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Abstract

In this dissertation work the boundary layer flow of nanofluids past geometrical shapes
such as wage, cylinder, disc, and cone embedded in porous media were studied. The
physical problems of fluids flow are governed by highly nonlinear partial differen-
tial equations. Using suitable similarity transformations, the governing equations
of flow were transformed into nonlinear higher order ordinary differential equations.
Then, the computational solutions were obtained using recently developed numerical
methods namely, Spectral quasilinearization method (SQLM) and Spectral relaxation
method (SRM). The results of the study were compiled in the form of published pa-
pers on six different problems of incompressible fluid flow. In the study, nanopar-
ticles of Ag,CNTs,Al2O3,&Fe3O4 were also employed with water, ethylene glycol
and Engine oil as the base fluids. Effects of embedded parameters such as magnetic
field, viscous dissipation, nanoparticle volume fraction, Non-Newtonian fluid param-
eter, thermal radiation, pressure gradient, velocity and thermal slip effects, Cattaneo
Christove heat flux Model, variable viscosity and thermal conductivity, and convec-
tive boundary condition on velocity, temperature and concentration distributions as
well as skin friction coefficient, local heat and mass transfer rates were examined.
The computational results were presented via embedded parameters with graphs and
tables. The results revealed that the skin friction coefficient was improved while
the local heat transfer rate was reduced with higher values of nanoparticle volume
fraction, unsteadiness, viscous dissipation, Non-Newtonian Casson fluid, pressure gra-
dient, permeability, magnetic field, temperature and dependent viscosity parameters.
Also, higher skin friction coefficient and lower local heat transfer rate were reported in
the hybrid nanofluids than mono nanofluids. In addition, hybrid nanofluids show bet-
ter flow distributions with good stability of thermal properties than mono nanofluids.
Thus, the obtained results are promising for the application of hybrid nanofluids in the
nanotechnology sectors. Moreover, the accuracy of the solutions was checked against
the previously published results and an excellent agreement were obtained. Finally,
following the obtained results, conclusions and recommendations were indicated.

Keywords: Boundary layer flow, Carbon nanotubes, Hybrid nanofluids, Porous
media, Skin friction coefficient, Spectral collocation method
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Chapter 1

General Introduction

1.1 Background of the Study

Most of the fluid dynamics problems can be modeled by partial differential equations.

These equations are extremely nonlinear and most of the time it is impossible to get

their exact solutions. Fluid dynamics problems are often arise in various engineering

and science disciples, for example, in aerodynamics of aircraft and vehicles, power

plant, chemical process engineering, marine engineering, environmental engineering,

biomedical engineering, and so on. as described in (Versteeg & Malalasekera, 2007).

Thus, to study fluid dynamics, it is more convenient to treat fluids as continuum

rather than as a group of discrete molecules, and this concept is called the continuum

hypothesis (Edward et al., 2005).

Under this hypothesis, the general problem of fluid dynamics can be descried in

two ways, the Eulerian description and Lagrangian description (Edward et al., 2005).

In the Eulerian description, a complete set of fluid property values are related with

every point in the spatial grid defined by a particular coordinate system whereas in

Lagrangian description, any particle of the fluid is selected and observation is made

of its particular motion whatever changes take place in fluid property. This study
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considered only the Eulerian description of fluid motion.

Fluid flow situations such as an external flow which take place when an object

moves through a fluid or a fluid passes over a surface of a body existing theoretically

challenging problems. Not only are these problems nonlinear, but other complicating

factors such as boundary conditions, steady or unsteady flow, laminar or turbulent

flow, and incompressible or compressible flow are some of them come into play (Ed-

ward et al., 2005). Such external flows are present everywhere around us, both in

nature and as a result of modern technology. For instance, the development of air-

craft, ships and land vehicles could not happened without a good understanding of

external flow.

In view of these, the theory of boundary layer flow in fluid flow over a surface

was developed by Lunwing Prandtl in 1904, and is milestones in the development of

fluid dynamics (Bergman et al., 2011). Later on, the study of Prandtl’s boundary

layer theory was extended by various researchers (Falkner & Skan, 1931; Hartree,

1937). Moreover, the velocity boundary layer examined by Khan et al., 2014; Rasheed

et al., 2017; Ibrahim & Hindebu, 2019 to mention few of them. In the study of

boundary layer theory three different boundary layers flow namely velocity, thermal,

and concentration boundary layers were discussed. Now, this thesis discusses the

above mentioned three boundary layers.

Boundary layer flow over various shaped bodies like flat plate, wedge, disc, cone,

cylinder, and sphere is ensured in many practical applications such as crude oil ex-

traction, geothermal systems, thermal insulation, heat exchangers, space technology,

astrophysics, energy storage systems, nuclear power management system, geological

science, micro-inverter chips, hospitality and health care systems (Nagendramma et

al., 2015; Ramzan et al., 2019). Owing to these several applications, many researchers

have been motivated to understand and study the physical features of boundary layer

flow of fluid past these shaped bodies. Some of these include the works of Eckert
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(1942), Turkyilmazoglu (2015), Ghalambaz et al. (2015), Malik et al.(2016), and

Kuttan et al. (2019).

A porous medium is a region which contains pores that offers resistance to fluid

flow. The volume of the fluid to flow across a porous medium is determined by the

porosity or permeability of the medium, and the basic law governing the flow of fluids

through porous media is Darcy’s Law (Makanda et al., 2015). The flow of fluid in

heat storage in beds, biological systems, irrigation problems, and the flow of water in

aquifers are some examples of fluid flow in porous media (Khalid et al., 2015). Fluid

flow through porous media has significant practical application in material sciences

and engineering such as Petroleum industries, seepage of water in river beds, filtration

and purification of chemical processes and many others (Rajput, 2017). Numerous

studies have been conducted on fluid flow in porous media by (Nagendramma &

Leelaratnam, 2017; Oyelakin et al., 2017; Prasannakumara et al., 2017; Rajput et al.,

2017; Ramesh et al., 2017; Maraj et al., 2018; Tlili et al., 2018) are some of them.

Heat is a kind of energy that can be conveyed from one system to another due

to temperature variation. Heat can be transferred in three different modes namely,

conduction, convection, and radiation heat transfer (Bergman et al., 2011). In a static

fluid, heat is transferred by conduction while it is by convection and radiation in a

flowing fluid. Also, mass transfer involves the existence of two states at different mass

gradient, and the key driving force for mass transfer is the concentration difference.

Likewise, in fluid, mass can be transferred by means of diffusion and convection,

but there is no radiation take place in mass transfer (Cengel & Ghajar, 2015). In

the presence of bulk fluid motion, heat and mass are transferred through a fluid by

convection.

Depending on how the fluid motion is initiated, convection can be classified as

natural/free and forced convection (Cengel & Ghajar, 2015). In natural convection,

any fluid motion is instigated by density variances due to temperature gradient that
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creates buoyant forces which enable the fluid motion. In forced convection, the fluid is

forced to flow over a surface or in a pipe by external means such as pump or fan. The

blend of forced and free convection flow is known as mixed convection flow. Mixed

convection flow arises in several transport processes such as in heat exchangers, so-

lar collectors, nuclear reactors, electronic equipment; and it plays a significant role

in various engineering processes (Rosali et al., 2016). Natural convection fluid flow

has useful application in thermal insulation, extraction of petroleum, metal process-

ing, performance of lubricants, application of paints and extrusion of plastic sheets

(Makanda et al., 2015b). Currently, both natural and mixed convection flows of fluid

have been examined by different scholars (Malik et al., 2016; Reddy & Chamkha,

2016; Rosali et al., 2016; Nageeb et al., 2017; Kuttan et al., 2019; Manjunatha et al.,

2019) to mention few.

Different types of fluids are usually used as heat transmission in heat transfer

applications. The wide applications of heat transfer in different industrial and en-

gineering applications have required the availability of efficient thermal performance

techniques. Owing to this, researchers have continuously worked on developing ad-

vanced heat transfer fluids that have significantly higher thermal conductivity than

usually used fluids such as water, engine oils, ethylene glycol, and etc. (Choi & East-

man, 1995). In the few past decades, nanofluids that are produced by scattering

of nanoparticle metallic structures in the working fluid is considered to be one of

the novel and efficient technique; and have gained remarkable attention of nowadays

researchers (Khanafer & Vafai, 2018).

Common working fluids such as water, engine oils and ethylene glycol have limited

thermal performances which restrict their use in modern-day heat transfer applica-

tions. Nanofluids comprise of nanoscale particles such as copper, alumina, carbides,

nitrides, metal oxides, graphite, and carbon nanotubes which enhances the thermal

conductivity of base fluids (Ahmad et al., 2017; Ali et al., 2018). They have extensive
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applications in modern systems of heating and cooling, solar cells, generation of new

fuels, hybrid-powered engines, cancer therapy, drug delivery and medicine (Aziz et

al., 2018). Due to these various applications of nanofluids, many studies associated

with the flow of nanofluids have been conducted (Khan et al., 2017; Amirsom et al.,

2019; Chamkha et al., 2019; Mahanthesh et al., 2019).

In contrast, the availability of some nanoparticles like Cu, Ag and Au with better

thermal conductivity is limited. In addition, if they exist, some unmodified nanopar-

ticles might be causes the toxicity risks (Parveen et al., 2016). Because of these, much

effort has been given to develop well-defined and highly stable nanoparticles which

improve the thermal conductivity of base fluid. Consequently, the innovative classes

of fluids namely, hybrid nanofluids have been prepared using hybrid (two or more)

nanoparticles. Some studies spectacle that hybrid nanoparticles have the capability

to advance the heat transfer rates more efficiently with low cost as compared to single

nanoparticles (Shi et al., 2010; Sundar et al., 2014, Esfe et al, 2018).

Hybrid nanofluids have momentous applications in various engineering and biomed-

ical fields such as in manufacturing, transportation, nuclear safety, military, modern

electronic devices and supercomputers, pharmaceutical and drug delivery (Manju-

natha et al., 2019). Due to the above mentioned facts, many researchers are involved

in hybrid nanofluids exploration (Afrand et al., 2016; Sundar et al, 2017; Asadi et al.,

2018; Esfe et al., 2018; Mohebbi et al, 2019, etc.).

Currently, heat transfer of carbon nanofluids (CNTs) has received great attention

due to their extensive applications in the fields of nanotechnology and medicine.

Nanoparticles of carbon nanotubes were first discovered by Lijima (1991). CNTs have

a notable conductivity which supports them to form a network of conductive tubes.

Because of their unique morphology, mechanical properties, electronic structural and

innovative physicochemical features, CNTs are the most resourceful material of this

century (Prajapati et al, 2011; Khalid et al, 2018). Besides, the existence of carbon
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chains in CNTs does not convey any hazard to the atmosphere (Alsagri et al., 2019).

Contingent on their number of concentric layers of rolled grapheme sheets, CNTs

are usually categorized into single wall carbon nanotubes (SWCNTs) and multi wall

carbon nanotubes (MWCNTs) (Alsagri et al., 2019). SWCNTs contain catalyst for

their synthesis and encompass a particular graphene sheet encircled around and form

a cylinder. MWCNTs can be prepared without catalyst and contain several rolled

layers of graphite with complex structure (Khan et al., 2018). CNTs have significant

uses in nanotechnology, energy storage, hardware, optics, ceramic, biomedical, ther-

mal defense and in different fields of material sciences and engineering (Hayat et al,

2017). At present, these modern applications of Carbon nanotubes in nanofluids have

attracted different researchers (Esfe et al., 2018; Jabbari et al., 2019; Mohebbi et al.,

2019; Sreedevi et al., 2019; Palanisamy & Kumar, 2019; Ramzan et al. 2019).

In the last few decades, the study of motion of non-Newtonian fluids has been

a popular area of research due to its extensive role in industrial and engineering

applications such as in power engineering, food engineering, petroleum production

and in the industries of polymer solutions (Malik et al., 2017; Gangadhar et al., 2018).

In non-Newtonian fluids, the relationship between the shear stress and rate of strain

is very complicated in comparison to the Newtonian fluids. The well-known Navier-

Stokes equations of flow may not completely describe the noticeable features of non-

Newtonian fluids (Ibrahim & Hindebu, 2019). Hence, to analysis the non-Newtonian

features of fluid flow, several rheological models were developed for different fluids

according to their nature.

