L captures neutral, unknown, or context-dependent
relationships. This four-dimensional representation provides a more realistic description of

healthcare operations than traditional graph models.

Vertex Classification The healthcare facilities considered in the network are summarized

in Table 6.1.

Table 6.1: Description of vertices in the regional healthcare network

Vertex | Description

H,; Central Hospital

H, District Hospital

C Urban Clinic

(8] Rural Clinic

Ly Diagnostic Laboratory

S Surveillance Unit

Healthcare Interactions The edges of the Turiyam graph represent essential healthcare
collaborations. The connection between H; and C; corresponds to specialist referrals and

treatment coordination, while the edge H; — C, represents emergency support and telemedicine
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services provided to remote communities. The edge C; — H, captures patient transfers re-
quiring secondary medical care. The interaction C; — L; reflects the exchange of diagnostic
samples and laboratory reports, whereas the edge C; — S represents disease reporting, vac-

cination monitoring, and public health surveillance activities.

These interactions create a network through which patients, medical information, and health-
care resources continuously flow. The effectiveness of the healthcare system therefore de-
pends not only on the strength of individual facilities but also on the connectivity among

them.

Role of Turiyam Split Domination In the context of healthcare management, a Turiyam
split dominating set represents a collection of strategically important facilities that can su-
pervise or influence all other facilities in the network while simultaneously partitioning the
remaining network into disconnected components when removed. This property is particu-
larly valuable during epidemic outbreaks, disaster response operations, or healthcare system

restructuring.

For example, facilities such as the Central Hospital and the Urban Clinic may form a Turiyam
split dominating set because they coordinate most referral pathways and information ex-
changes. If these facilities are isolated or temporarily unavailable, the remaining healthcare
network becomes fragmented into smaller components, revealing their critical importance to

network connectivity and service delivery.

Consequently, Turiyam split domination helps healthcare administrators identify vulnerable
points in the system, allocate resources efficiently, strengthen communication channels, and
design contingency plans for emergency situations. The model therefore provides a power-
ful decision-support framework for maintaining resilient healthcare services under uncertain

and dynamic conditions.

6.2.2 Turiyam Membership Values for Facility Interactions

The Turiyam membership values associated with healthcare interactions are presented in
Table 6.2. Each edge is represented by a quadruple (7,1, F,L) corresponding to truth, inde-

terminacy, falsity, and liberal-state memberships.
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Table 6.2: Turiyam membership values of healthcare interactions

Edge | Membership Values (7,1,F,L)
H,—C; (0.9,0.05,0.03,0.02)
H —C (0.8,0.10,0.05,0.05)
C)— H, (0.6,0.20,0.10,0.10)
C)—L; (0.85,0.05,0.05,0.05)

Cr— S (0.75,0.10,0.10,0.05)

Interpretation The membership values indicate varying levels of reliability and uncer-
tainty in healthcare interactions. High truth-membership values for the edges H; — C; and
C1 — L, signify strong and dependable collaboration, while higher indeterminacy values on
the edge C; — H; reflect occasional uncertainty in patient transfer processes. By incorpo-
rating these dimensions, the Turiyam graph provides a realistic framework for evaluating

healthcare connectivity and identifying critical facilities through split domination analysis.

6.2.3 Greedy Turiyam Split Domination Algorithm (GT-SDA)

Input: A Turiyam graph 7 = (V, E), and threshold values o, 3.
Output: A split dominating set DT C V.
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Algorithm 1 Greedy Turiyam Split Domination Algorithm (GT-SDA)

1: Initialize DT < 0,U <V
2: each vertex v e U

3: Compute the dominance strength

4: EndFor

5: the induced subgraph T[U] is connected

6: Select v = argmax,cy 6(v)

7: Update DT < DT U {v*}

8: Update U <— U \ N[v¥] > Remove v* and its neighbors from U
9: Recompute & (v) for remaining v € U
10: EndWhile

11: return DT

Complexity: O(|V|?)

Numerical Example: Healthcare Network

Consider the regional health system with thresholds o« = 0.7 and 8 = 0.15 and the dominance

strengths for the vertices were :
O(H) =147, 6(C))=1.87, 6(C;)=1.20, 0o(S;)=0.55
Applying the GT-SDA:
1. Select C; (largest 5(v) = 1.87), add to DT
2. Remove C; and its neighbors from U; recompute U.

3. Select C, (next largest remaining & (v) = 1.20), add to DT .

4. Remaining vertices Hy, L1, S1 form a disconnected induced subgraph.

Hence, the split dominating set is

Dl = {Cl,Cz}.
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Figure 6.4 illustrates the structural representation of this split dominating set within the

Turiyam graph.

Healthcare Network
(Turiyam Graph)

@ H1 : Central Hospital

@ H2 : District Hospital

@ C1 : Urban Clinic L1
@ c2 : Rural Clinic /"
@ L1 : Diagnostic Laboratory \\A 74

@ s : Surveillance Unit

(.85, .05, .05, .05)

(75, .1, .1,.05 | '\ I (75, .1, .1, .05)

Cc2 S1
Edge Interpretation

Sfen, Porge e Voiese Wi
Figure 6.4: Turiyam Hospital- clinic network structure

Figure 6.4 depicts a regional healthcare network modeled as a Turiyam graph. The ver-
tices represent healthcare facilities: hospitals (H, H»), clinics (Cy, C3), a diagnostic labora-
tory (L), and a surveillance unit (S7). Edges correspond to patient referrals or information
flows between these facilities. Each edge is labeled with a Turiyam membership quadruple
(T,I,F,N), capturing the degrees of truth, indeterminacy, falsity, and neutrality associated

with the interaction.

In this network, the clinics C| and C; constitute a split dominating set. Each non-dominating
vertex is Turiyam-dominated by at least one clinic. Furthermore, the removal of {C;,C,}
disconnects the induced subgraph on the remaining vertices, splitting the network into in-
dependent components. This separation effectively restricts potential disease transmission

pathways and allows localized health interventions.
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Simulation Results and Impact on Disease Spread

The probability of infection propagation for a node v € V is modeled as:
P(V> = Z Tuv(l _Fuv)
ueN(v)

After implementing split domination, the infection probabilities satisfy:
Pafter(v) < Boefore (V)a Wwev \ D"

This demonstrates that the split dominating set significantly reduces systemic risk and limits

the spread of disease across the network.

Health System Interpretation and its discussion

The selected split dominating set identifies the most critical clinics that exert control over the
network while isolating hospitals, laboratories, and other facilities into independent clusters.
This structural property enables targeted interventions and prevents cascading infections, en-

hancing the overall resilience of the healthcare system.

Theoretical analysis and numerical experiments confirm that Turiyam split domination pro-
vides stronger control mechanisms than classical domination models, particularly in scenar-
ios with uncertainty or incomplete information. By leveraging Turiyam membership values,
decision-makers can prioritize intervention points and optimize resource allocation in real-

world healthcare networks.

Conclusion

The concept of split domination in Turiyam graphs provides a powerful extension of clas-
sical split domination within an environment characterized by uncertainty and incomplete
information. A Turiyam split dominating set not only guarantees that every vertex outside
the dominating set is influenced by at least one dominant vertex, but also ensures that the
removal of the dominating set disconnects the remaining induced subgraph. This dual prop-
erty simultaneously captures network control and structural separation. By incorporating
the four membership components of Turiyam sets—truth, indeterminacy, falsity, and liberal
values—split domination offers a more realistic framework for modeling complex systems

whose interactions are uncertain, evolving, or partially conflicting. The additional dimension
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enables the analysis of relationships that cannot be adequately represented using classical,

fuzzy, intuitionistic fuzzy, or neutrosophic graph models.

The theoretical development of split domination in Turiyam graphs highlights the balance
between dominance efficiency and network vulnerability. It provides insight into how influ-
ential vertices control information flow while also identifying critical points whose removal
may fragment the network into disconnected components. Consequently, Turiyam split dom-
ination serves as an effective tool for studying connectivity, influence boundaries, and con-

trolled separation in complex networks.

Furthermore, the concept has potential applications in healthcare systems, communication
networks, social networks, transportation systems, and decision-support frameworks, where
identifying strategically important vertices is essential for maintaining system stability and
managing disruptions. Therefore, split domination in Turiyam graphs contributes to the ad-
vancement of uncertainty-based graph theory and establishes a foundation for future studies

on related domination parameters and practical applications in real-world networks.
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CHAPTER 7

Equitable Domination in Turiyam Graphs

In complex networked systems, equitable distribution of influence and control is often as
important as overall dominance. While classical domination concepts focus on ensuring that
every node is dominated by at least one dominating vertex, they do not address fairness or
balance in the allocation of control. In many real-world networks, such as social networks,
resource allocation systems, or healthcare infrastructure, it is desirable that the responsibility
or influence of dominating vertices is distributed as evenly as possible. This motivates the

study of equitable domination.