Casson fluid model is one of non-Newtonian fluids, and it was first derived by

Casson (1959). It starts to flow while yield stress is less than the shear stress whereas

it acts like an elastic solid when shear stress is less than the yield stress. The study

of Casson fluid in some flow fields has received attention by many researchers due to
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its application in food processing, metallurgy, bio-engineering operations, drilling op-

erations, manufacturing of pharmaceutical products and biological fluids (Pramanik,

2013; Malik et al., 2014; Makanda et al., 2015; Makinde et al., 2017; Nagendramma

& Leelaratnam, 2017). Also, the Casson non-Newtonian fluid model was considered

in this study.

Furthermore, the effects of thermophysical features such as magnetohydrodynamic

(MHD), viscous dissipation, thermal radiation, mode of heat flux, slip conditions, and

etc. on fluid flow cannot be ignored as they have a direct impact on heat transfer.

MHD is the study of fluid flow in electrically conducting fluids with magnetic prop-

erties that affect fluid, and it has wide applications in technological processes such

as in MHD power generator designs, plasma studies, petroleum industries, design

for cooling of nuclear reactors, construction of heat exchangers, blood flow measure-

ments, electric motors and etc. (Makanda et al., 2015; Rehman et al., 2017). Some

studies on MHD boundary layer flow of nanofluid and heat transfer were included in

the works of Alama et al. (2016), Alam et al. (2017), Ibrahim (2017), Rasheed et al.

(2017), Nasir et al., (2018), Tlili et al. (2018), Alsagri et al. (2019), Mahanthesh et

al. (2019), and so on.

Viscous dissipation is the heat energy that is created due to friction between fluid

layers, and it affects the temperature distribution by playing a role like an energy

source (Pal and Mandal, 2015). Hence, viscous dissipation can affect heat transfer

rate; and its effect was considered in fluid flow with heat transfer problems by differ-

ent studies (Ibrahim & Shanker, 2014; Haile & Shankar, 2015; Majety et al., 2016;

Sheri et al., 2016, etc.). The impact of thermal radiation in fluid flow offers a the-

oretically challenging problem. At high temperatures, radiation meaningfully affect

temperature distribution and heat transfer (Makanda et al., 2015; Pal & Mandal,

2015).
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The dynamics of heat transfer phenomenon is a focus of modern-day study, be-

cause of its wide applications in residential, industrial production, engineering and life

sciences (Khan et al., 2015; Shehzad et al., 2016). Accordingly, to regulate the side

effects of heat transfer, and to use efficiently researchers have explained the features

of heat transfer and proposed different heat flux models. For the first time, Fourier

developed the most popular classical heat flux model (Akber et al., 2017). However,

this model has a limitation and leads to a parabolic energy equation for the tempera-

ture field. Later, to overcome the unrealistic feature of this model, Cattaneo-Christov

heat flux model was developed (Christov, 2009). Presently, considerable attention has

been given in the study of Cattaneo-Christov heat flux mode (Makinde et al., 2017;

Gangadhar et al., 2018; Kundu et al., 2018). As well, both of the above heat flux

models were employed in this study.

The governing equations of a fluid flow are described using mathematical state-

ments of the conservation laws of physics such as conservation of mass, Newton’s

second law, and first law of thermodynamics (Versteeg & Malalasekera, 2007; Ed-

ward et al., 2005). These governing equations of fluid flow are a complex set of

nonlinear partial differential equations, and it is a challenge to get their exact so-

lutions analytically. Thus, this study focused on finding the numerical solutions of

boundary layer problems of incompressible fluid flow.

Most of the boundary layer problems of fluid flow were studied using numerical

methods such as Runge-Kutta with shooting scheme, finite difference, and spectral

homotopy analysis methods. However, recently, spectral collocation based numerical

methods namely, Spectral quasilinearization method and Spectral relaxation method

were developed (Motsa, 2013; Motsa et al., 2014; Magagula et al., 2016). Apart from

other numerical methods, the spectral collocation method chooses a basis function

that is global to the entire computational domain with high degree polynomials or
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trigonometric polynomials (Thibeault, 2009). Moreover, the method is easy to im-

plement, adaptable to various problems and provide more accurate approximations

(Gottlieb & Hesthaven, 2001; Motsa et al., 2013b). Also, these spectral collocation

based methods require less grid points to achieve a high accurate results and efficient

compared to methods like finite difference and finite element methods (Motsa et al.,

2014). As a result, these spectral collocation based numerical methods were used for

this study.

1.2 Statement of the Problem

Today, due to vast applications of nanofluids in the nanotechnology and biomedical

sectors, extensive theoretical and experimental investigations of nanofluids with re-

spect to stability, preparation technique, particle size, particle shape, and particles

type have been done. Besides, boundary layer flow of nanofluids over a stretch-

ing/shrinking sheets was widely investigated. However, in view of all the mentioned

literature survey and to the best of the researcher knowledge, there is a scarcity

of information observed in the nanofluids dynamics, such as the effects of different

thermophysical parameters on the boundary layer flow of nanofluids past geometrical

shapes (like wedge, cylinder, disc and cone); the characteristics of different nanofluids

during flow through porous media; The mode of heat and mass transfer in nanofluids

flow with time, type and amount of nanoparticles concentration, type of base flu-

ids, flow geometry, and boundary conditions. Thus, in this study, it is attempted to

answer the following research questions.

• How the mathematical model and numerical algorithm are formulated for the

problem under study?

• What are the effects of different embedded parameters on the flow and heat

transfer of nanofluids past some geometry (wage, cylinder, disc and cone)?
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• What are the theoretical steps employed in using Spectral collection method to

solve fluid flow problem?

• What are the proper values of nanoparticles to base fluids to be used to obtain

stable nanofluids flow with better heat transfer?

• Which nanoparticles and base fluids can give better flow distributions with good

stability of thermal properties?

1.3 Objective of the Study

1.3.1 General Objective of the Study

The general objective of this dissertation is to study the boundary layer flow of

nanofluid past geometrical bodies such as wedge, cylinder, cone, and disc embedded

in porous media computationally, employing SQLM and SRM.

1.3.2 Specific Objectives of the Study

To this end, specific objectives of the study are:

1. To analyze steady two-dimensional MHD boundary layer flow of nanofluids past

a wedge in porous media with viscous dissipation effect.

2. To investigate MHD slip flow of a Casson nanofluid flow over linearly stretching

cylinder in porous media in the presence of Cattaneo-Christov heat flux model.

3. To examine unsteady mixed convection flow of nanofluids past a moving wedge

embedded in porous media with thermal radiation, viscous dissipation, and

chemical reaction effects.

4. To inspect MHD slip flow of CNTs with ethylene glycol nanofluids flow and

heat transfer due to stretchable rotating disk with Cattaneo-Christov heat flux
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model.

5. To scrutinize unsteady natural convection flow of CNTs−Fe3O4/Water hybrid

nanofluids caused by stretching surface embedded in a porous medium with

second order velocity slip.

6. To examine the effects of variable viscosity and thermal conductivity onMWCNTs−

Al2O3/Engine oil hybrid nanofluid flow due to spinning cone in a porous medium.

1.4 Scope of the Study

In this study, the problems of both steady and unsteady two- and three-dimensional

laminar incompressible boundary layer flow of nanofluids and hybrid nanofluids past

geometrical bodies such as wedge, cylinder, cone, and disc embedded in porous me-

dia were considered. Nanofluids with both Newtonian and Casson non-Newtonian

fluids as base fluids with nanoparticles such as Cu,Ag, CNTs,Al2O3,&Fe3O4 were

used. Also, both natural and mixed convection heat and mass transfer were exam-

ined with both Fourier and non-Fourier heat flux Model. Furthermore, the effects

of governing parameters such as magnetic field, viscous dispassion, pressure gradi-

ent, thermal radiation, chemical reaction, heat generation/absorbation, velocity and

thermal slip factors were analyzed. The problems were solved numerically employing

the recently developed spectral collocation based numerical methods namely, Spectral

quasilinearization method (SQLM) and Spectral relaxation method (SRM).

1.5 Significance of the Study

Nowadays, various researches have been conducted regarding the preparation and

flow of nanofluids due to their vast applications in different nanotechnology sectors.

However, there is scarcity of information observed on the boundary layer flow of
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nanofluids past some geometrical shape embedded in porous media. Therefore, the

study have the following benefits.

• The findings of the study can be used in different applications of nanotechnology

and biomedical sectors.

• The numerical algorithms and their matlab codes developed for the study can

help researchers to carry out further study.

• The results of the study can fill the information gap observed in the study area,

and it may recommend for further study.

• The material produced from the study can be used as a reference for other

similar research.

1.6 Dissertation Outline

This dissertation paper is divided into ten chapters. The first chapter is the general

introduction which introduces the back ground of the study, that is, the boundary

layer flow of nanofluids and some important concepts which are essential in the study.

Also, some important topics of the study such as statement of the problem, objective

of the study, scope of the study, and significance of the study are specified in the first

chapter.

In Chapter 2, some important description of fluid flow such as boundary layer flow,

mode of heat and mass transfer, governing equations of fluid flow, basic concepts of

nanofluids, and some thermophysical properties affecting fluids flow are highlighted.

In Chapter 3, the basic ideas of Spectral collocation method, and the detailed de-

scription of the numerical methods which are used in the dissertation namely, Spectral

quasilinearization method (SQLM) and Spectral relaxation method (SRM) are given.
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In Chapter 4, the problem of steady two-dimensional MHD boundary layer flow

of nanofluids past a wedge in porous media with viscous dissipation effect is studied.

Using suitable similarity transformations, the governing equations of flow are trans-

formed into a system of nonlinear ordinary differential equations, then it is solved

numerically employing SQLM.

In Chapter 5, the non-Newtonian Casson nanofluid flow over linearly stretching

cylinder in non-Darcy porous medium in the presence of Cattaneo-Christov heat

flux model is analyzed. Effects of normally applied magnetic field, variable thermal

conductivity, viscous dissipation and wall slip factors are taken into account. The

governing equations of the flow is numerically solved employing SRM.

In Chapter 6, the problem of unsteady two-dimensional mixed convection flow of

nanofluids past a moving wedge embedded in porous media is considered. Nanofluids

which are produced from Cu, Ag and Al2O3 nanoparticles withH2O as a base fluid are

used. The effects of governing parameters such as unsteadiness, nanoparticle volume

fraction, thermal radiation, viscous dissipation, chemical reaction, and convective

boundary condition are examined. Introducing appropriate similarity variables, the

governing equations of fluid flow are solved numerically using SQLM.

In Chapter 7, CNTs with ethylene glycol nanofluid flow and heat transfer due to

stretchable rotating disk with Cattaneo-Christov heat flux model is investigated. Both

SWCNTs and MWCNTs nanoparticles are considered with ethylene glycol as the base

fluid. The fundamental flow governing equations are transformed into dimensionless

system, and solved numerically using SQLM.

In Chapter 8, unsteady natural convection flow of CNTs-Magnetite/Water hybrid

nanofluids caused by stretching surface embedded in a porous medium is studied.

Both hybrid nanoparticles of SWCNTs− Fe3O4 and MWCNTs− Fe3O4 are used

with water as base fluid. Effects of hybrid nanoparticles volume friction, second order

velocity slip flow and temperature dependent viscosity are also investigated employing
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SQLM.

In Chapter 9, the effects of variable viscosity and thermal conductivity with

mixed convection, thermal radiation and viscous dispassion effects on MWCNTs−

Al2O3/engine oil hybrid nanofluid flow due to vertically inverted spinning cone em-

bedded in a porous medium is analyzed. The numerical solutions for the flow problem

are obtained numerically employing the SRM.

In Chapter 10, finally, general conclusion of the study is given. Furthermore,

future direction of the research work is also recommended.

The next section includes all the references that are cited in the dissertation. At

the end, appendices which consist of the published papers is included.
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Chapter 2

Literature Review

2.1 Fluid Dynamics

Fluid dynamics is the branch of science which deals with fluids in motion. Fluid

is a substance that deforms continually, and a particle whose linear dimensions are

negligible. Actual fluids are classified as liquids and gases (ideal fluids)(Edward et al.,

2005). Liquids are incompressible fluids, that is, their volumes do not change with

change in pressure. On the other hand, gases are compressible (perfect fluids), which

undergo change in volume whenever the pressure changes. The term hydrodynamics

is often used to the science of moving incompressible fluids (Bergman et.al., 2011)

It is more convenient to treats fluids as a continuous substance or continuum,

rather than as a group of discrete molecules. Thus, this concept is called the con-

tinuum hypothesis (Cengel & Ghajar, 2015 ). In using the continuum hypothesis,

the fundamental molecular structure of a fluid is suitably overlooked and replaced

by a limited set of fluid properties such as velocity, pressure, density etc. defined at

each point in the fluid at every instant. Hence, each fluid property is assumed to be

a continuous function of position and time; and mathematically, the continuum hy-

pothesis permits the use of differential calculus in the modeling and solution of fluid

dynamics problems (Edward et al., 2005). Moreover, for a continuous or ideal fluid
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we can describe a fluid particle as the fluid confined within an infinitesimal volume

whose size is so small that it may be viewed as a geometrical point.

2.1.1 Description of Fluid

Under the continuum hypothesis, the general problem of fluid dynamics can be de-

scried in two ways, the Eulerian description and Lagrangian description (Edward et

al., 2005). In the Eulerian description of continuum fluid dynamics, physical space

is described by means of a coordinate system that serves as a background for fluid

motion. In this method, a complete set of fluid property values are related with every

point in the spatial grid defined by a particular coordinate system. The Eulerian

approach establishes a field description of a fluid such as velocity, density, pressure,

temperature fields, etc.; and each of them has a corresponding functional dependence

on position and time (Edward et al., 2005). That is, in Eulerian description, we select

any point fixed as space occupied by the fluid and observation is made of whatever

changes take place in velocity, density, pressure etc. as the fluid passes through this

point. Moreover, if P (x, y, z) is the point under reference, then x, y, and z do not

depend upon the time parameter t, thus, dx
dt
, dy

dt
, and dz

dt
do not exist. In contrast, in

Lagrangian description, observations are made at each point and each instant. That

is, any particle of the fluid is selected and observation is made of its particular motion

whatever changes take place in velocity, density, pressure, temperature etc. and it

is pursued throughout its course (Edward et al., 2005). This study considered the

Eulerian description of fluid motion.

2.1.2 Fluid Transport

In the continuum Eulerian description, to analyze the transport of mass, momentum,

energy, concentration and other properties of fluid motion across a surface, it is useful

to know that fluid motion happens in macroscopic and microscopic length scales

(Cengel & Ghajar, 2015 ). The macroscopic (bulk) motion of fluid molecules is
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modeled by the fluid velocity field; and this observable flow of fluid particles across

a surface is called convective transport. The transport resulting from the microscopic

(molecular-scale) motion of fluid molecules is called diffusive transport. Convective

transport can occur only in fluid in motion whereas diffusive transport may happen

in fluids in motion or fluids at rest however it is exist only in the occurrence of a

spatial difference in a fluid property (Edward et al., 2005). In a moving fluid, both

modes of fluid transport are promising. However, normally diffusive transport by far

less than the convective transport; and it affects the distribution of a transported

quantity along its gradients in all directions whereas convective transport influence

only in the flow direction (Cengel & Ghajar, 2015 ). Thus, in the study, convective

and diffusive transports are very important topics that encounters in every fluid flow,

and their models are presented under governing equations of fluid flow.

2.1.3 Approaches to Study Fluid Dynamics

There are three approaches to study fluid dynamics. These are experimental, theoret-

ical and computational approaches (Versteeg & Malalasekera, 2007). Among these,

experimental approach is the oldest approach, possibly for the first time employed

by Archimedes. Experimental method is a very popular approach, but it is an ex-

pensive venture and time taking. Then scholars have seek the theoretical approach

that mathematical equations which govern the fluid flow problems were employed and

captured the fluid behavior within a closed form solution using formulas that can be

readily used. This is possibly the simplest of the approaches. However, its scope is

somewhat limited since not every fluid flow renders itself to such an approach. More-

over, the resulting equations may be too complicated to solve easily. Then, the third

approach that is Computational methods emanated from the work. In this approach,

the complicated governing equations of fluid flow problems are solved by computing

them using a computer (Makanda et al., 2015). This approach has the advantage
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that a wide variety of fluid flows may be computed with minimum cost. Due to this,

nowadays the emerging discipline Computational Fluid Dynamics (CFD) has become

a very powerful approach in industry and research (Versteeg & Malalasekera, 2007).

Also, the computational approaches is used for this study.

2.2 Mode of Heat and Mass Transfer

Heat is a kind of energy that can be conveyed from one system to another due to

temperature variation. The transfer of energy by means of heat is permanently from

the higher to the lower-temperature medium, and it ends once the two mediums

reach equal temperature. Heat can be conveyed in three different modes. These are

conduction, convection, and radiation heat transfer (Bergman et.al., 2011). In a still

fluid, heat transfer is by conduction and probably through radiation while it is by

convection and radiation in a flowing fluid (Makanda et al., 2015). With absence of

radiation, depending on the existence of any bulk fluid motion, heat transfer through

a fluid is either by conduction or convection. Conduction in a fluid can be regarded

as a special case of convection in the absence of any fluid motion since convection

can be noticed as joined of conduction and fluid motion. Thus, when we deal with

heat transfer through a fluid, we have either conduction or convection, but not both

(Cengel & Ghajar, 2015).

Mass transfer involves the existence of two states at different chemical composi-

tions, and the key driving force for mass transfer is the concentration difference. It

denotes the flow of a chemical species from a high to a lower concentration states. Sim-

ilar to heat transfer, mass is transferred by means of conduction (known as mass dif-

fusion) and convection, but there is no radiation take place in mass transfer (Bergman

et.al., 2011).
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2.2.1 Conduction/Mass Diffusion

Conduction is the transfer of energy from the more robust particles of a material to

the nearby less robust ones due to interactions among the particles. Heat Conduction

can arise in solids, liquids, and gases. In solids, conduction is caused by the amal-

gamation of shaking of the molecules in a lattice and the energy transport by free

electrons (Ibrahim & Hindebu, 2019). In liquids and gases, it is as a result of the

collisions and diffusion of the molecules in the course of their random motion. The

rate of heat conduction/mass diffusion through a medium is determined by the ge-

ometry of the medium, the material of the medium, the thickness of the medium, and

the temperature(concentration for mass) difference through the medium (Ibrahim &

Hindebu, 2019). Moreover, the rate of heat conduction is proportional to the tem-

perature gradient along normal to the surfaces and is denoted by Fourier’s law of

heat conduction. Also, the rate of mass diffusion of a chemical species in a stationary

medium is proportional to the concentration gradient along normal to the surfaces

and is stated by Fick’s law of diffusion (Bergman et.al., 2011).

2.2.2 Convection

Convection is the mechanism of heat and mass transfer through a fluid in the presence

of bulk fluid motion. Heat convection is the heat transfer mechanism that involves

both heat conduction (molecular diffusion) and bulk fluid motion (Rajput et al.,

2017). Whereas, mass convection is the mass transfer mechanism between a surface

and a moving fluid that involves both mass diffusion and bulk fluid motion. In the

limiting case of no bulk fluid motion, heat and mass convection respectively reduce to

heat conduction and mass diffusion (Cengel & Ghajar, 2015). Convection is classified

as natural/free and forced convection, depending on how the fluid motion is initiated.

In forced convection, the fluid is forced to flow over a surface or in a pipe by external

means such as a pump or a fan. In natural or free convection, any fluid motion is
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caused by density differences due to temperature gradient; and this creates buoyant

forces which facilitate fluid flow (Cengel & Ghajar, 2015).

Natural convection fluid flow has practical application such as thermal insulation,

extraction of petroleum resources, metal processing, performance of lubricants, ap-

plication of paints, and extrusion of plastic sheets (Makanda et al., 2015b). Fluid

flow caused by free or natural convection depends on a number of factors such as the

geometry, orientation, variation of temperature on the surface and thermo-physical

properties of the fluid (Makanda et al., 2015b). Mixed convection flow is the com-

bination of forced and free convection flow and plays an important role in many

engineering processes. Mixed convection flow is important when the buoyancy force

due to the temperature difference between the free stream and the solid surface be-

come large, which in turn significantly affect the flow and the thermal fields (Rosali

et al., 2016). This flow arises in many transport processes such as heat exchangers,

solar collectors, nuclear reactors, electronic equipment etc. The dimensionless param-

eter which describes natural convection is called the Grashof number (Rajput et al.,

2017). The Grashof number is the ratio of the buoyancy forces to the viscous forces.

The effects of both free and mixed convection are investigated in this research.

2.2.3 Radiation

Heat transfer by conduction or convection takes place from a high-temperature medium

to a lower-temperature one. It is interesting that radiation heat transfer can occur

between two bodies separated by a medium colder than both bodies. For example,

solar radiation reaches the surface of the earth after passing through cold air layers

at high altitudes (Cengel & Ghajar, 2015). The theoretical foundation of radiation

was established by physicist James Clerk Maxwell in 1864. He postulated that accel-

erated charges or changing electric currents give rise to electric and magnetic fields

(Makanda, 2015). These rapidly moving fields are called electromagnetic radiation.
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The type of electromagnetic radiation that is relevant to heat transfer is the thermal

radiation emitted as a result of energy transitions of molecules, atoms, and electrons

of a substance. The rate of thermal radiation emission increases with an increase in

temperature (Cengel & Ghajar, 2015).

The consideration of thermal radiation effects in fluid flow gives rise to a theoreti-

cally challenging problem. When radiation emission is incident on fluid flow it affects

certain fluid properties. To model the movement of thermal radiation, the Rosseland

approximation is applied (Mustafa et al., 2015). This approximation assumes that the

heat flux is proportional to the temperature change and that heat flows from the solid

surface to the fluid (El-Kabeir & El-Sayed, 2012). Furthermore, it is assumed that

temperature differences within the flow are small. At high temperatures, radiation

effects significantly affect temperature distribution and heat transfer (Pal & Mandal,

2015). The impact of thermal radiation is also considered in some problems of this

study.

2.3 Boundary Layers Flow

An external flow happens whenever an object moves through a fluid or a fluid passes

by the surface of a structure. Such flows are present universally around us, both in

nature and as a result of modern technology. For example, the development of aircraft,

ships, and land vehicles such as automobiles could not have happened without a good

understanding of external flow. Nowadays, understanding the relationship between

an object moving through a fluid or fluid moving over an object or adjacent to a

structure has vast practical significance in industry and different technical problems.

Owing to these, before a century, the boundary layer theory was developed and is

milestones in the development of fluid dynamics (Edward et al., 2005). Thus, the

three-boundary layers namely, velocity, thermal, and concentration boundary layers

are considered in this study.
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2.3.1 Velocity Boundary Layer

The theory of boundary layer flow in fluid flow over a surface is attributed mainly to

Lunwing Prandtl in 1904. To highlight the theory, it is considered that the fluid to

comprise of adjacent layers piled on top of each other. Due to wall viscous shearing

effects, the velocity of fluid particles immediately adjacent to the surface becomes

zero and the fluid layer next to the surface becomes attached to the surface because

of the no-slip condition (Klaus, 2017). Then, the fluid layer slows down the motion of

molecules of the next layer, and the layers of the fluid above the surface are moving

with different velocities. Hence, the incidence of the plate is moved up to certain

normal distance δv then after which the free-stream velocity remains basically un-

changed(see Fig. 2.1, Source: Cengel & Ghajar, 2015). This thin layer adjacent to

the surface of a sold body in which the effects of the viscous shearing forces caused

by fluid viscosity are felt is called the velocity boundary layer (Bergman et al., 2011).

Figure 2.1: The development of the velocity boundary layer for flow over a flat plate
and the different flow regimes.

The fluid velocity u increases as the distance from the wall increase, and the

boundary layer thickness δv is defined as the distance from the surface to the height

above the surface at which the free stream velocity u = 0.99V . Thus, the flow over

a plate are divided in to two regions by this proposed line of u = 0.99V . These
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are the boundary layer region, wherein the viscous effects and the velocity changes

are momentous; and the irrotational flow region, wherein the frictional effects are

insignificant and the velocity remains unchanged (Cengel & Ghajar, 2015). The

thickness of boundary layer is a function of the ratio of inertial forces and viscous

forces, that is δv(x) ∼ x
(Rex)1/2 , and at low Reynolds number, viscous forces govern

the entire boundary layer and the flow is laminar, whereas for high Reynolds number

inertia forces dominated the boundary layer and fluid becomes turbulent (Klaus,

2017).