Equitable domination extends the classical domination framework by imposing a balancing
constraint: the set of dominating nodes should not only cover the entire network but also
ensure that no dominating vertex is overburdened or underutilized relative to others. In the
context of Turiyam graphs, which incorporate multi-dimensional uncertainty through truth,
indeterminacy, falsity, and liberal-state components, equitable domination provides a robust

tool for fair influence allocation under uncertainty.

Formally, a Turiyam graph T = (V,E;) models complex interactions where both nodes and
edges carry uncertain membership values. An equitable dominating set is a subset of vertices

D C V such that:

e Every vertex v € V is dominated by at least one vertex in D according to the Turiyam-

strong arc conditions.

e The domination load is distributed as evenly as possible among vertices in D, ac-
cording to a chosen fairness metric (e.g., difference in Turiyam-weighted degrees or

membership-based coverage).

This section develops the foundational concepts of equitable domination in Turiyam graphs.

It includes definitions, properties, and examples illustrating how domination responsibilities
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can be balanced while still ensuring complete coverage of the network. Particular attention is
given to numerical measures derived from the Turiyam membership functions, which quan-

tify both the strength and fairness of the domination.

Applications of equitable domination in Turiyam graphs are diverse. For instance, in a
healthcare network, equitable domination ensures that supervisory or monitoring respon-
sibilities are shared fairly among key facilities, avoiding over-reliance on a single node while
still guaranteeing coverage. Similarly, in communication networks or organizational struc-
tures, equitable domination provides a principled approach for assigning leadership or con-
trol responsibilities under uncertainty. By integrating equitable domination with the multi-
dimensional framework of Turiyam graphs, this section lays the groundwork for both theo-
retical analysis and practical implementation, offering tools to design fair and resilient net-

worked systems.

7.1 Domination of Turiyam Graph Using Strong Arc

Definition 7.1.1. Assume u is a node in a Turiyam graph Tg. The degree of u, denoted by
deg(u), is defined as the total weight of the Turiyam-strong arcs incident to u. That is, it

measures the cumulative influence of all powerful connections associated with u.
The neighborhood of u, denoted by N(u), is the set of vertices
N(u)={veV(Ts) | (u,v) is a Turiyam-strong arc}.
Furthermore, we define:
e O(Gys) = min{deg(u) | u € V(T5)}, the minimum degree of the Turiyam strong-arc
subgraph Gys.
o A(Gys) = max{deg(u) | u € V(Ts)}, the maximum degree of Gys.

These quantities provide bounds on the influence or connectivity of vertices within the net-

work and are fundamental in analyzing equitable domination.

Definition 7.1.2. Let Tgs = (Ars,Brs) be a Turiyam strong-arc graph.

e The order of Tgs, denoted by |Arg

, is defined as the weighted sum of the vertex mem-

bership values:

34+ Tx..(a;)) =051y, (a;) — Fa..(a;
frgl = Y, S Tars(0) =05 uy0) = Fary ()

LI,‘GATS
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This measure captures the effective number of vertices considering their truth, inde-

terminacy, and falsity components.

e The size of Tgs, denoted by |Brg

, is defined similarly as the weighted sum over the

edges:

_ 3+TBTS(bi) _O'SIBTS(bi> _FBTs(bi)
Brs|l= ) 1 .
biEBTS
This represents the effective strength of connections in the Turiyam graph, accounting

for uncertainty in the edges.

Both quantities generalize the classical notions of order and size to the context of Turiyam

graphs, where nodes and edges carry membership values rather than being purely binary.

Definition 7.1.3. Let Tgs = (Ars,Brs) be a Turiyam strong-arc graph. A subset Dys C Aty
is called an overwhelming set (or equitable dominating set) of Tgs, denoted by yYre(Tes), if
for every vertex vy € Ajr \ Drs, there exists at least one vertex uy € Drg that dominates vy

in TGS-

Definition 7.1.4. Let Tgs = (Ars, Brs) be a Turiyam strong-arc graph, and let Dys C Arg be
an overwhelming set of Tgs. The set Drg is called a minimum overwhelming set if no proper
subset of Drg is itself an overwhelming set of Tgs. In other words, removing any vertex from

Drs would violate the domination condition.

Example 7.1.1. Let Tgs = (Ars, Brs) be the Turiyam strong-arc graph corresponding to T

as shown in Figure 7.1.

(02502503,039) (0.25,0.25,0.3,0.33) o
al a2 ;{o_:s,o..-_,o.:s,o 3%)
/A

(0.25,0.25,03,0.35) (0.25,03,0.35,0.35)

(0.25.025,034.35)

(0.25,0.25,0.3,0.35) (05,035,02,04) p (0.6,0.3,02,04)

a

as
ad 040350358 (05.0350204)
(05,04.0.35,0.45)
o0 (04.03,0.35,045)
(0.2,0.25,0.3.0.35) — “a8
/ (03.03.035,04)
(05,035,035,04)

Figure 7.1: Domination of Turiyam Graph Using strong arc
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As observed from Figure 7.1, the arcs aras and aqay are not strong arcs. The degrees of
the vertices, given as 4-tuples of truth (7'), indeterminacy (I), falsity (F), and liberal-state

(L) membership values, are listed below:

deg(ar) = (0.5,0.5,0.6,0.7),  deg(az) = (0.8,0.8,0.95,1.05),

(a1) = ( (a2)
deg(as) = (0.25,0.3,0.35,0.35), deg(as) = (0.25,0.25,0.3,0.35),
(as) = ( (as)

(
deg(as) = (1.4,0.95,0.85,1.15), deg(ag) = (0.6,0.3,0.2,0.4),

deg(a7) = (0.7,0.65,0.7,0.8),  deg(as) = (0.4,0.3,0.35,0.45)

The minimum degrees in the graph Tg for each membership component are:

0(Ters) = min degy(ug) =0.25, 6(Tgis) = min deg;(uy) = 0.25,

UgEATS UgEATS
S(TGFS) = min degF(ud) = 0.3, S(TGLS) = min degL(ud) =0.35
ugEATS ugEATS

Hence, the overall minimum degree vector is:
0(Tss) = {0.25,0.25,0.3,0.35}
Similarly, the maximum degrees of 7 are:

A(TGTS) = max degy(uy) =14, A(TIS) = max deg;(uy) =0.95,

udGATS MdeATS

A(TGFS) = max degp(uy) =0.95, A(TGLS) = max deg; (ug) = 1.15

UgEATS UgEATS

Thus, the overall maximum degree vector is:
A(Tgs) = {1.4,0.95,0.95,1.15}

These minimum and maximum degree vectors provide the bounds for node connectivity in
Grs and are crucial for computing domination and equitable domination in the Turiyam

graph.

Theorem 7.1.1. Let Tgs = (Ars,Brs) be a Turiyam graph, and let Drs C Arg be a Turiyam
dominance set. Then Drg is minimal if and only if, for each v; € Drs, at least one of the

following conditions holds:
1. There exists a node uy € Ars\ Drs such that
N(uq) N\ Drs = {va},
i.e., ug is dominated solely by v,.
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2. The vertex v, is isolated in the induced subgraph (Drs), i.e., it has no strong arcs

connecting it to other vertices of Drs.

Proof. Let Tgs = (Ars,Brs) be a Turiyam graph and Drg C Arg be a Turiyam dominance
set. We want to show that Drg is minimal if and only if, for each v; € Drg, either: 1. There
exists uy € Ars \ Drg such that N(uy) N Drg = {v4}, or 2. v, is isolated in the induced

subgraph (Drg).

(=) Minimality implies the conditions hold: Assume D7g is minimal. By definition,

removing any vertex v, from D7y destroys the dominance property. Consider any v; € Drgs:

e If there exists a node u; € Arg \ Drg that is dominated solely by v,, then removing v,
would leave u; undominated. Hence, the dominance property fails, satisfying condi-

tion (1).

e If no such u, exists, then v; does not dominate any vertex outside Drg exclusively. In
order for v, to be necessary for minimality, it must be that v, is isolated in the induced
subgraph (Drg), so that removing it would reduce the internal structure of Drg and

break minimality. This satisfies condition (2).

(<) Conditions imply minimality: Now, assume that for each v; € Drg, either condition

(1) or (2) holds. Suppose we try to remove v; from Drg:

e If condition (1) holds, then removing v, leaves some uy; € Ays \ Drs undominated.

Therefore, the resulting set cannot be a Turiyam dominance set.

e If condition (2) holds, then v, is isolated in (Drg). Removing v; would break the
internal structure of Drg, and it may fail to satisfy the required dominance properties

over other nodes in D7y or the graph.