2.3.2 Thermal Boundary Layer

Like velocity boundary layer, a thermal boundary layer develops when a fluid at a

specified temperature flows over a surface at a different temperature. To highlight

this concept, the study considered that the flow of a fluid at a uniform tempera-

ture of T∞ over an isothermal flat plate at temperature Tw, as shown in Fig. 2.2,

(Source: Bergman et al., 2011). The fluid particles in the layer nearby to the sur-

face achieve thermal equilibrium with the plate surface temperature Tw. In turn,

these fluid particles exchange energy with those particles in the adjoining-fluid layers,

then temperature gradient develops in the flow field which varies from Tw to T∞ as

adequately far from the surface.

Figure 2.2: Thermal boundary layer development on an isothermal flat plate.
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The flow region over the surface in which the temperature gradients exist is im-

portant, it is known as the thermal boundary layer, and its thickness δt at any position

along the surface is defined as the distance from the surface at which the temperature

difference T−Tw = 0.99(T∞−Tw) (Cengel and Ghajar, 2015). Also, at the outer edge

of the thermal boundary layer since Tw = 0, the temperature T = 0.99T∞. Moreover,

the thickness of the thermal boundary layer growths in the flow direction, because

the impacts of heat transfer are identified at bigger distances from the surface more

downstream (Bergman et.al., 2011).

2.3.3 Concentration Boundary Layer

Consider the flow of molar concentration of species A at the isothermal surface be

CAw and the free steam value be CA∞. If the amount of CAw varies from CA∞ transfer

of a concentration A by convection will take place and it is continuously saturated to

the free steam value far from the surface. Similarly, in mass convection it is defined

that the region of the fluid in which concentration gradients exist as the concentration

boundary layer ; and its thickness δc for a species A at a identified position on the

surface is usually defined as the value of δc = CAw−CA

CAw−CA∞
= 0.99 (Bergman et al.,

2011). Further, the effects of species transfer enter farther into the free stream and

the concentration boundary layer grows as distance from the leading edge enhances.

2.4 Governing Equations of Fluid Dynamics

In this section the differential form of the governing equations of fluid dynamics were

developed and described how the equations were used to get a complete description

of fluids flow. The governing equations of Newtonian fluids flow characterize mathe-

matical statements of the conservation laws of physics. That is, the mass of a given

fluid is conserved, the rate of change of momentum equal to the sum of all the forces

applied on a fluid particle (Newton’s second law), and the rate of change of energy is
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equal to the sum of the rate of heat addition to and the rate of work done on a fluid

particle (first law of thermodynamics) as reported in (Versteeg & Malalasekera, 2007;

Edward et al., 2005). The governing equations of fluid dynamics are a complex set of

nonlinear partial differential equations, and it is hard to get their exact solutions an-

alytically. Nowadays, however, finding numerical solution of the governing equations

is much promised.

2.4.1 Continuity Equation

When a region of a fluid contains neither source nor sink, the amount of fluid with

in the region is conserved in accordance with the particles of conservation of matter

(Cengel & Ghajar, 2015). This means that, the rate of generation of mass with in a

given volume is equal to the net flow of mass from the volume, and this is formulated

mathematically by means of equation of continuity, and it is given in more compact

vector notations as (Versteeg and Malalasekera, 2007):

∂ρ

∂t
= div(ρu) (2.4.1)

where ρ is the density (mass per unit volume), and u =< u, v, w > is the velocity of

a fluid particles.

The continuity equation consists of only the fluid density and the fluid velocity,

and it applies to all fluids, Newtonian and non-Newtonian, compressible and incom-

pressible, and for the entire range of flow velocities (Edward et al., 2005). Thus,

the continuity equation expresses the law of conservation of mass at each point in

the fluid, and it is one of the basic governing equation of fluid dynamics (Cengel &

Ghajar, 2015). Hence, to examine the motion of fluid flow, the continuity equation

must be satisfied at every point in the flow field.
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2.4.2 Momentum Equations

Newton’s second law states that the rate of change of momentum of a fluid particle

equal to the vector sum of all the forces applied on the particle. To formulate the

equation of momentum, it is considered that the motion of small rectangular paral-

lelepiped of viscous fluid having P (x, y, z) as center and δx, δy, and δz as its lengths

of edges parallel to the fixed coordinate axes. The mass ρδxδyδz of the fluid element

remains constant and assume element moves along with the fluid. The rates of change

of x−, y− and z−momentum per unit volume of a fluid particle are given by (Versteeg

and Malalasekera, 2007).

ρ
Du

Dt
, ρ

Dv

Dt
, ρ

Dw

Dt
(2.4.2)

where D
Dt

is the total or substantive derivative, that is, the rate of change following a

fluid particle per unit mass, and for the fluid property Φ is given as.

DΦ

Dt
=
∂Φ

∂t
+ div(Φu) (2.4.3)

Basically, there are two types of forces acting on a fluid element. One of them is

surface force such as pressure forces, viscous forces, and gravity force, etc.; and the

other is body force such as centrifugal force and electromagnetic force and so on

(Edward et al., 2005). The surface force is proportional to the surface area and acts

on the boundary of the body, and it is common practice to include their contributions

as separate terms in the momentum equation. The body force is proportional to the

mass of the body on which it acts and their effect is included as source term in the

momentum equation. The normal force per unit area is known as the normal stress

and is also called pressure while the tangential force per unit area is called the viscous

stress (Versteeg & Malalasekera, 2007).

The state of stress of a fluid element is defined in terms of the pressure which

is denoted by p and the nine viscous stress components which are also denoted by
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Figure 2.3: Stress components on three faces of fluid element.

τ shown in Figure 2.3, (Source: Versteeg & Malalasekera, 2007). To indicate the

direction of the viscous stresses, the usual suffix notation τij is applied for the stress

component acts in the j direction on a surface normal to the i-direction.

The x−, y−, z− components of the momentum equation are respectively estab-

lished by setting the rate of change of momentum of the fluid particle equal to the

total force in the x−, y−, z− direction on the element due to surface stresses (pressure

and viscous stress) plus the rate of increase of x−, y−, z− momentum due to body

forces are given as (Versteeg & Malalasekera, 2007)

ρ
Du

Dt
=
∂(−p+ τxx)

∂x
+
∂(τyx)

∂y
+
∂(τzx)

∂z
+ Sx (2.4.4)

ρ
Dv

Dt
=
∂(τxy)

∂x
+
∂(−p+ τyy)

∂y
+
∂(τzy)

∂z
+ Sy (2.4.5)

ρ
Dw

Dt
=
∂(τxz)

∂x
+
∂(τyz)

∂y
+
∂(−p+ τzz)

∂z
+ Sz (2.4.6)

In a Newtonian fluid the viscous stresses are proportional to the rates of deformation.

Thus, the two constants of proportionality which relate stresses to linear deformations,

the dynamic viscosity (µ), and the second viscosity (%) which relate stresses to the

volumetric deformation are involved in three-dimensional form of Newton’s law of
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viscosity for compressible flows. Moreover, the nine viscous stress components, of

which six are independent, are found as (Moukalled et al., 2016).

τxx = 2µ
∂u

∂x
+ %divu, τyy = 2µ

∂v

∂y
+ %divu

τzz = 2µ
∂w

∂z
+ %divu, τxy = τyx = µ

(
∂u

∂y
+
∂v

∂x

)
τxz = τzx = µ

(
∂u

∂z
+
∂w

∂x

)
, τyz = τzy = µ

(
∂v

∂z
+
∂w

∂y

) (2.4.7)

The second viscosity % is not much recognized as its effect is small in practice. For

gases a sound practical approximation can be found by taking the value % = −2
3
µ

(Schlichting, 1979). The mass conservation equation is divu = 0 for incompress-

ible fluid, and the viscous stresses are just twice the dynamic viscosity times the

local rate of linear deformation. Substituting the above shear stresses (2.4.7) into

(2.4.4)-(2.4.6) gives the well-known Navier-Stokes equations, named after the two

nineteenth-centuries scientists who derived them independently as (Moukalled et al.,

2016; Versteeg & Malalasekera, 2007).

ρ
Du

Dt
= −∂p

∂x
+

∂

∂x

[
2µ
∂u

∂x
+ %divu

]
+

∂

∂y

[
µ

(
∂u

∂y
+
∂v

∂x

)]
+

∂

∂z

[
µ

(
∂u

∂z
+
∂w

∂x

)]
+ Sx

(2.4.8)

ρ
Dv

Dt
= −∂p

∂y
+

∂

∂x

[
µ

(
∂u

∂y
+
∂v

∂x

)]
+

∂

∂y

[
2µ
∂v

∂y
+ %divu

]
+

∂

∂z

[
µ

(
∂v

∂z
+
∂w

∂y

)]
+ Sy

(2.4.9)

ρ
Dw

Dt
= −∂p

∂z
+

∂

∂x

[
µ

(
∂u

∂z
+
∂w

∂x

)]
+

∂

∂y

[
µ

(
∂v

∂z
+
∂w

∂y

)]
+

∂

∂z

[
2µ
∂w

∂z
+ %divu

]
+ Sz

(2.4.10)

2.4.3 Internal Energy Equation

The effect of surface forces on the motion of a homogeneous fluid may be determined

by considering the internal energy balance for the fluid of volume V contained with

28



in a specified material surface. Also, work is done on this mass of the fluid of both

volume and surface forces and it may be gaining heat transfer across the boundary

(Cengel & Ghajar, 2015). Thus, the energy equation is derived from the first law of

thermodynamics, which states that the rate of increase of energy of a fluid particle is

equal to the sum of the rate of work done on the fluid particle and the rate of heat

addition to the fluid particle.

The rate of change of energy of a fluid particle per unit volume is obtained by

ρ
DE

Dt
(2.4.11)

The rate of work done on the fluid particle in the element by a surface force is given as

the product of the force and velocity component in the direction of the force. Hence,

total rate of work done on the fluid particle by surface stresses is given as (Moukalled

et al., 2016):

−div(pu) +
∂(uτxx)

∂x
+
∂(uτyx)

∂y
+
∂(uτzx)

∂z
+
∂(vτxy)

∂x

∂(vτyy)

∂y
+
∂(vτzy)

∂z
+
∂(wτxz)

∂x
+
∂(wτyz)

∂y
+
∂(wτzz)

∂z

(2.4.12)

On the other hand, for the heat flux vector q =< qx, qy, qz >, the overall rate of heat

added to the fluid particle per unit volume due to heat flow across element boundaries

is related to the local temperature gradient with Fourier’s law of heat conduction as

(Versteeg & Malalasekera, 2007; Cengel & Ghajar, 2015)

−divq = div(kgradT ) (2.4.13)

where k is constant of proportionality which is known as thermal conductivity of the

fluid.

The specific energy E of a fluid element is often defined as the sum of internal

(thermal) energy i, kinetic energy 1
2
(u2 + v2 +w2), and gravitational potential energy

(Edward et al., 2005). This study considered the gravitational force as a body force,
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which does a work on the fluid element as it moves through the gravitational field.

Thus, the energy equation is (Moukalled et al., 2016; Versteeg & Malalasekera, 2007).

ρ
DE

Dt
= −div(pu) +

∂(uτxx)

∂x
+
∂(uτyx)

∂y
+
∂(uτzx)

∂z
+
∂(vτxy)

∂x

∂(vτyy)

∂y
+
∂(vτzy)

∂z
+
∂(wτxz)

∂x
+
∂(wτyz)

∂y
+
∂(wτzz)

∂z
+ div(kgradT ) + SE

(2.4.14)

where E = i+ 1
2
(u2 +v2 +w2), and SE is the rate of increase of energy due to sources.

Extracting the changes of the kinetic energy form the above equation of specific

energy E, the equation of internal energy i for Newtonian model with viscous stresses

are obtained after some rearrangement as (Versteeg & Malalasekera, 2007):

D(ρi)

Dt
= −pdiv(u) + div(kgradT ) + Φv + Si (2.4.15)

where Si is the rate of increase of internal energy due to sources, and for the special

case of an incompressible fluid we have i = cpT , where cp is the specific heat capacity

and divu = 0. Moreover, Φv is the dissipation function, which describes all the effects

of viscous stresses in the internal energy, after considerable algebra, given as:

Φv = 2µ

[(
∂u

∂x

)2

+

(
∂v

∂y

)2

+

(
∂w

∂z

)2
]

+

µ

[(
∂u

∂y
+
∂v

∂x

)2

+

(
∂u

∂z
+
∂w

∂x

)2

+

(
∂v

∂z
+
∂w

∂y

)2
]

+ %(divu)2

(2.4.16)

Note that Φv represents a source of internal energy due to deformation work on the

fluid particle which causes the motion and changed into internal energy or heat. So,

its effect is considered in most of the problems we have addressed in this study.

2.4.4 Initial and Boundary Conditions

The equations of continuity, momentum, energy, and concentration, composed with

the suitable constitutive associations afford a comprehensive mathematical descrip-

tion of a Newtonian fluid flow (Cengel & Ghajar, 2015). To solve this complex set
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of governing equations, we have to identify a proper set of boundary and initial con-

ditions for the flow problem being examined. The main set of unknowns for which

a result is required generally consists of the three components of a velocity, density,

pressure, temperature, and concentration of the fluid flow. However, in the study,

since incompressible nanofluid is considered, density to be fixed. A comprehensive

discussion of the needed boundary conditions is contingent on the exact nature of the

problem, the approximations used, and the set of equations to be solved (Edward et

al., 2005). Although most of the boundary conditions related with the fluid velocity

field are usually the no-slip, no-penetration conditions, for the study as well we have

considered slip velocity and permeability conditions. Moreover, for temperature and

concentration distribution also we have employed jump and convective boundary con-

ditions. In an unsteady flow problem, the initial conditions precede the form of the

stipulation of the spatial dispersion of the unknowns such as velocities, temperature,

and concentration of the nanofluids flow at an initial instant of time. The choice of

suitable boundary and initial conditions will be revealed for each problem in chapters

4-9, where the governing equations of the flow problems were studied with numerical

solutions.

2.5 Nanofluids

Fluids of different types are usually used as heat transporters in heat transfer ap-

plications. Such applications where heat transfer fluids have an important role are

heat exchanging systems in power stations, cooling and heating systems in buildings,

vehicles air conditioning system in transportation, and cooling systems of most of

the processing plants (Ali et al., 2018). In the aforementioned applications, the heat

transfer fluids thermal conductivity has a strong influence on the efficiency of the heat

transfer process and with it the overall efficiency of the system. For this reason, re-

searchers have continuously worked on developing advanced heat transfer fluids that
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have significantly higher thermal conductivities than common used fluids (Choi &

Eastman, 1995). In 1995, Choi was the first researcher who developed a newly inno-

vative class of heat transfer fluids and gave a name for such type of fluids the term

”nanofluids” (Ali et al., 2018; Choi & Eastman, 1995). He prepared this fluids on

suspending nanoscale particles of metallic origin with an average particle size of less

than 100 nm into conventional heat transfer fluids. Choi noticed that the addition of

1vol% of nanoparticles to the usual fluids increases the thermal conductivity of the

fluid up to approximately twice.

Commonly used nanoparticles for nanofluids formulation are aluminium (Al), cop-

per (Cu), silver (Ag), iron (Fe), titanium (Ti), silicon (Si), zinc (Zn), magnesium

(Mg), carbon nanotubes (CNTs), graphene, graphene oxide, and diamond. Water,

ethylene glycol (EG), EG-H2O and oils mixtures are frequently used base fluids for

nanofluid formulation (Ali et al., 2018). Nanofluid can be formed from nanoparticles

of single element such as Cu, Fe, and Ag, single element oxide such as CuO, Cu2O,

Al2O3, and TiO2, alloys like Cu-Zn, Fe-Ni, and Ag-Cu, multi element oxides like

CuZnFe4O4, NiFe2O4, and ZnFe2O4, metal carbides for example, SiC, B4C, and

ZrC, metal nitrides for example, SiN, TiN, and AlN, and carbon materials such as

graphite, carbon nanotubes, and diamond suspended in water, ethanol, EG, oil, and

refrigerants (Gupta et al., 2018)

In nanofluids flow, nanoparticles do not follow the fluid streamlines passively. In

fact, there are some reasons that induce a slip velocity between the nanoparticles and

the base fluid. Movements of nanoparticles have significant impact on rheological and

thermophysical properties of the nanofluids (Azizian et al., 2013). Therefore, investi-

gating the nanoparticles motion is critical for evaluating the performance of nanopar-

ticles inclusion to the base fluid as a heat transfer medium. Since the nanoparticles

are very small (100 nm), Buongiorno (2006) attempted to explain the increase in the

thermal conductivity of such fluids and developed a model that took into account
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the particle Brownian motion and thermophoresis. He concluded that brownian and

thermophoretic diffusivity are the main slip mechanisms in nanofluids.

2.5.1 Effective Thermophysical Properties of Nanofluids

The main challenges of nanofluids are their stability and operational performance.

Nanofluids stability is significantly important in order to maintain their thermophys-

ical properties after fabrication for a long period of time. Due to the interaction be-

tween the particles themselves and between the particles and the surrounding liquid,

nanofluids have poor stability (Dey et al., 2017). Nanofluids are formed with entirely

different thermophysical properties such as density, specific heat capacity, thermal

conductivity, convective heat transfer, thermal diffusivity, and viscosity (Ali et al.,

2018). Because of this, they are considered superior to their base fluid. To differ-

entiate the thermophysical properties of the base fluid and the fabricated nanofluid,

the term ”effective” is normally used to describe the thermophysical properties of

nanofluids.

The effective density of a nanofluid can be theoretically calculated using its nanopar-

ticle density (ρs) and base fluid density (ρbf ) since it is expected to be a mixed

property of both, nanoparticles and base fluid. Employing mixing theory, nanofluid

effective density (ρnf ), is defined as (Ali et al., 2018).

ρnf = φsρs + (1− φs)ρbf (2.5.1)

where φs = Vnp

Vnp+Vbf
is particle volumetric fraction for Vnp and Vbf are the nanoparticles

volume and base fluid volume, respectively.

The effective specific heat of a nanofluid (cp)nf is a significant property that in-

fluences the heat transfer rate of a nanofluid. It is the extent of heat required to rise

the temperature of one gram of nanofluid by one degree Celsius. To compute the

33



effective specific heat of nanofluids, two main effective specific heat models were rec-

ommended. From, these we have employed the first model which was recommended

by Pak and Cho (1998), based on the volume concentration of nanoparticles and the

liquid-particle mixture formula given as (Ali et al., 2018).

(cp)nf = φs(cp)s + (1− φs)(cp)bf (2.5.2)

where (cp)s and (cp)bf are the specific heat capacity of the nanoparticles and the

basefluid, respectively.

Nanofluid effective viscosity is defined as the ratio of the shear stress to the shear

rate, and it is a measure of the tendency of the suspension to resist the flow. The

advantage related with nanofluids heat enhancement is responded by the upswing

in effective viscosity instigated from the added nanoparticles in the base fluid. This

growth in viscosity leads to higher pressure losses and hence lifts the pumping power

demands. The key parameters that affect the effective viscosity are the particles

type, particle shape, base fluid viscosity, nanoparticles concentration, temperature,

pressure, shear rate, and pH value. The effective viscosity (µnf ) used for this study

was first driven from the base fluid viscosity (µbf ) by Einstein (1906), to calculate

the effective viscosity of suspensions of spherical solids, and is given as

µnf = µf (1 + 2.5φs) or µnf =
µbf

(1− φs)2.5
(2.5.3)

Until now, this model is the only existing common correlation that can calculate the

effective viscosity of nanofluids of low concentration.

Effective Thermal Conductivity : One of the basic ideas of nanofluids is the en-

richment of the thermal conductivity related to common fluids, which improves the

fluid convective heat transfer. Various theoretical and experimental works have been

carried out to study the variations in nanofluids thermal conductivity. Using the

thermal conductivities of both nanoparticles (ks) and base fluid (kbf ), Maxwell model
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was developed in 1881 for the first time to predict the effective thermal conductiv-

ity (knf ) of solid-liquid dispersion. The model considers the two phases (solid and

liquid) of the nanofluid and adequately predicts the effective thermal conductivity of

nanofluids when the added particles are of spherical shape, low vol percent, and the

suspension is at ambient conditions (Ali et al., 2018). Modified Maxwell model that

determines the effective thermal conductivity and employed for some problems of this

study is given as

knf

kbf

=
ks + (n− 1)kbf − (n− 1)φs(kbf − ks)

ks + (n− 1)kbf + φs(kbf − ks)
(2.5.4)

where n is the shape factor, and n = 3
ϕ

and ϕ = 0.5 for cylindrical particles or ϕ = 1

for spherical particles.

Also, the effective thermal conductivity of nanofluid knf , the Xue’s model which

is effective for spherical and elliptical shape is utilized as follows (Alsagri et al., 2018).

knf

kf

=
1− φs + 2φs

(
ks

ks−kbf

)
ln
(

ks+kbf

2kbf

)
1− φs + 2φs

(
kbf

ks−kbf

)
ln
(

ks+kbf

2kbf

) (2.5.5)

Despite the fact that, also there are some models that can predict the effective thermal

conductivity of nanofluids flow problems, only the above two models are employed

for this study.

2.5.2 Hybrid Nanofluids

Nowadays, much effort has been given to develop new experimental work on obtaining

well-defined and highly stable nanoparticles which enhance the thermal conductivity

of base fluid. The new classes of fluids prepared with hybrid (two or more) nanopar-

ticles are known as hybrid nanofluids. Several studies show that hybrid nanoparticles

have the ability to improve the heat transfer rates more effectively with low cost as

compared to single nanoparticles. Contingent on the composite materials matrix, the
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hybrid nanoparticles can be divided into three categories, metal matrix, ceramic ma-

trix and polymer matrix nanocomposites. Some examples of metal matrix nanocom-

posites are Al2O3/Cu, Al2O/Ni, MgO/Fe, Al/CNT, Mg/CNT, Al2O3/Fe-Cr, and

ND/Ni, while Al2O3/SiO2, Al2O/Ni, CNT/Fe3O4, Al2O3/SiC, and Al2O/CNT are

among some examples of ceramic matrix nanocomposites. Besides, examples of poly-

mer matrix nanocomposites are polymer/layered double hydroxides, polymer/CNT,

thermoplastic/thermoset polymer/ layered silicates, and polyester/TiO2 (Sundar et

al., 2014).

Some studies show that hybrid nanofluids have significantly improved thermal

and mechanical properties than regular fluids or single nanoparticles-based nanoflu-

ids (Sundar et al., 2014). These hybrid nanofluids have significant applications in

various engineering and biomedical fields such as, manufacturing, transportation, nu-

clear safety, military, in modern electronic devices and supercomputers, in pharma-

ceutical and drug delivery (Manjunatha et al., 2019). Due to the mentioned benefits,

many scholars have interested in hybrid nanofluids investigation. Using the polymer

method, Shi et al. (2010) synthesized CNT/Fe3O4 hybrid nanoparticles. Sundar et

al. (2017) experimentally synthesized MWCNT/Fe3O4 water based hybrid nanoflu-

ids, and he found hybrid nanofluids create higher thermal conductivity and heat

transfer enhancement than single nanoparticles-based nanofluids. Similarly, he ob-

served the viscosity of MWCNT-Fe3O4 water based hybrid nanofluids significantly

improved as compared to base fluid. An experimental study on the thermal prop-

erties of MWCNT-SiO2/EG was conducted by Esfe et al. (2018) and they reported

that hybrid nanofluid are more efficient and economical compared with nanofluid.

Also, Esfe et al. (2018) analyzed the effects of temperature and volume fraction on

thermal conductivity of SWCNT-Al2O/EG hybrid nanofluid. Their result indicated

that the highest enhancement of thermal conductivity is 41.2 % which was realized

at the volume fraction of 2.5% and temperature of 500C.
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2.5.3 Carbon Nanotubes

Nowadays, heat transfer of carbon nanofluids have received considerable attention as

a result of their extensive applications in the fields of nanotechnology and medicine.

Nanoparticles of carbon nanotubes (CNTs) were first discovered by Lijima (1991).

They have a remarkable conductivity which supports them to form a network of

conductive tubes. Because of their configuration, some CNTs are good conductor

of heat and electricity whereas others act as semiconductors. CNTs have 15 times

thermal conductivity and 1000 times capability of copper, and 200 times power and

5 times resistance of steel (Khalid et al, 2018). Carbon nanotubes have significance

applications in nanotechnology, hardware, optics, energy storage, biomedical, ceramic,

thermal defense and in various fields of material sciences and engineering (Hayat et

al, 2017).