In either case, removing v, violates the dominance property, so D7g is minimal. Hence, the

theorem is proved. 0

Theorem 7.1.2. Let Tgs = (Ars,Brs) be a Turiyam graph, and let Drs C Arg be a Turiyam
dominance set. Then, for any two nodes uy,vy € Ars \ Drs, every path connecting ug and vy

contains at least one vertex from Drg.
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Proof. By the definition of a Turiyam dominance set, each vertex in Arg \ Drg is dominated
by at least one vertex in Drg. Consider two vertices uy,vy € Ars \ Drs. Suppose there exists
apath P=uy; —wy —wy —--- —wi — vy connecting u, and v, that contains no vertices from
Drs. Since Drg dominates all vertices outside it, each vertex w; must be adjacent to at least
one vertex in Drg. Therefore, a path from u, to v, that avoids D7g cannot exist because there
would be at least one vertex along the path dominated by a vertex in Drg, contradicting the
assumption that the path avoids Drg.

Hence, every path connecting u; and v; must include at least one vertex from Drg, as

required. H

7.2 Equitable Domination of Turiyam graphs

Definition 7.2.1. Let Tgs = (Ars,Brs) be a Turiyam graph and let Drg C Arg be an over-
whelming (dominating) set. If for every vertex ug € Ars\ Drs, there exists a vertex vq € Drg

such that ugv; € Brs and
|deg(uq) —deg(va)| < 1,

then Drg is called an equitable dominance set of Grs. The equitable dominance number of

Grs, denoted by Yor.16(TGs), is defined as
Yer-rG(Tgs) = min{ |Drg| : Drs is an equitable dominance set of Tgs }.

Definition 7.2.2. An equitable dominance set Drg of a Turiyam graph Tgs = (Ars,Brs) is

called a minimum equitable dominance set if

IDrs| = Yer-r6(TGs),
that is, Drgs has the smallest possible cardinality among all equitable dominance sets of Tgs.

Example 7.2.1. Let Tgs = (Ars,Brs) be the Turiyam strong-arc graph corresponding to Tg

as shown in Figure 7.2.
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Figure 7.2: Equitable Domination of Turiyam Graph Using strong arc

From Figure 7.2, the arcs ajas, aray4, and aga; are not strong arcs. Hence, the Turiyam

degrees of the vertices are

deg(a;) = (0.25,0.25,0.30,0.35),

deg(az 0.50,0.60,0.70,0.70),

deg(az) = (0.25,0.30,0.35,0.35),

)
)
)
0.25,0.25,0.30,0.35),
)
)
)
)

1.15,1.00,0.90,1.15),

deg(ae 0.50,0.35,0.20,0.40),

deg(a7) = (0.70,0.65,0.70,0.80),

0.30,0.30,0.35, 0.40).

(a1) = (
(a2) = (
(a3) = (
deg(as) = (
deg(as) = (
(a6) = (
(a7) = (
(ag) = (

deg(ag
An equitable dominating set is

DE = {612,614,615}.

Every vertex in V \ Dg = {ay,a3,a¢,a7,ag} is adjacent to a vertex in Dg and satisfies the
equitable domination condition. Therefore, Dg is an equitable dominating set of Gr, and

hence

YE(TG) =3,

Theorem 7.2.1. Let Tgs = (Ars,Brs) be a Turiyam graph and let Dys C Arg be a balanced
(equitable) overwhelming set. Then Drg is a minimum balanced overwhelming set if and

only if for every vertex vq € Drg, at least one of the following holds:
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1. There exists a vertex uy € Ars \ Drs such that
Drs NN (uq) = {va},
that is, v is the unique dominating vertex of ug.

2. vy is an isolated vertex in the induced subgraph (Drs).

Proof. We prove both directions.

(Necessity) Assume that D7g is a minimum balanced overwhelming set of 7is. Let v, €
Drg and suppose that neither condition (1) nor (2) holds. Then vy, is not isolated in (Drg),
and for every uy € Arg\ Drs dominated by vy, there exists another vertex in Drg \ {v;} that
also dominates u,. Hence, removing v; does not destroy domination or balance. Therefore,

the set
D7s = Drs\{va}

remains a balanced overwhelming set with smaller cardinality, which contradicts the mini-

mality of Drg. Thus, for every v; € Drg, at least one of the stated conditions must hold.

(Sufficiency) Assume that for every v; € Drg, at least one of the conditions holds. Sup-
pose that Drg is not minimum. Then there exists a proper subset D¢ C Drg that is also a
balanced overwhelming set. Hence some vertex v; € Drg is removed.

Case 1: If there exists uy € Arg \ Drs such that

Drg ﬂN(ud) = {vd},

then u, is dominated only by v;. Removing v; leaves u; undominated, contradicting that
D/;¢ is an overwhelming set.

Case 2: If v, is isolated in (Drg), then removing v, destroys the structural domination
or balance maintained by Drs, again contradicting that D’ is a balanced overwhelming
set. Thus no proper subset of Drg can be a balanced overwhelming set. Therefore, Drg is
minimum.

]

Theorem 7.2.2. Let Tgs = (Ars,Brs) be a Turiyam graph. Then the Turiyam domination

number is less than or equal to the equitable Turiyam domination number, that is,

Yr6(Tes) < Yea-rc(TGs)-
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Proof. Let D,; C Ars be a minimum equitable Turiyam dominating set of Grg. By the

definition of equitable Turiyam domination, D, satisfies the following:

1. D,4 is a Turiyam dominating set of 7gs.

2. For each vertex u; € Ars — D, 4, there exists a vertex v; € D, such that
|deg(ug) — deg(va)| < 1.

Thus, every equitable Turiyam dominating set is also a Turiyam dominating set. Since

Yrc(Tgs) is defined as the minimum cardinality among all Turiyam dominating sets, we have

Yr6(TGs) < |Deal.

Because D, is a minimum equitable Turiyam dominating set,

|Ded| = Yea-T6(TGs).
Therefore,
Y16 (TGs) < Yea-rc(TGs).
Hence proved. [

Corollary 7.2.1. For any Turiyam graph Tgs, if an equitable Turiyam dominating set coin-

cides with a minimum Turiyam dominating set, then

Yr6(Tes) = Yea-r6(TGs)-

Example 7.2.2. Consider the Turiyam graph Tgs = (Ars,Brs) shown in Figure 7.3. The

vertex set is
Ars ={ay,a2,a3,a4,as,a6},

and the edges Brg represent the arcs with their corresponding Turiyam membership values.
From Figure 7.3, all arcs are strong except for ayas and asaj. The degrees of the vertices
are given by:

deg(a;) = (0.6,0.5,0.4,0.3), deg(az) =(0.6,0.5,0.4,0.3),

deg(az) = (0.6,0.5,0.4,0.3), deg(as4) = (0.6,0.5,0.4,0.3),

deg(as) = (0.6,0.5,0.4,0.3), deg(a¢) = (0.6,0.5,0.4,0.3).
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The only possible balanced and overwhelming dominance set of Grg is

Ded-TS = {a17a27a37a47a57a6}7
since for each a; € Ars \ Deg.ts, there exists a vertex a;j € Doq.1s such that

|deg(a;) —deg(a;)| < 1.

06,05, %b 0.3) a3 06,05, 04,03)

(0.6.0.5,04,03)

0.5,0.4,0.3)

ad

06,0504, % (0.6,0.5,0.4,0.3)

as
(0.6,05,04,03)

Figure 7.3: Example of equitable domination in a Turiyam graph.

Theorem 7.2.3. Let Tgs = (Ars,Brs) be a Turiyam graph and let D.4.1s be an equitable
dominance set of Tgs. Then there exist two vertices ug,vg € Ars \ Deg.Ts such that every

uq—vy path contains at least one vertex from D,q.T5.

Proof. Assume that D, s is an equitable dominance set of the Turiyam graph T;s = (A7s, Brs).
By definition of equitable domination, every vertex in Ars \ D.4.1s is dominated by at least
one vertex of D,4.rs, and this domination also satisfies the equitable condition on degrees.
Thus, the vertices in D, ;.75 collectively control the connectivity and influence of the remain-

ing vertices in the graph.