Figure 2.4: Carbon nanotubes structures.

Carbon nanotubes used in nanofluids are generally divided into single wall carbon

nanotubes (SWCNTs) and multi wall carbon nanotubes (MWCNTs) contingent on

their number of concentric layers of rolled grapheme sheets. SWCNTs contain catalyst

for their synthesis and they are prepared from covering layer of grapheme into a unified

cylinder whereas MWCNTs can be formed without catalyst and comprise of numerous

rolled layers of graphite with complex structure(Khan et al., 2018), as shown in Figure
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2.4, (Source: Dawar et al., 2018). MWCNTs are fabricated of coaxial cylinders using

the systematic layout among layers, nearby central hollow. The number of layers

defines the internal and external diameter of MWCNTs. Internal diameter ranges

from 0.4 nm and growths up to a few nanometers, while the external diameter varies

from 2 nm to 30 nm. MWCNTs frequently have locked by half-fullerene molecules

which have a dome shaped structure in both tips. Axial length of MWCNTs varies

between 1 mm and a few centimeters. SWCNTs diameters, likewise, vary from 0.4 to

3 nm, and their length is in the micrometer range (Samadishadlou et al., 2018).

Because of their unique morphology, electronic structural, mechanical properties

and innovative physicochemical features, CNTs are the most resourceful material of

this century. Moreover, the presence of carbon chains in CNTs does not convey any

hazard to the atmosphere (Alsagri et al. 2019). The viscosity of MWCNT-water

nanofluid was investigated using simulating equilibrium dynamical model by Jabbari

et al. (2019). They reported a growth in viscosity with increases in nanoparti-

cle volume fraction at low temperature. Also, Sreedevi et al. (2019) investigated

the MHD effects on fluid transport properties of chemically reacted water-based

SWCNT/MWCNT nanofluid over a vertical cone embedded in a porous medium. Ma-

hanthesh et al. (2017) investigated the Marangoni transport of dissipating SWCNT

and MWCNT with water nanofluids under the influence of magnetic force and radi-

ation. They reported that the thermal distribution of SWCNT nanoliquid is better

than MWCNT nanoliquid. Due to modern applications of Carbon nanotubes in var-

ious technologies and biomedical field, nanofluids of CNTs are examined in chapters

6-8 of this paper.

2.6 Non-Newtonian Fluids

The analysis of non-Newtonian fluids have attained a significant achievement as a

result of its wide applications in many branches of material processing engineering.
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Several non-Newtonian models show the nonlinear relationship between stress and

rate of strain. The well-known Navier-Stokes equations of flow may not completely

discripe the noticeable features of non-Newtonian fluids.

The non-Newtonian flows through a porous medium have gained much attention

in nowadays research because of its significance in many engineering applications,

such as composite materials manufacturing processes, filtration processes, insulation

systems, and enhanced oil recovery (Pramanik, 2013).

Casson fluid is among non-Newtonian fluids model because of its unique rheo-

logical features in relation to the shear stress-strain liaison. It begins to flow when

yield stress is less than the shear stress, and it behaves like an elastic solid when

shear stress is less than the yield stress. The nonlinear Casson’s constitutive equation

which designates the properties of several polymers over a broad range of shear rates

was for the first time derived by Casson (1959). Human blood, honey, soup, orange

guice and tomato sauce are some examples of fluids that show Casson fluid features.

The study of Casson fluid has received much attention by many researchers because

of its application in food processing, metallurgy, bio-engineering operations, drilling

operations, manufacturing of pharmaceutical products and blood due to its contents

such as plasma, fibrinogen and protein (Makanda et al., 2015). Due to its various

application, Casson fluid flow model was considered in this study.

2.7 Some Properties Affecting Fluid Flow

2.7.1 Magnetohydrodynamics (MHD)

The basic interaction of the magnetic fields and the flow of electrically conducting

fluids such as liquid metals, strong electrolytes and hot ionized gases (plasmas) are

core for the emerging of the field magnetohydrodynamic (MHD). MHD is the study

of fluid flow in electrically conducting fluids with magnetic properties that affect
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fluid flow. When a magnetic field is incident in an electrically conducting fluid, a

current is induced. This effect polarizes the fluid and as a result the magnetic field

is changed (Makanda et al., 2015). The study of MHD flow has wide applications

in technological processes, for example in MHD power generator designs, design of

cooling systems, plasma studies, petroleum industries, design for cooling of nuclear

reactors, construction of heat exchangers, blood flow measurements, electric motors,

flow meters and pumps etc. ( Rehman et al. 2017).

Consequently, different studies on MHD boundary layer flow of nanofluid and

heat transfer are include the work of Alam et al. (2017) who analyzed unsteady

MHD flow and heat transfer of a nanofluid over a moving wedge, and Nageeb et

al. (2017) investigated the infulences of thermal radiation on nanofluid flow over

a stretching sheet in the presence of a magnetic field. Moreover, MHD boundary

layer flow of nanofluid over a continuously moving stretching surface was examined

by Rasheed et al. (2017). Also, Nagendramma and Leelaratnam (2017) analyzed

MHD boundary layer slip flow of a Casson nanofluid though a porous medium over

a stretching cylinder. Their result shows that the velocity profile is an increasing

function, whereas, temperature and concentration profiles are decreasing functions

of the magnetic parameter. Hence, the effects of MHD on boundary layer flow of

nanofluid is analyzed in this research.

2.7.2 Porous Media

A porous medium is a region which contains pores that offers resistance to fluid flow.

The volume of the fluid to flow across a porous medium is determined by the porosity

or permeability of the medium (Makanda et al., 2015). The basic law governing the

flow of fluids through porous media is Darcy’s Law. The law states that the flow rate

is a function of fluid pressure, flow area and elevation. Darcy’s law applies only under

certain conditions that is, Darcy’s law does not hold while inertial forces are dominant.
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Under these conditions the fluid flow was described as non-Darcy (Makanda et al.,

2015).

Due to its vast applications, many studies have been performed on fluid flow in

porous media. These include the works of Pal and Mandal (2015) who investigated

flow of nanofluids in porous medium, and Arthur et al. (2015) studied MHD convec-

tive boundary layer flow towards a vertical surface in a porous medium. Furthermore,

Sheri et al. (2016) studied the transient MHD free convection flow past a vertical

plate in a porous medium. Raju et al. (2016) numerically investigated unsteady MHD

free convection flow past a vertically inclined porous plate. Unsteady mixed convec-

tion flow with magnetic field and radiation over vertical plate in porous medium was

analyzed by Rajput et al. (2017). Also, Alama et al. (2016) analyzed unsteady MHD

boundary layer flow of nanofluid and heat transfer past a moving wedge in a porous

medium. They concluded that presence of porous parameter is helpful to generate

heat in the system. Thus, the boundary layer flow of nanofluids embedded in a porous

medium is the subject of this study.

2.7.3 Viscous Dissipation

Viscous dissipation is the heat energy that is produced as a result of friction between

fluid layers. It changes the temperature distribution by playing a role like an energy

source. It leads to affected heat transfer rate and hence sometimes it necessarily to

be considered in fluid flow with heat transfer problems (Pal & Mandal, 2015). The

effect of viscous dissipation is mostly considered in non-Newtonian fluids such as in

power-law fluids (Makanda et al., 2015). In modeling fluid flow, the dimensionless

parameters that describe viscous dissipation is the Eckert number (Ec). Viscous

dissipation plays an important role in natural convection such as polymer processing,

geological processes, and in strong gravitational field processes. It plays a practical

role in oil products transportation through ducts (Arthur & Seini, 2014b). Many
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researchers have analyzed the influences of viscous dissipation on hydrodynamics,

these include the works of Wahiduzzaman et al. (2015), and Sheri et al. (2016) to

mention few.

There are some studies that analysis the effects of viscous dissipation on boundary

layer flows of nanofluids in porous and nonporous media. Pal and Mandal (2015) stud-

ied mixed convection of nanofluids flow with heat generation and viscous dissipation.

Heat and mass transfer of MHD flow of nanofluids in the presence of viscous dissipa-

tion effects was numerically analyzed by Haile and Shankar (2015). They noticed that

viscous dissipation parameter enhance the temperature profile, yet it reduce concen-

tration profile. Majety et al. (2016) studied the effect of viscous dissipation on MHD

boundary layer flow past a wedge through porous medium. They concluded that vis-

cous dissipation produces heat due to drag between the fluid particles, which cause

an increase in fluid temperature, and the heat transfer rate at the boundary surface

decreases with increasing in Eckert number. Thus, the effects of viscous dissipation

was also considered in this study.

2.7.4 Cattaneo-Christov Heat Flux Model

The dynamics of heat transfer phenomenon is a subject of special attention due to

its abundant applications in engineering and industrial processes including energy

production, nuclear reactor cooling, space cooling, biomedical applications such as

heat conduction in tissues, magnetic drug targeting, and many others (Abbasi el at.,

2016; Shehzad el at., 2016). Fourier was the first who developed the most successful

classical heat flux model in continuum mechanics in 1822 (Akbar el at., 2017) . One of

the main shortcomings of Fourier’s law is that it leads to a parabolic energy equation

for the temperature field. This means that any initial disturbance is felt instantly

throughout the entire medium. That is, the whole system (medium) is instantly

influenced by the initial disturbance. This behavior is said to contradict the principle
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of causality. In order to overcome this unrealistic feature which is known as the

”paradox of heat conduction”, various modifications of the Fourier’s law have been

proposed over the years. Of these the successful and best known is the Maxwell-

Cattaneo model which was named after Cattaneo (Christov, 2009).

Cattaneo (1948) modified classical Fouriers law of heat conduction by adding the

thermal relaxation time while studying the flow of Maxwell fluid.

(1 + τ0∂t)q = −k∇T (2.7.1)

where q is the thermal flux vector, T (x, y, z, t) is temperature, and k > 0 stands

for thermal conductivity of the medium. The minus sign indicates that heat transfer

is in the direction of decreasing temperature, ∂t is partial time derivative, and the

thermal relaxation characteristics time τ0 > 0 represents the time lag required to

establish steady heat conduction in a volume element once a temperature gradient

has been imposed across it.

Christov (2009) further modified the Maxwell-Cattaneo model by replacing the

partial time derivative with the Oldroyd’s upper-convected derivative in order to

preserve the material-invariant formulation.

τ0

[
∂q

∂t
+ u.∇q− q.∇u + (∇.u)q

]
+ q = −k∇T (2.7.2)

consquently, this model is known as the Cattaneo-Christov heat flux model.

A comparative study for Cattaneo-Christov heat flux model in boundary layer

flow generated by a linear stretching sheet with a consideration of the two classes of

viscoelastic fluids namely, second grade fluid and viscoelastic fluid was presented by

Hayat et al. (2016). Furthermore, Prakash (2017) discussed the effect of Cattaneo-

Christov heat flux model on nonlinear radiative MHD flow of Casson fluid over a

semi-infinite stretching surface in the presence of nonlinear thermal radiation.
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2.7.5 Slip Boundary Conditions

The Naviere-Stokes theory of fluid transport is based on the no-slip boundary con-

dition. However, there are conditions in which no-slip condition is not suitable. Es-

pecially, no-slip boundary condition is inappropriate for most non-Newtonian fluids

science some polymer melts normally show tiny wall slip and generally it is governed

by a non-linear and a monotonic relation between the adhesive friction and the slip ve-

locity (Halim et al., 2016). Fluids offering boundary slip have important applications

in various technological and biomedical fields such as purifying of internal cavities and

artificial heart valve. Due to this, the slip boundary condition has been considered

up to now by a number of researchers. Among these, (Nagendramma, 2017; Tlili,

2018) studied the effects of slip boundary condition on the flow and heat transfer of

nanofluid over some geometries. Moreover, the flow of fluid with second order slip

boundary condition has been not got much attention so far by the researchers. But,

second order slip flow takes place in several engineering applications. Thus, in this

study, both first and second order velocity slip boundary conditions were investigated.
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Chapter 3

Methodology of the Study

3.1 Approaches Used in the Study

To conduct this study, the research title was selected after intensive review of related

literatures. The relevant information was gathered from different books, journals,

articles and web sites. The collected information, concepts, facts and methods used by

other authors were understood and examined in detail. Subsequently, the usefulness

of concept of the research title area was organized and explored. As a result, the

problem of both two- and three-dimensional steady/unsteady laminar boundary layer

flow of nanofluids/hybrid nanofluids past some geometrical shapes (wedge, cylinder,

disc, and cone) embedded in a porous media with the effects of some parameters was

considered for this study.

To highlights the problems under study, the researcher has considered the con-

servation equation for a general scalar variable Φ which can be expressed as ( see

Versteeg & Malalasekera, 2007)

∂(ρΦ)

∂t
+∇.(ρuΦ) = ∇.(Γ∇Φ) + SΦ (3.1.1)

where the velocity vector given by u = 〈u, v, w〉, and ρ is density of the fluid. Equa-

tion (3.1.1) is the so-called transport equation for property Φ. It clearly highlights

the various transport processes: the transit term and the convective term on the left
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hand side, and the diffusive term ( Γ = diffusion coefficient) and the source term

respectively on the right hand side.

Setting Φ equal to 1, u, T , and C in equation (3.1.1), and selecting appropri-

ate values for diffusion coefficient Γ and source terms, the special forms of PDEs

respectively for mass, momentum, energy, and concentration has been obtained. For

incompressible Newtonian nanofluids flow with constant nanofluid properties, these

equations are:

∇.u = 0 (3.1.2)

∂u

∂t
+ (u.∇)u = − 1

ρnf

∇p+ νnf∇2u +
1

ρnf

Fb (3.1.3)

∂T

∂t
+ (u.∇)T = αnf∇2T +

1

(ρcp)nf

Se (3.1.4)

∂C

∂t
+ (u.∇)C = DB∇2C + Sm (3.1.5)

where ρnf , νnf , αnf , (cp)nf and DB are respectively, effective density, kinematic

viscosity, thermal diffusivity, specific heat capacity and brownian diffusivity of the

nanofluid. p is pressure term, Fb is body force, T is temperature of the nanofluid, C

is concentration of the nanofluid, Se is additional terms of heat transfer, and Sm is

additional terms of mass transfer.

Using the above equations (3.1.2)-(3.1.5) with boundary layer flow behaviors of

the nanofluids and boundary conditions of the problems; the governing equation (non-

linear partial differential equations) was obtained for each problem. Then employing

suitable similarity transformations, the governing partial differential equations were

transformed into systems of nonlinear higher order ordinary differential equations.

Then, the transmuted equations were shown to be controlled by a number of thermo-

physical parameters. However, for the features of nanofluids flow and heat transfer,

unique rheological model was formulated for Casson non-Newtonian fluid according
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to its nature. Moreover, Cattaneo-Christov heat flux model was used in some fluids

flow with heat transfer problems.

For this study the numerical technics was employed, and the results of the study

were analyzed using graphs and tables. The transformed non-linear terms of ordinary

differential equations were linearized, and the Chebychev pseudo-spectral collocation

method was applied to it. Consequently, the appropriate MATLAB codes were devel-

oped, then the problems were solved numerically using iterative spectral collocation

methods. The accuracy of the methods were checked against the previously published

results. Flow velocity, temperature and concentration profiles with their boundary

layer thickness were graphically analyzed via different thermophysical parameters.

Moreover, the important physical quantities of engineering aspects in the study such

as the skin friction coefficient Cf , local Nusselt number Nu, and local Sherwood

number Sh were discussed via different thermophysical parameters. Finally, based

on obtained results, conclusions and recommendations were drown.

3.2 Spectral Collocation Method

Most of the methods of solving the boundary layer problems are the numerical ap-

proach based on the shooting algorithm with Runge-Kutta scheme, finite difference

method, spectral homotopy analysis method, finite element Galerkin method, and

Newton-Raphson based methods (Motsa et al., 2014a). In recent times, spectral

based numerical techniques such as the Spectral quasilinearization method, Spectral

local linearization method, and Spectral relaxation method were developed (Motsa et

al., 2014; Motsa, 2013a).

The spectral methods can be described as an approximation to the solution of a

differential equation using a finite series of smooth basis functions. Spectral meth-

ods approximate functions using truncated series of orthogonal functions like the
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Chebyshev and Legendre polynomials (Gheorghiu, 2007). Derived from the method

of weighted residuals, spectral methods enjoy a so called exponential rate of conver-

gence compared to the polynomial convergence rate of most other numerical methods.

The spectral methods transform a function from a physical space to the spectral space,

and apply the concept of global representations in obtaining high order approxima-

tions (Gottlieb, 2001).

There are three types of spectral methods. These are the collocation spectral

method, the Tau spectral method and the Galerkin spectral method. The Tau and

Galerkin spectral methods are weighted residual methods while the collocation spec-

tral method is not (Gottlieb, 2001). As reported by Babolian et al. (2007), the

Tau and Galerkin methods are applied on expansion coefficients while the collocation

methods are applied on physical space values of unknown functions. The conditioning

of differentiation matrices in spectral collocation method is explained in (Trefethen,

2000). In spectral collocation method, errors occur in the process of calculating the

differentiation matrices for Chebyshev nodes (Baltensperger et al., 1999). Appli-

cations of spectral collocation method also includes periodic geometries (Trefethen,

2000). According to Boyd (2001), spectral collocation method is also applicable to

flows with shock waves and fronts. Further, spectral collocation method has been

applied successfully in multivariable cell population models, in weather forecasting

and in many other applications (Mantzaris et al., 2001; Juang et al., 1994).

There are several features that set spectral collocation method apart from other

numerical solutions to differential equations. The first is the computational domain.

Finite element method (FEM), for example, the overall physical domain is broken

up into a number of sub domains and a local basis function is chosen to be non-zero

over a couple of sub-intervals within that domain. Conversely, spectral collocation
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method chooses a basis function that is global to the entire computational domain

and is non-zero except at isolated points. Due to this reason, spectral collocation

methods is often referred to as a global numerical method (Thibeault, 2009). The

second distinguishing feature of spectral collocation method is the choice of basis

functions. Spectral collocation methods selects basis functions that are high degree

polynomials like Chebyshev and Legendre polynomials or trigonometric polynomials

that are infinitely differentiable. The basis functions for FEM are generally low-

order polynomials and local in nature. Because of this, FEM are better suited for

complex geometries but suffer from lower accuracy as compared to spectral methods

(Thibeault, 2009).

The third feature of spectral collocation method is easy to implement, its accuracy

and efficiency, and adaptable to various problems, including variable coefficient and

nonlinear differential equations (Motsa et al., 2014a). The widespread use of spectral

collocation method has been motivated by its accuracy and efficiency in solving in-

compressible Navier-Stokes equations (Gottlieb & Hesthaven, 2001). Zhou (2014) also

added that spectral collocation method provides more accurate approximations with

a relatively small number of unknowns, and so play increasingly important roles in

optimizing engineering design and other scientific computations. Motsa et al. (2004a)

added that, the interest in using Chebyshev spectral collocation method in solving

nonlinear PDEs stems from the fact that these method requires less grid points to

achieve accurate results.

3.2.1 Collocation Points

The pseudo-spectral collocation technique as described in (Trefethen, 2000) is based

on Chebyshev polynomial of first kind Tn(x) is defined as

Tn(x) = cos(nt) for t = arccos(x) n = 0, 1, 2, · · · (3.2.1)
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on the domain −1 ≤ x ≤ 1.

The collocation (grid) points are based on Chebyshev-Gauss-Lobatto points that

are defined as:

xj = cos (jπ/N) − 1 ≤ x ≤ 1; j = 0, 1, 2, · · · , N. (3.2.2)

Geometrically, it can be visualize that these collocation points as the projections on

[-1,1] to the x-axis of equally spaced points on the upper half of the unit circle as

sketched in Figure 3.1, (Source: Trefethen, 2000). Note that they are numbered from

right to left.

Figure 3.1: Chebyshev collocation points.

3.2.2 Differentiation Matrix

The unique aspect of Chebyshev polynomials is that the basis functions and their

derivatives can be constructed using trigonometric functions. Also note that, differ-

entiation as defined here, can be achieved in either transform space or in physical

space. For this research, to apply the spectral collocation method successfully, all

differentiation is done in transform space. The basic idea of the spectral collocation

method is to approximate unknown functions (the functions at r + 1) in system of

50



equation in the full domain using an interpolating higher order Lagrange polynomial

at the given collocation points as stated by Trefethen (2000). These functions are

approximated using the Lagrange interpolating polynomials as shown below.

f(x) ≈
Nx∑
k=0

fklk(xj) (3.2.3)

where lk represents the cardinal functions and are polynomials of degree N that satisfy

equation

lk(xj) =

{
1 , k = j

0 , k 6= j
(3.2.4)

these are defined by

lk(xj) =
N∏

j=0;k 6=j

x− xk

xj − xk

(3.2.5)

Interpolating functions are differentiated to approximate derivatives of the function

f(x) as shown below.

fp(x) =
Nx∑
k=0

fkl
p
k(x); p = 1, 2, · · · , N. (3.2.6)

where fp(x) is the pth derivative of f(x).

Functions and their derivatives are evaluated by collocating at selected grid points as

follows:

fp(xj) =
N∑

k=0

Dp
jkfk = DF p = 1, 2, 3, · · · (3.2.7)

where D is the differentiation matrix of size (N + 1)× (N + 1), and

F = [f(x0), f(x1), · · · , f(xN)]T is vector of size (N + 1)× 1. The entries of matrix D

are computed as described below by Chebyshev differentiation matrix.

For each N ≥ 1, let the row and columns of the Chebyshev differentiation matrix

D be indexed from 0 to N . As described by Trefethen (2000), the entries of these

matrix are given as follows:

(DN)00 =
2N2 + 1

6
= − (DN)NN
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(DN)jj =
−xj

2(1− x2
j)

; j = 1, 2, · · · , N − 1. (3.2.8)

(DN)jk =
ck
cj

(−1)k+j

xk − xj

; k 6= j j, k = 1, 2, · · · , N − 1.

where

ck =

{
2 , k = 0 or N,

1 , otherwise

This is expressed best visually and DN is shown below in Figure 3.2, (Source: Tre-

fethen, 2000).

Figure 3.2: Chebyshev differentiation matrix D.

For the above differentiation matrix, the matlab code is developed and it is remind

whenever the problems under the study are solved.

3.2.3 Spectral Quasilinearization Method (SQLM)

The quasilinearization method is a generalization of the Newton-Rhapson method

that was originally used by Bellman and Kalaba (1965) for solving nonlinear boundary

value problems. Motsa (2013a) further extended the application of the quasilineariza-

tion method by applying spectral collocation method to solve the linearized equation.

Reduction of order of equations is not necessary when the spectral quasilinearization

method (SQLM) is applied. Rather, nonlinear terms are identified in the system of
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equations and linearized using the Taylor series expansion for multiple variables to

obtain a linear coupled system of equations as given by Otegbeye (2014). Chebyshev

pseudospectral collocation method is applied to solve the linear systems. The systems

are solved starting with an initial approximation (or guess that satisfies all bound-

ary conditions) which is used to generate subsequent approximations iteratively until

convergence is obtained at some point. The concept of the SQLM is similar to that of

the successive linearisation method which is another Newton-Rhapson based method

Otegbeye (2014). The limitation of the SQLM is that the coupled high-order system

of differential equations may often lead to very large systems of algebraic equations

that may require significant computing resources. In addition, the actual process of

developing the solution algorithm is time-consuming in comparison to SRM (Motsa

et al. 2004a).

To develop the SQLM scheme, as described in Motsa (2013a), it is considered that

a system of n nonlinear ordinary differential equations in n unknowns functions fi(ξ)

where i = 1, 2,− − −, n and ξε(a, b) is the dependent variable. This system can be

given as a sum of its linear L and nonlinear components N as

L[f1(ξ), f2(ξ), · · · , fn(ξ)] +N [f1(ξ), f2(ξ), · · · , fn(ξ)] = 0; i = 1, 2, · · · , n. (3.2.9)

subject to separated boundary conditions

Ai[f1(a), f2(a), · · · , fn(a)] = Ka,i

Bi[f1(b), f2(b), · · · , fn(b)] = Kb,i

(3.2.10)

where Ka,i and Kb,i are constants, and Ai and Bi are linear operators for i =

1, 2, · · · , n. The vector function Fi is defined as the vector of the derivatives of

the variable fi with respect to the dependent variable ξ, which is given as

Fi = [f
(0)
i , f

(1)
i , · · · , f (mi)

i ] (3.2.11)
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where f
(0)
i = fi, f

(p)
i is the pth derivative of fi with respect to ξ andmi(i = 1, 2, 3, · · · , n)

is the highest derivative order of the variable fi occurring in the system of equations.