Now consider two vertices iy, vy € Ars \ Deq.Ts- Suppose, for contradiction, that there exists
a ug—v, path that does not contain any vertex from D,;.rs. Then all vertices on that path
lie entirely within A7s \ D.g.7s- This would imply that the vertices outside the equitable
dominance set can remain connected independently, without passing through any dominat-
ing vertex. Such a situation contradicts the role of an equitable dominance set, since the
dominating vertices must intervene in the structural control of the remaining subgraph. In

particular, if a path exists entirely outside D,4.rs, then domination would fail to influence
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the connectivity between those vertices. Hence, every path connecting u,; and v; must pass
through at least one vertex of D,y.rs. Therefore, there exist vertices uy, vy € Ars \ Dea.rs

such that each u;—v; path contains one or more vertices from D, _7s. L]

Theorem 7.2.4. Let Tgs = (Ars,Brs) be a Turiyam graph of order p = |Ars|. Then the

equitable dominance number satisfies the following upper bounds:
Yer-1G(Tgs) < p— Ar(Tgs),

Yer-1c(Ts) < p—Ar(Tgs),
Yer-r6(Tcs) < p—Ar(Tgs),
Yer-16(Tcs) < p—AL(TGs),

where Ar(Tgs),Ai(Tes), Ar(Tes), and Ar(Tgs) denote the maximum truth, indeterminacy,

falsity, and liberal degrees of the vertices of Tgs, respectively.

Proof. Letv € Arg be a vertex having maximum Turiyam degree with respect to one of the
components (truth, indeterminacy, falsity, or liberal). Without loss of generality, assume v
has maximum truth-degree Az (Tgs). Then v is strongly connected (in the Turiyam sense) to
at least Ay (Tgg) vertices of the graph. These vertices are already equitably dominated by v,
since their degree difference with v satisfies the equitable domination condition and they are

adjacent to v.

Hence, it is not necessary to include these Ar(7gs) vertices in an equitable dominating
set. At most, the remaining vertices whose number is p — Ay (75s) need to be selected to

ensure equitable domination of the entire graph. Therefore,

Yer-1G(Tgs) < p— Ar(Tgs).

The same reasoning applies when v is chosen as a vertex of maximum indeterminacy degree,

falsity degree, or liberal degree. Thus,
Yer-r6(Tcs) < p—Ai(Tgs),

Yer-r6(Tgs) < p—Ar(Tgs),
Yer-rc(Tgs) < p—AL(Tgs).

Hence the result holds for all Turiyam degree components. O
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7.3 Strong and Weak Equitable Domination in Turiyam Graph

The notions of strong and weak domination in Turiyam graphs are more intricate than in
classical graph structures. This complexity arises because the membership value of an edge
is not fixed independently; rather, it is determined by the membership values of the vertices
incident to that edge. As a result, the strength of interaction between vertices is influenced
by multiple Turiyam components, making dominance relationships inherently graded and

uncertain.

To manage this structural dependency, we introduce quantitative evaluation mechanisms in
the form of cardinality score functions. In particular, an edge cardinality score function is as-
signed to each edge, and a vertex cardinality score function is assigned to each vertex. These
functions provide a systematic way to measure interaction intensity and structural influence

within the Turiyam framework.

Using these score-based measures, domination relationships can be categorized according
to their relative strength. When the influence of dominating vertices satisfies higher mem-
bership intensity under equitable constraints, the domination is regarded as strong equitable
domination. Conversely, when the domination satisfies equitable conditions but with com-

paratively lower membership strength, it is classified as weak equitable domination.

Therefore, in a Turiyam graph, the existence and classification of strong and weak equitable
domination depend fundamentally on the degree structure of the graph. The Turiyam degrees
of vertices determine how influence propagates across the network and whether the resulting

domination is strong or weak under equitable balance.

Definition 7.3.1. Let Tgs = (Ars,Brs) be a Turiyam graph. The vertex score function v s

and the edge score function esr of Tgs are defined as follows. Vertex score function:

3+ TATS(ud) - O‘SIATS<ud> - FATS(ud) - LATS(ud)
4

Vsf(Ug) =

Edge score function:

3+ T, (ug,va) —0.51p,s(tq,va) — Fprs(tta,va) — Leyg(Ua,va)
4

esr(Ug,va) =

where T, I, F, and L denote the truth, indeterminacy, falsity, and liberal (neutral) member-

ship values, respectively.
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Definition 7.3.2. Let T be a Turiyam graph and Tgs = (Ars, Brs). Let ug € Ars be a vertex.
The degree of the vertex uy, denoted by deg(uy), is defined as the sum of the weights of

all strong arcs incident at uy, computed using the corresponding edge score functions.

The neighbourhood of u, is defined as

N(ug) ={vq € Ars | (ua,va) is a strong arc }.

The minimum degree of Tgs is given by

0(Tgs) = min{deg(uy) | ug € Ars },

and the maximum degree of Tgs is given by

A(Tgs) = max{deg(uy) | uq € Ars }.

Definition 7.3.3. Let Tgs = (Ars,Brs) be a Turiyam graph.
The order of Tgs is defined as the sum of the vertex score functions of all vertices in the

graph. That is,

Tosl =) vsr(ua),

ug€ATS
where vyr(ug) denotes the score function associated with vertex ug.
Similarly, the size of Tgs is defined as the sum of the edge score functions of all edges in

the graph. That is,

ITesll = ), esr(ua,va),

(ug,vq)EBTS

where egr(ug,vq) denotes the score function associated with the edge (ug,vq).

Definition 7.3.4. Let Tgs = (Ars,Brs) be a Turiyam graph and let Doy_15 C Ars be an
equitable dominance set. A vertex uy € Do4_7s is said to be extremely equitable with respect
to a vertex vy € Ars if

deg(ug) > deg(vy).

In this case, uy is said to extremely equitably dominate (or predominate) the vertex vy. If the
above condition holds for all v; € Ars, then uy is called an extremely equitable dominant

vertex of Grs.

Definition 7.3.5. Let Tgs = (Ars, Brs) be a Turiyam graph. For any ug,vy € Ars, we say that

ug weakly equitably dominates v,; if uy belongs to the equitable dominance set and satisfies
deg(uq) < deg(va).
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Definition 7.3.6. Let Tgs = (Ars,Brs) be a Turiyam graph. Suppose there exists at least
one ug € ng-TS such that ug is extremely equitable and predominates every vy € Ars \
Df .75 Lhen, the set Df .75 & Ars is called a strong equitable dominance set of Ars in 1gs.
Furthermore, the minimum cardinality of such a set is called the strong equitable domination

number and is denoted by

Yorr6(Ts)-

Definition 7.3.7. Let Tgs = (Ars, Brs) be a Turiyam graph. Suppose there exists at least one
Ug € DZ‘;_TS such that uy; weakly equitably dominates every v, € ATS\DZ‘L/Z-TS' Then, the set
DZZ_TS C Arg is called a weak equitable dominance set of Arg in Tgs. Moreover, the weak
equitable domination number, denoted by y:Z,_TG(TGS), is defined as the minimum cardinality

of such a set.

Theorem 7.3.1. For any Turiyam graph Tgs = (Ars,Brs), the weak and strong equitable

domination numbers satisfy

Yor16(Tas) = Yorrg(Tas)  or equivalently Yoy r6(Tas) < Yoy-r6(Tas)-

Proof. Let Df .75 and DZJ_TS denote the strong and weak equitable dominance sets of Tgs,
respectively. Consider the following cases:

Casei. If Di .75 and DZ‘;_T ¢ have the same number of vertices, then clearly

Yov-16(Tas) = Yoy (Tcs)-

Case ii. If the weak equitable dominance set contains more vertices than the strong

equitable dominance set (even with nearly equal membership values), then

Yov-16(Tas) > Yorra(TGs)-

Case iii. If all arcs in the Turiyam graph are strong and the two sets have equal numbers

of vertices, then
Your6(Tas) = Yorrc(Tos)-

From these cases, we conclude that, in general,

Yorrc(Tos) < Yawz6(TGs)-
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Theorem 7.3.2. For any Turiyam graph Tgs = (Ars, Brs), the strong equitable domination

number satisfies

Yorrc(Tas) < o(Tos) —A(Ts) and  Yop76(Tes) < o(Tes) — 6(Tos),

where o(Tgs) denotes the order of Tgs, A(Tgs) the maximum degree, and (Tgs) the mini-

mum degree of Tgs.

Proof. Let Tgs = (Ars,Brs) be a Turiyam graph with n vertices. Denote the vertices in
strong arcs by vy, va,...,v, and let d(v;) represent the degree of vertex v;. By the definition
of a strong equitable dominance set, the number of vertices in such a set is less than n.
Moreover, considering the minimal strong equitable dominance set and the maximum degree
A(Tgs) (which corresponds to the maximum truth membership value among all vertices), we

have

N

Yorrc(Tos) < Y d(vi) < n—A(Tgs).
=1

~

Similarly, by considering the minimum degree 0 (7gs), we also obtain

Vorrc(Tes) <n—38(Tgs).

Hence, the strong equitable domination number of 75 is bounded above by o(7Tgs) — A(Tgs)

and O(GTS) —5<Tgs). ]

Theorem 7.3.3. For any Turiyam graph Tgs = (Ars,Brs), the weak equitable domination

number satisfies

Yovr6(Tas) < o(Tas) — A(Tgs)  and  Yoy.r6(Tas) < o(Grs) — 8(Tgs),

where o(Grs) denotes the order of Tgs, A(Tgs) is the maximum degree, and 6(Tgs) is the

minimum degree of Tgs.

Proof. Let Tgs = (Ars,Brs) be a Turiyam graph with n vertices. Denote the vertices by
v1,Vv2,...,v, and let d(v;) represent the degree of vertex v;. By the definition of a weak equi-
table dominance set, every vertex in Arg \DZZ_T ¢ 1s weakly dominated by at least one vertex
in DZ‘;_TS. Since a weak equitable dominance set may require fewer vertices than the total

number of nodes n, the number of vertices in DZ{_T ¢ 1s bounded above by n.

114



Considering the maximum degree A(7gs) of Tgs (representing the vertex with the largest
membership value), the weak equitable domination set can avoid including this vertex, giving

the bound
Yo r6(Tes) < n—A(Grs) = o(Tgs) — A(Ts).

Similarly, taking the minimum degree 0 (7gs) into account, we obtain
Yea-r6(Grs) <n—8(Tgs) = o(Tgs) — 8(Ts)-

Hence, the weak equitable domination number of Tgs is bounded above by both o(7gs) —

A(Tgs) and O(Tgs) — 5(T65). L]

Theorem 7.3.4. For any Turiyam graph Tgs = (Ars,Brs), the strong and weak equitable

domination numbers satisfy

O(GTs)
A(Tgs) + 1

o(Tgs)

AlTos) +1 and  Yy.rc(Tes) >

Yourc(Tes) >
where o(Tgs) denotes the order of Tgs and A(Tgs) is the maximum degree of Tgs.

Proof. Let D be a minimum strong equitable dominating set of 7gg, so that

ID| = Yo176(Tas).

Since D is a dominating set, every vertex of Grg either belongs to D or is adjacent to a vertex
of D. A vertex in D can dominate at most A(Grg) vertices outside D, where A(Tys) denotes

the maximum degree of T;5. Hence, each vertex of D accounts for at most
A(Tgs) + 1
vertices of Tgg, including itself. Therefore,
o(Grs) < |D|(A(Tgs) +1).

Substituting [D| = ¥3, (TGs), we obtain

O(GTs)

Yorrc(Tcs) = AlTos) +1°

Similarly, if D’ is a minimum weak equitable dominating set of 7gs, then
W
ID'| = Yeyr6(Tos)-
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Using the same argument, each vertex of D’ can dominate at most A(7gs) other vertices,

yielding
O(Tcs) < |DI| (A(Tcs) + 1) .
Thus,
W o(Tgs)
T > —
Therefore,
o(Tgs) W o(Tgs)
T > 7 d T > =7
Yorr6(Tas) > ATos) 11 and Y,y 76(Tcs) > A(Tos) + 1

]

Example 7.3.1 (Illustration of Strong and Weak Equitable Domination). Consider a Turiyam

graph Tgs = (Ars,Brs) with 5 vertices:
Ars ={v1,v2,v3,v4,Vs},
and edges (arcs):
Brs ={(v1,v2), (vi,v3),(v2,v3), (v3,v4), (va,Vs)}.
The degrees of the vertices are:
deg(vi) =2, deg(vy) =2, deg(v3)=3, deg(vs)=2, deg(vs)=1.
Strong Equitable Dominance Set: A possible strong equitable dominating set is
Diyrs = {vi,v3,vs}.
Here, each vertex not in Df .75 is dominated by at least one extremely equitable vertex. Thus,
Yorr6(Tas) = |Dogrsl = 3.
Weak Equitable Dominance Set: A possible weak equitable dominating set is
DZI-TS ={vi,v3}.

Here, each vertex not in DEZ_TS is weakly equitably dominated by at least one vertex in the

set. Thus,
Yorr6(Ts) = [Doyrs| = 2.
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Verification of Theorem Bounds:
- Order: o(Grs) =5

- Maximum degree: A(Grs) =3

- Minimum degree: 8(Grs) =1

From Theorems 5.2—5.4:

Yor-76(G15), Yow.76(Grs) < 0(Grs) — 8(Grs) =5—1=4

O(GTS) _ 5
A(Grs)+1  3+1

Indeed, our computed domination numbers satisfy these bounds:

=125~2

Your76(G78)s Yoy.76(Grs) =

ygd-TG(GTS> =3, YZZ-TG(GTS) =2.

Conclusion

Equitable domination in Turiyam graphs provides a balanced and structurally consistent ex-
tension of classical domination theory by integrating degree-based fairness into the domina-
tion process. Unlike ordinary domination, where the primary objective is merely to ensure
that every vertex is dominated, equitable domination imposes an additional requirement that
the dominating and dominated vertices possess comparable degrees. This condition pro-
motes a more uniform distribution of influence throughout the graph and prevents excessive

concentration of control in a few highly connected vertices.

Within the framework of Turiyam graphs, which are characterized by four membership com-
ponents representing truth, indeterminacy, falsity, and liberalization degrees, equitable dom-
ination acquires greater significance. The multi-valued nature of Turiyam graphs allows
them to model complex systems involving uncertainty, inconsistency, and incomplete infor-
mation. Consequently, the study of equitable domination in such graphs offers a mechanism
for maintaining balanced supervision and interaction among vertices while respecting the

underlying uncertainty represented by the Turiyam structure.

The investigation of strong and weak equitable domination sets demonstrates how domina-
tion properties can be adapted to different levels of connectivity determined by strong and
weak arcs. These concepts provide valuable insights into the organization of networks where

relationships vary in strength and reliability. Furthermore, the theoretical results obtained for
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equitable domination numbers, bounds, and characterizations contribute to a deeper under-

standing of domination parameters in generalized graph environments.

Overall, equitable domination serves as an effective tool for achieving stability, proportion-
ality, and fairness in Turiyam graphs. The developed concepts and results enrich the theory
of Turiyam graph domination and establish a foundation for future studies on related dom-
ination parameters, optimization problems, and algorithmic approaches. Moreover, these
ideas have potential applications in decision-making systems, communication networks, so-
cial interaction models, resource allocation problems, and other real-world systems where

balanced control under uncertainty is essential.

118



CHAPTER 8

Applications of Domination in Turiyam Graphs

8.1 Application of Paired Domination in Turiyam Graphs to Social

Networks

In this section, we explore the application of paired domination in Turiyam graphs within
the context of social networks. A social network is a structure consisting of individuals or
groups of individuals connected by one or more forms of interdependency, such as friend-
ship, communication, or influence. Domination in graphs has practical applications across
many domains, providing solutions to real-world problems. Examples include selecting rep-
resentative sets, designing interconnection and communication networks, land surveying,

social network analysis, and optimizing school bus routes.

A key issue in social network theory is the identification of an initial set of target individuals
who can efficiently influence others. In social settings, individuals can affect each other both
positively and negatively, and they may take on different roles depending on peer influence.
Specifically, an individual’s influence may be dynamic: a person initially having a positive
influence can become negative, and vice versa, alternating between these states over time.
Paired domination in Turiyam graphs can model these interactions by ensuring that influen-
tial individuals (or “dominating pairs”) cover the network effectively, allowing for controlled

and efficient propagation of influence within the social structure.

8.1.1 Example of application scenario: Social Network

In this example, we demonstrate an application of paired domination in a Turiyam graph

through a social-network model. Consider a social group within an organization consisting
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of four individuals, as shown in Figure 8.1:
V = {Chala, Eden, Tigist, Dawit}.
The corresponding Turiyam vertex set is given by;
A= {(Chala, (0.2,0.5,0.8,0.4)), (Eden, (0.3,0.5,0.1,0.2)), (Tigist, (0.6,0.1,0.8,0.3)), (Dawit, (0.7,0.3, 0.

The set of strong edges, which represent high levels of trust, cooperation, or interdependence

among individuals, is
E = {(Chala, Eden), (Chala, Tigist), (Eden, Dawit) }.

These strong relationships are represented by solid lines in the graph. In contrast, pairs with
weak or no trust relationship, such as (Dawit, Tigist), are represented by dotted lines. The

following sets form strong dominating collections:

D; = {Chala,Eden}, D, = {Chala, Tigist},

D3 = {Dawit, Tigist}, D4 = {Chala, Eden, Tigist, Dawit}.

The Turiyam graph representation enables the analysis of influence and supervision within
the organization. Each vertex represents an individual, while each edge describes the strength
of the relationship between two individuals. A paired dominating set identifies a group of
individuals that can collectively influence or monitor all members of the network, while
simultaneously maintaining internal cooperation through paired connections. Consequently,
paired domination provides an effective framework for modeling leadership, collaboration,
and information dissemination in social networks characterized by uncertainty and varying

levels of trust.
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Tigist (0.6,0.1,0.5,0.3)
~

\(0.6,0.1, 0.8,0.5)

-~
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(0.2,0.1, 0.6,0.4)

Davit 0.7,03,0.2,0.5
Chala ( )
(0.2,0.5,0.3,0.5)

(0.2,0.1,0.6,0.4)
(0.2,0.5,0.3,0.2)

Eden
(0.3,0.5,0.1,0.2)

Figure 8.1: Paired Domination in a Turiyam graph.

Since all edges are effective edges, a subset of E forms an edge dominating set of the
Turiyam graph 7. We can compute the values of the strong dominating collections as fol-

lows.

Let the following functions represent relationships between individuals in the social network:

Wi (D) = Z hy(Tigist,Chala) represents the relationship between Tigist and Chala,
ueD

Wh(D) = Z g>(Chala,Eden) represents the relationship between Chala and Eden,
ueD

W3(D) = Z ny(Tigist,Dawit) represents the relationship between Tigist and Dawit,
ueD

Wy(D) = Z kp(Eden,Dawit) represents the relationship between Eden and Dawit.
ueD

Then, the overall value of the strong dominating collection D is

W(D) = (Wi (D),W2(D),Ws(D),W4(D)) = < Z ha(u,v), Z g2(u,v), Z na(u,v), Z kg(u,v)),

ueD ueD ueD ueD

where:
o (W, W,)(D) , Wy(D) represent the membership, abstinence, and liberal values of D,
e W3(D) represents the non-membership values of D,

e y(u,v), g2(u,v), and kp(u,v) are the minimum values of membership, abstinence, and

liberal values of edges incident on u,

e ny(u,v) is the maximum non-membership value of edges incident on u.
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For the given scenario, we compute can compute the strong paired domination as follows:

Wi(D) = (0.2+0.2,0.540.1,0.840.6,0.2+0.4) = (0.4,0.6,1.4,0.6),

(D) = (

W (D) = (0.2+0.2,0.5+0.1,0.8+0.6,0.2+0.4) = (0.4,0.6,1.4,0.6),

W4(D) = (0.8,0.2,1.4,0.7),
(D) = (

D

=

0.6,0.1,0.8,0.3).

Therefore, the strong paired domination number of Tg is
0(Tg) = (061,62,83,04) = (1.4,1.4,0.8,2.1),
which indicates the following:

e High trust exists between Tigist and Chala (8; = 1.4), Chala and Eden (8, = 1.4), and
Eden and Dawit (04 = 2.1),

e No trust exists between Tigist and Dawit (83 = 0.8).

8.2 Application of Turiyam Total Domination in Healthcare Systems

Healthcare systems operate under conditions of uncertainty, incomplete information, and
varying influence levels. Hospitals, clinics, laboratories, emergency units, and surveillance
centers form complex networks in which service coverage, patient flow, and resource allo-
cation must be optimized. Classical graph models often fail to capture the uncertainty and

dominance amplification inherent in real-world healthcare settings.

Turiyam graphs, with their four-dimensional membership structure (7,1, F,L), provide a

powerful framework for modeling such systems realistically.

8.2.1 Healthcare Network as a Turiyam Graph

Consider a Turiyam graph Gr = (¢r, yr) representing a regional healthcare system. The

vertex set corresponds to healthcare facilities:
V= {H17H27C17C27L17E1}7
where:

e H; — Referral Hospital
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H, — District Hospital

C; — Urban Clinic

C, — Rural Clinic

L — Diagnostic Laboratory

E1 — Emergency Center

8.2.2 Turiyam Vertex and Edge Membership Functions

Each vertex and edge in the model is associated with a four-dimensional membership vector

(T,I,F,L), where:
e T — Service capacity of the facility
e | — Reliability of service delivery
e F — Operational uncertainty (e.g., logistics constraints)
e L — Dominance level representing regional influence or strategic importance

This representation enables the Turiyam graph to capture not only structural connectivity
but also uncertainty and heterogeneous influence across healthcare facilities. Consequently,
domination-based analyses can be used for optimizing resource allocation, improving acces-

sibility, and enhancing patient flow.

8.3 Application of Turiyam Total Domination in Healthcare Networks

8.3.1 Vertex and Edge Membership Functions

Table 8.1 summarizes the Turiyam membership values assigned to both vertices and edges
within the healthcare network. In this framework, vertices represent healthcare facilities,
while edges capture functional interactions such as patient referrals, diagnostic collabora-

tions, and emergency transfer pathways.

In particular, the parameter Ly plays a crucial role in characterizing the dominance intensity
of each facility, with special emphasis on referral hospitals, which typically exert stronger

regional influence and coordination capacity within the network.
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Table 8.1: Turiyam Membership Values of Healthcare Network

Facility 7 Iy Fy Ly | Edge Ty Iy Fy Ly
H, 090 0.05 0.05 1.80| HH, 0.80 0.10 0.10 1.50
H; 0.80 0.10 0.10 1.50 | HiC; 0.75 0.15 0.10 1.40
Ci 0.65 020 0.15 1.20| H,C, 0.65 0.20 0.15 1.20
G 0.55 0.25 0.20 1.10 | HiL; 0.85 0.08 0.07 1.60
Ly 0.70 0.15 0.15 130 | E;H; 090 0.05 0.05 1.70
E; 0.85 0.08 0.07 1.60 | E;¢; 0.70 0.18 0.12 1.30

8.3.2 Turiyam-Strong Edge Conditions

An edge uv is said to be Turiyam-strong if it satisfies:

Ilustrative Analysis:

e Edge H|H,: satisfies all conditions except the dominance condition on Ly, hence not

fully Turiyam-strong.
e Edge H;L;: satisfies structural conditions but fails strict dominance threshold on L.

e Edge E|H,: satisfies most conditions and is accepted under a relaxed dominance in-

terpretation suitable for healthcare uncertainty.

8.3.3 Turiyam Total Dominating Set (TTD-Set)

Using the thresholds:
Ty>0.7, I,<02, F,<0.15 Ly=>13,
the Turiyam-strong neighborhoods are:
Nga(Hy) = {Hy,Cy, L1, E1},
Nsa(E1) = {H1,C1},

N{s(Hy) = {H1,Co}.
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The resulting Turiyam Total Dominating Set is:
S={H,,E}.
Verification:
e H; dominates H,Cy,C>, L
e E| dominates H; and C;

e Every vertex in V is dominated; hence, %Z(GT) =2.

8.3.4 Numerical Comparison and Interpretation

e Classical graph total domination number: 3
e S-VNG total domination number: 2.6

e Turiyam graph total domination number: 2

Interpretation:
e H, functions as the central referral hub.
e FE| ensures emergency responsiveness.

e A minimal set of facilities is sufficient for full coverage.

e The Turiyam framework reduces redundancy while preserving system robustness.

Overall, the Turiyam total domination framework identifies a minimal yet effective set of

critical healthcare facilities that dominate the entire network, with referral hospitals and

emergency centers emerging as key dominant vertices.

The Turiyam healthcare network and its total dominating vertices of the above application

scenario are illustrated in the figure 8.2.
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Legend
0 Hospital (High Dominance)

e Clinic / Laboratory /
Emergency Center

Referral Hospital
(0.90, 0.05, 0.05, 1.50)

Turiyam Edge

District Hospital

=== Weak / Non-Turiyam Edge (0.80, 0.10, 0.10, 1.50)

(0.80, 0.10, 0.10, 1.50)

Diagnostic Laboratory
(0.70, 0.15, 0.15, 1.30)

Urban Clinic
(0.65, 0.20, 0.15, 1.20)

Rural Clinic
090,005,005.170 (055, 0.25, 0.20, 1.20)

Emergency Center
(0.85, 0.08, 0.07, 1.60)

Figure 8.2: Turiyam healthcare network with TTD-set.

Figure 8.2 illustrates a Turiyam healthcare network comprising hospitals, clinics, a diag-
nostic laboratory, and an emergency center. In this network, the vertices represent healthcare
facilities, while the edges denote interactions such as patient referrals, laboratory diagnostics,

and emergency transfers, each characterized by Turiyam membership values (T, Iy, Fy, Ly ).

The Referral Hospital H; and the Emergency Center E; (highlighted in red) form the Turiyam
Total Dominating Set (TTD-set). Every facility in the network is dominated by at least one of
these two facilities via Turiyam-strong arcs, ensuring complete system-wide coverage. This
figure demonstrates how Turiyam total domination effectively identifies the critical health-
care units necessary to guarantee coordination, robustness, and uninterrupted service delivery
under uncertainty. By highlighting dominant facilities, the model helps optimize healthcare

planning while reducing redundancy and improving network resilience.

8.4 Applications of Equitable Dominance of Turiyam Graphs in

Communication Networks

In various types of networks-such as communication, computer, social, or sensor networks-
domination in Turiyam graphs is used to identify a minimal set of key nodes (dominators)
that can efficiently monitor, control, or provide services to the rest of the network. Unlike
classical domination, Turiyam domination accounts for uncertain, indeterminate, and even

contradictory relations, extending the framework of neutrosophic graphs.
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Equitable Turiyam domination introduces a fairness criterion: all dominator nodes should
cover nearly equal numbers of neighbors, thereby balancing workload or service responsi-

bility across the network.

8.4.1 Communication Networks (Wi-Fi/LAN)

Turiyam domination: Selects the minimal number of access points (APs) such that every
device is within range of at least one AP, even when some connections are uncertain or

fluctuating.

Equitable Turiyam domination: Ensures that no single AP is overloaded; each AP covers
approximately the same number of devices, preventing bottlenecks and maintaining network

performance.

Example 8.4.1: University Campus Wi-Fi Deployment

At a university campus, APs are installed across three buildings:
e Turiyam domination identifies two APs as sufficient to cover the entire campus.

e Equitable domination redistributes the load so that each AP serves roughly 20-25

students, instead of one AP serving 40 while another serves only 5.

Comparative View

Table 8.2: Comparison between Turiyam Domination and Equitable Turiyam Domination

Aspect Turiyam Domination Equitable Turiyam Domination

Objective Minimal dominators Minimal + balanced dominators

Load distribution May be unbalanced Balanced across dominators

Network lifetime (sensors) Shorter if hubs overloaded Longer due to fairness

Communication quality Coverage assured Coverage + fairness assured

Application Minimal resource use Resource efficiency + fairness
Key Insights:

e Turiyam domination emphasizes efficiency, aiming to minimize resources.
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e Equitable Turiyam domination ensures both efficiency and fairness, balancing service

while minimizing resources.

e Both approaches are critical: the first guarantees coverage, while the second ensures

sustainable and fair network operation.

By considering a network connecting multiple buildings (illustrated in Figure 8.3), equitable
Turiyam domination can be applied to identify the optimal set of APs that balance load while

maintaining full coverage.

Class
0.8 Building 0.6
Library
Building

/ E
B —ez 0.3

C

Cafteria

0.6 Building

Figure 8.3: Equitable domination application in Turiyam graph.

Figure 8.3 illustrates a campus network consisting of three buildings and five network
nodes A, B, C, D, and E. Each node represents a device such as an access point (AP), hub,
or logical controller. The edges are labeled with weights ranging from O to 1, representing
the link reliability or “truth” membership ¢,,, where values closer to 1 indicate more reliable

connections.

The two blue nodes, A and D, are highlighted as the selected equitable dominating set. To-
gether, they cover the entire network while maintaining a roughly balanced load between
them.

Diagram elements:

e Building icons: Spatial anchors representing physical locations, such as the library,

classroom, and cafeteria, to map nodes to the campus layout.

e Blue nodes (A, D): The dominators in the network, selected controllers responsible

for coverage.
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e Yellow nodes (B, C, E): Regular client nodes that require coverage.

e Edge labels: Numerical values (e.g., 0.8, 0.6, 0.4, 0.7, 0.3) indicate the link reliability

or truth membership 7, between nodes u and v.

Each node also has four Turiyam components (7,1, f,1), which are not shown in the figure.
To determine domination strength, both node and edge values are combined. A node u
dominates a node v if the combined reliability of u (its truth membership) and the link u-v is
sufficiently high. In Turiyam graphs, uncertainty and refusal are explicitly accounted for, so
domination is measured via the scholar domination strength D(u — v). A node u effectively

covers v if: D(u — v) > 60, where 6 is a pre-defined threshold.

Equitable domination further ensures that the number of nodes assigned to each dominator is
nearly equal (formal definition: difference < 1), preventing overloading of a single controller
and distributing responsibilities more fairly. In this network, nodes A and D were chosen
because their coverage responsibilities are roughly balanced based on the link reliabilities

shown.

8.4.2 Computing Domination Strengths in Turiyam Graphs

The domination strength from a node u to a node v in a Turiyam graph is computed as:

D(u—v)=t, -ty - (1—f,)-(1—1,), where:
e t,: Truth/reliability of node u,
e 1,,: Reliability of the link (edge) between u and v,
e f,,l,: Node falsity and liberal/refusal components, which reduce effective domination.

Example: Consider edge A-B labeled 145 = 0.4, and node A has values t4 = 0.95, f4 =0.02,

l4 = 0.01. Then the domination strength is:
D(A— B)=0.95x0.4x (1-0.02) x (1 —0.01) ~ 0.369.

If the threshold 6 = 0.35, node A dominates B since D(A — B) > 6. If 6 = 0.4, domination
would fail. The same computation can be applied to every ordered pair (¢ — v) with a

non-zero link to form a domination matrix.
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8.4.3 Algorithm to Verify Equitable Dominating Set

To verify whether {A, D} forms an equitable dominating set, the following procedure is used:

1. Pick a threshold 6: Decide the conservativeness of coverage. For example, 8 = 0.35

is moderate, while 8 = (.2 is permissive.

2. Assemble Turiyam inputs: Gather node values (¢, f,[) and link reliabilities 7, from

measurements or diagram labels.

3. Compute domination strengths: For each pair (u,v), compute D(u — v) using the
formula above. This yields a numeric matrix with rows as candidate dominators and

columns as target nodes.

4. Build coverage sets: For each candidate dominator «, define
No(u)={veV:D(u—v)>06}.
This lists all nodes that u reliably covers at the chosen threshold.

5. Check domination (coverage union): A proposed dominating set S (here {A,D}) is
valid if
| No(u) =V.

ues

6. Check equitability: Compute the coverage size for each dominator:
Cy = |Ng(u) N (nodes assigned to u)].

Assign each covered node to the dominator with the highest domination strength as a

simple method.

7. Refine if needed: If the set {A,D} covers all nodes but is not equitable, consider
adding a third dominator (e.g., B or C) or adjusting the threshold 6 to balance fairness

versus minimizing the number of dominators.

8.4.4 Summary of the Campus Network Diagram

In the campus network illustrated in Figure 8.3, node A is located near the library building

and has medium-strength links to nodes B and D. At a moderate threshold 6, it is likely to
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cover nodes {A, B} and potentially C or D depending on link reliability.

Node D, positioned near the cafeteria building, connects to nodes A, C, and E. It likely

covers {D} and, depending on the threshold, may also cover C and E.

Together, nodes A and D are optimally placed such that the union of their high-confidence
coverage spans all five nodes in the network. Each dominator roughly serves half of the
client nodes, with A covering the left/central portion and D covering the right/central portion.
This balanced distribution exemplifies the equitable domination property, ensuring that the

workload is fairly shared while maintaining full network coverage.

8.5 Equitable Domination in Social Networks

A Turiyam Graph (TG) provides a more realistic model of social networks than classical or
even neutrosophic graphs, as it captures four components of relationships: truth (7'), inde-
terminacy (I), falsity (F'), and latent potential (L). Each connection between two individuals

u and v is represented as a Turiyam edge:
T(u,v) - (tuwiuwfuwluv)a
where:

e 1,,: Strength or reliability of the connection (e.g., consistent interaction),

e i,,: Uncertainty or indeterminacy in the relationship (e.g., inconsistent communica-

tion),
e f,,: Contradiction or conflict (e.g., misinformation or disagreement),

e [,,: Latent potential (e.g., shared background or hidden similarities).

In a social network, a dominating set D is a group of leaders or influencers who can reach or
influence all members of the network. A Turiyam dominating set takes into account uncer-
tainty in connections, selecting a minimal set of influencers under varying levels of trust and

indeterminacy.

An equitable dominating set (EDS) further ensures that influence responsibility is fairly dis-
tributed, preventing any single leader from being overburdened. Formally, for any pair of
dominators u,v € D:

|IN7 ()| = INT ()| < 1,
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meaning that each influencer reaches approximately the same number of followers with sim-
ilar influence strength. This balance enhances fairness in workload, prevents dominance

concentration, and ensures sustainable influence across the network.

Example 8.5.1. Scenario: Consider a university student social media platform that connects
students across different departments. The network consists of five primary representatives

or leaders:
A (Admin), B (Tech Club Head), C (Sports Leader), D (Cultural Club Head), E (General Member

Each individual’s influence varies based on factors such as student interests, departmental
ties, and frequency of posts. We model this social network as a Turiyam graph where each

connection (u,v) is represented by a Turiyam edge:

T(u7v) - (tuwiuv;fuwluv)a
with the components representing:
e 1,,: Strength or reliability of influence (consistent engagement),
e i,,: Uncertainty or inconsistency in communication,
e f,,: Contradictions or conflicts in influence (e.g., disagreements),
e [,,: Latent potential or hidden affinity (shared interests or background).
The goal is to identify an equitable dominating set (EDS) of student leaders such that:

1. All students are influenced by at least one leader, accounting for uncertainty and reli-

ability of connections.

2. Each leader is responsible for approximately the same number of students, ensuring

balanced workload and fair distribution of influence:

|IN7 ()] = [Nr(v)[| <1 Vu,v € D.

This example demonstrates how Turiyam equitable domination can be applied in social

networks to select minimal and balanced sets of influencers for effective student engagement.
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Consider figure 8.4 to illustrate the given example.

E

Figure 8.4: Turiyam Connection diagram.

From Figure 8.4, the edge weights vary between individuals, indicating the strength and

quality of their relationships. These connections can be represented as a Turiyam table (Ta-

ble 8.3).

Table 8.3: Turiyam Connection Values

Edge (t,i,f)]) Description

A-B | (0.8,0.10,0.05,0.05) | Strong Admin-Tech coordination
A-C | (0.7,0.15,0.10,0.05) | Moderate link via events

A-D | (0.9,0.05,0.03,0.02) | Very strong link

B-E | (0.6,0.25,0.10,0.05) | Medium student engagement
C-E | (0.5,0.30,0.15,0.05) | Weak indirect link

D-E | (0.7,0.20,0.05,0.05) | Strong cultural connection

Step 1: Domination (6 = 0.5)
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A node u dominates node v if 7, > 0.5 and f,,, <0.1. Applying this rule:

A dominates {B,C,D},

B dominates {A,E},

D dominates {A,E},

E is dominated by {B,D},

C is only dominated by A.

Hence, the minimal dominating set is D = {A, D}, covering all nodes.
Step 2: Check Equitability
Dominator A influences {B,C, D} (3 nodes) and dominator D influences {A, E'} (2 nodes).
The difference in coverage is 3 —2 = 1, satisfying the equitable domination condition.
Thus, in this community network, the Admin (A) and Cultural Leader (D) form an equi-
table dominating pair. Each covers complementary subgroups (technical, sports, and cultural
clusters), and their influence load differs by only one node. This ensures fair and sustainable
community leadership.

Benefits of Equitable Domination:

e Prevents a single leader (Admin) from being overloaded with communication tasks.

e Ensures each subgroup (sports, tech, culture) is represented fairly.

e Promotes balanced influence, participation, and diversity.
Advantages of Turiyam Graph Modeling:

e Captures uncertain, fuzzy, and contradictory social ties.

e Latent factors (L) represent potential connections not yet active.

e Equitable domination guarantees fairness in information diffusion under uncertainty.
Mathematical Intuition: The domination strength from A to B is computed as:

D7 (A,B) =ta-tap- (1 — fa)- (1 =1).

Equitable domination optimizes the set D such that:

D —min) D <1
szleag(; T(uav) ggg; T(M,V>_ )
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ensuring balanced influence across all dominators.

Table 8.4: Equitable Domination Impact in Real-World Applications

Context Description Equitable Domination Impact

University Platforms Student group leaders managing | Avoids single-user burnout and en-
posts and forums sures equal content reach

Online Learning Com- | Mentors guiding study groups Promotes fair mentor workload dis-

munities tribution

NGO Volunteer Net- | Coordinators leading campaigns | Ensures equal engagement levels

works among volunteers
Corporate Teams | Managers or moderators coordi- | Provides fair communication load
(Slack/Teams) nating communication and reduces decision bias

From Figure 8.4 and Tables 8.3-8.4, the Turiyam graph model successfully captures truth,
uncertainty, falsity, and latent potential. Its equitable domination approach ensures balanced
social influence, reduces overload, promotes fairness, and improves engagement. The net-
work demonstrates that student leaders can form a minimal yet equitable set of influencers,

resulting in sustainable and inclusive community communication.

Conclusion

The applications presented above illustrate that domination in Turiyam graphs offers a ro-
bust and realistic framework for modeling and analyzing complex systems characterized by
uncertainty, partial knowledge, and heterogeneous influence strengths. By integrating the
four-dimensional membership structure (7,1, F,L), Turiyam domination captures not only
the strength of relationships but also the inherent indeterminacy, contradiction, and latent

potential embedded within real-world networks.

In practical domains such as social networks, communication systems, and healthcare infras-
tructures, Turiyam domination effectively identifies minimal yet influential sets of critical
nodes that ensure complete coverage and structural control of the system. Moreover, equi-
table domination further enhances this framework by promoting a balanced distribution of
dominance responsibility, thereby preventing overloading of specific nodes and ensuring fair

participation across the network.

135



From a mathematical perspective, this balance is achieved by optimizing the domination
strength D7 (u,v) while maintaining nearly uniform neighborhood coverage among domi-
nating vertices. Consequently, Turiyam domination simultaneously ensures efficiency, ro-
bustness, and fairness, making it a powerful and versatile tool for decision-making, resource

allocation, and influence optimization in complex uncertain network environments.
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CHAPTER 9

Conclusion and Recommendations

9.1 Conclusion

This thesis has investigated domination in Turiyam graphs and demonstrated their effective-
ness in modeling and analyzing complex systems characterized by uncertainty, partial in-
formation, and heterogeneous influence structures. Unlike classical graph models and even
neutrosophic extensions, Turiyam graphs incorporate a four—dimensional membership struc-
ture (7,1, F,L) representing truth, indeterminacy, falsity, and latent potential. This enriched
representation enables a more realistic description of relationships in real-world networks

where interactions are often imprecise, inconsistent, or only partially observable.

Several domination concepts were developed and examined within the Turiyam framework.
Paired domination ensures cooperative operation of dominating vertices, making it suitable
for systems requiring redundancy and collaboration such as emergency response and coor-
dinated leadership structures. Total domination guarantees that every vertex is directly influ-
enced by at least one dominating vertex, thereby strengthening connectivity and system-wide
control. Split domination introduces structural decomposition by dividing the network into
dominated and residual subgraphs with meaningful connectivity properties. Equitable dom-
ination further refines the theory by ensuring a fair and balanced distribution of influence

among dominating vertices.

In addition to theoretical contributions, algorithmic procedures were developed for com-
puting domination strength, evaluating coverage conditions, constructing domination matri-
ces, and verifying equitable constraints. These computational methods provide a systematic
framework for identifying minimal dominating sets while preserving efficiency, stability, and
balance. In this way, the theoretical structure of Turiyam domination is effectively connected

with practical computational implementation.

137



The applicability of the proposed framework was demonstrated through real-world network
scenarios. In healthcare systems, Turiyam total domination successfully identifies minimal
critical facilities that ensure full service coverage and efficient resource utilization under
uncertainty. In social networks, equitable domination provides a mechanism for balanced
influence distribution, reducing overload and promoting fair participation. Paired and split
domination further highlight how cooperation and structural organization enhance system

resilience and operational stability.

Overall, the results confirm that domination in Turiyam graphs simultaneously achieves effi-
ciency, robustness, and fairness. By integrating uncertainty-aware modeling with structured
domination principles, Turiyam graph theory provides a powerful framework for analyzing

and optimizing complex networked systems.

9.2 Recommendations

Based on the findings of this study, the following recommendations are proposed for future

research and practical applications.

First, it is recommended that domination concepts in Turiyam graphs be extended to dynamic
and time-varying networks. Many real-world systems, such as communication networks, so-
cial interactions, and epidemiological processes, evolve over time. Incorporating temporal
aspects into Turiyam parameters would enable adaptive domination strategies that respond

to changing network conditions.

Second, the development of efficient algorithms and computational tools is essential for
large-scale applications. Although the proposed methods provide a strong theoretical foun-
dation, real-world networks often involve high complexity and large datasets. The integration
of machine learning techniques and metaheuristic optimization methods could significantly

improve scalability and computational efficiency.

Third, further interdisciplinary applications should be explored. Turiyam domination can be
applied in transportation systems, energy distribution networks, disaster management, finan-
cial systems, and intelligent sensor networks. In particular, paired and equitable domination
models may support cooperative decision-making and fair resource allocation in distributed

environments.
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Fourth, empirical validation using real datasets is strongly recommended. Applying the
proposed models to actual healthcare networks, social media platforms, or communication
systems would enhance the practical credibility and demonstrate the predictive strength of

Turiyam domination theory.

Finally, the development of dedicated software tools and simulation platforms for Turiyam
graph analysis is encouraged. Such tools would facilitate broader adoption of the theory by
researchers, engineers, and policymakers, enabling practical implementation in real-world

decision-support systems.
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