Moreover, Li and Ni are respectively defined as linear and nonlinear operator that

operates on Fi for i = 1, 2, 3, · · · , n. Now, with these definitions, (3.2.9) − (3.2.10)

can be written as

Li[F1, F2, · · · , Fn] +Ni[F1, F2, · · · , Fn] =
n∑

j=1

mj−1∑
p=0

α
[p]
i,jf

(p)
j +Ni[F1, F2, · · · , Fn] = 0

(3.2.12)

where f
(p)
j is derivative of fi(j = 1, 2, 3, · · · , n) that exists in the ith equation for

i = 1, 2, · · · , n, and α
[p]
i,j are the constant coefficients of f

(p)
j .

Remarking that, in the governing system (3.2.9), the derivatives in the boundary

conditions can at most be one less than derivative of fi for each variable fi. Then, it

is defined that the vector F̃i to be the vector of the derivatives of the variable fi with

respect to the dependent variable ξ from 0 up to mi − 1, that is,

F̃i = [f
(0)
i , f

(1)
i , · · · , f (mi−1)

i ] (3.2.13)

The boundary conditions (3.2.10) can be written as

Aν [F̃1(a), F̃2(a), · · · , F̃n(a)] =
n∑

j=1

mj−1∑
p=0

α
[p]
ν,jf

(p)
j (a) = Ka,ν , ν = 1, 2, · · · , na.

Bσ[F̃1(b), F̃2(b), · · · , F̃n(b)] =
n∑

j=1

mj−1∑
p=0

β
[p]
σ,jf

(p)
j (b) = Kb,σ, σ = 1, 2, · · · , nb.

(3.2.14)

where na and nb are the entire number of given boundary conditions ξ = a and ξ = b,

and α
[p]
ν,j and β

[p]
σ,j are the constant coefficients of f

(p)
j , respectively. Noting that the

sum na +nb is equal to the sum of the highest orders of the derivatives corresponding
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to the dependent variables fi,that is written as

na + nb =
n∑

i=1

mi (3.2.15)

Consider that the solution fi(ξ) of (3.2.12) at the (r + 1)th iteration is fi,r+1. When

the result at the preceding iteration fi,r is adequately approach to fi,r+1, then the

nonlinear part Ni of (3.2.12) can be linearized employing the one-term Taylor series

for multiple variables. Thus, (3.2.12) can be written as

Li[F1,r+1, F2,r+1, · · · , Fn,r+1] +Ni[F1,r, F2,r, · · · , Fn,r]

+
n∑

j=1

mj∑
p=0

(
F

(p)
r+1 − F (p)

r

) ∂Ni

∂f
(p)
j

[F1,r, F2,r, · · · , Fn,r] = 0
(3.2.16)

subject to boundary condition

n∑
j=1

mj−1∑
p=0

α
[p]
ν,jf

(p)
j,r+1(a) = 0, ν = 1, 2, · · ·na.

n∑
j=1

mj−1∑
p=0

β
[p]
σ,jf

(p)
j,r+1(b) = 0, σ = 1, 2, · · · , nb.

(3.2.17)

Equation (3.2.16) can be written as

Li[F1,r+1, F2,r+1, · · · , Fn,r+1] +
n∑

j=1

mj∑
p=0

F
(p)
r+1

∂Ni

∂f
(p)
j

[F1,r, F2,r, · · · , Fn,r]

=
n∑

j=1

mj∑
p=0

F (p)
r

∂Ni

∂f
(p)
j

[F1,r, F2,r, · · · , Fn,r]−Ni[F1,r, F2,r, · · · , Fn,r]

(3.2.18)

The initial approximation, needed to begin the iteration scheme (3.2.18) is selected

to be a function that fulfils the boundary conditions (3.2.10). Using the Chebyshev

spectral collocation on the recursive iteration scheme (3.2.18) give

n∑
j=1

[∆i,j + Πi, j]Fj,r+1 = Ψi,r i, j = 1, 2, 3, · · · , n. (3.2.19)
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where Fj,r+1 = [fi,r+1(τ0), fi,r+1(τ1), · · · , fi,r+1(τN)]t, ∆i,j, Πi, j and Ψi,r are respec-

tively given by

∆i,j =

mj∑
p=1

αp
i,jD

p, Πi, j =

mj∑
p=1

[
∂Ni

∂f
(p)
j

]
d

Dp, i, j = 1, 2, 3, · · · , n.

Ψi,r =
n∑

j=1

mj∑
p=0

f (p)
r

∂Ni

∂f
(p)
j

[F1,r, F2,r, · · · , Fn,r]−Ni[F1,r, F2,r, · · · , Fn,r]

(3.2.20)

where [...]d means denote diagonal matrix.

Setting, Λ = ∆ + Π, equation (3.2.19) can be written in matrix form as:

Λ11 Λ12 ...Λ1n

Λ21 Λ22 ...Λ2n

. . .

. . .

. . .

Λn1 Λn2 Λnn





F1,r+1

F2,r+1

.

.

.

Fn,r+1


=



Ψ1,r

Ψ2,r

.

.

.

Ψn,r


(3.2.21)

where Fi,r+1 and Ψ1,r are vectors of size (N + 1)× 1 and Λi,j are (N + 1)× (N + 1)

matrices. Beginning from Fi,0,the recursive sequence (3.2.21) is solved iteratively

for r = 0, 1, 2, 3, · · · . Accordingly, the size of the coefficient matrix in (3.2.21) is

m(N+1)×m(N+1) and the column vector on the right-hand side has the dimension

m(N + 1)× 1 as described in Motsa et al. (2013a).

3.2.4 Spectral Relaxation Method (SRM)

Spectral relaxation method (SRM) is a newly developed numerical scheme used to

solve nonlinear systems of boundary value problems. It is based on simple decoupling

and rearrangement of the governing nonlinear equations in a Gauss-Seidel manner

(Motsa et al., 2014a). The resulting sequence of equations is integrated using the
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Chebyshev spectral collocation method. The actual process of developing the solu-

tion algorithm for SRM is time-saving in comparison to SQLM. This is because with

SQLM, the process begins with the quasi-linearization step whereas with SRM the

iteration scheme is obtained directly by requiring some terms to be evaluated at the

current iteration and others at the previous iteration. Consequently, the SRM is easy

to implement and computationally efficient. As shown by Motsa et al. (2014a) the

accuracy and efficiency of the SRM suggests that the method can be used as a more

practical tool for solving unsteady boundary layer flows and complex nonlinear PDEs

in some fluid mechanics applications.

To develop the SRM scheme, as described in Motsa et al. (2014), a system of n

nonlinear ordinary differential equations in n unknown functions fi(ξ), i = 1, 2, · · · , n

is considered, where ξε[a, b] is the dependent variable. It is defined that a vector Fi

to be a vector of derivatives of the variable fi with respect to ξ.

Fi(ξ) =
[
f

(0)
i , f

(1)
i , f

(2)
i , · · · , f (m)

i

]
(3.2.22)

where f
(0)
i = fi, f

(p)
i is the pth derivative of fi with respect to ξ andmi(i = 1, 2, 3, · · · , n)

is the highest derivative order of the variable fi which is in the system of equations.

The system can be written in terms of Fi as the sum of linear (Li) and nonlinear

components (Ni) as

Li[F1, F2, · · · , Fn] +Ni[F1, F2, · · · , Fn] = Gi(ξ); i = 1, 2, · · · , n. (3.2.23)

Gi is a known function of ξ.

Equation (3.2.23) is solved subject to separated boundary conditions

Aν [F1(a), F2(a), · · · , Fn(a)] = Ka,ν (3.2.24)

Bσ[F1(b), F2(b), · · · , Fn(b)] = Kb,σ (3.2.25)
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which can be written as

n∑
j=1

mj−1∑
p=0

α
[p]
ν,jf

(p)
j (a) = Ka,ν ; ν = 1, 2, · · · , na. (3.2.26)

n∑
j=1

mj−1∑
p=0

β
[p]
σ,jf

(p)
j (b) = Kb,σ; σ = 1, 2, · · · , nb. (3.2.27)

where α
[p]
ν,j and β

[p]
σ,j are the constant coefficients of f

(p)
j in the boundary conditions,

na and nb are the total number of prescribed boundary conditions at ξ = a and ξ = b

respectively. Starting from the initial approximation F1,0, F2,0, · · · , Fn,0 the iterative

method is obtained as

Li[F1,r+1, F2,r+1, · · · , Fn,r+1] = Gi(ξ) +Ni[F1,r, F2,r, · · · , Fn,r]; i = 1, 2, · · · , n.

(3.2.28)

Where F1,r+1 and F1,r are the approximation of Fi at the current and the previous iter-

ations respectively. An appropriate initial approximation Fi,0 which satisfy boundary

conditions can be started from a system of n linear decoupled equations can be solved

iteratively for r = 1, 2, · · · . The iterations are repeated until convergence is reached.

The decoupling error can be used to assess the desired convergence. The decou-

pling error Er at the (r + 1)th iteration is defined by

Er = Max (||f1,r+1 − f1,r||∞, ||f2,r+1 − f2,r||∞, · · · · · · , ||fm,r+1 − fm,r||∞) (3.2.29)

In this method, the Gauss-Seidel relaxation method which is normally used for solv-

ing large systems of algebraic equations is incorporated. To implement the spectral

collocation method, the differentiation matrix is defined as:

dfi(ξ)l

dξ
=

N∑
k=0

Dl,kfi(τk) = DFi; l = 0, · · · , N. (3.2.30)

and higher order derivatives are obtained in powers of D given by

f
(p)
j = DpFj (3.2.31)
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Where N + 1 is the number collocation points, D = 2D/(b− a) and

F = [f(τ0), f(τ1), · · · , f(τN)]t is the vector function of the collocation points.

Then, the Chebyshev pseudo spectral method is applied to the iteration scheme

shown in Eqs. (3.2.28), and the equations gives

n∑
j=1

mj∑
p=0

γ
[p]
i,jf

(p)
j +Ni[F1, F2, · · · , Fn] = Gi (3.2.32)

where γ
[p]
i,j are constant coefficients of f

(p)
j , the derivative of fj(j = 1, 2, · · · , n) in

the ith equation for i = 1, 2, · · · , n. The iteration scheme used in (3.2.28) can be

expressed as

i∑
j=1

mj∑
p=0

γ
[p]
i,jf

(p)
j,r+1 = Gi −

n∑
j=1+i

mj∑
p=0

γ
[p]
i,jf

(p)
j,r+1 −Ni[F1,r+1, · · · , Fi−1,r+1, Fi,r, · · · , Fn,r]

(3.2.33)

for i = 1, 2, · · · , n

Using equ. (3.2.30) in (3.2.33) and the boundary conditions, the spectral Gauss-

Seidel relaxation method iteration scheme is given by

i∑
j=1

mj∑
p=0

γ
[p]
i,jD

pFj,r+1 = Gi−
n∑

j=1+i

mj∑
p=0

γ
[p]
i,jD

pFj,r−Ni[F1,r+1, · · · , Fi−1,r+1, Fi,r, · · · , Fn,r]

(3.2.34)

subject to

n∑
j=1

mj−1∑
p=0

α
[p]
ν,j

N∑
j=1

Dp
N,kfj,r+1(τk) = Ka,ν ; ν = 1, 2, · · · , na. (3.2.35)

n∑
j=1

mj−1∑
p=0

β
[p]
σ,j

N∑
j=1

Dp
N,kfj,r+1(τk) = Kb,σ; σ = 1, 2, · · · , nb. (3.2.36)

The substitution of previously known functions decouples the system of equations

and an efficient iteration scheme is created giving accurate results.
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Chapter 4

MHD Boundary Layer Flow of
Nanofluid Past a Wedge in a
Porous Media with Viscous Effects

4.1 Introduction

Fluid flows with convective heat and mass transfer over a wedge shaped bodies is

ensured in many thermal engineering applications like crude oil extraction, geothermal

systems, thermal insulation, heat exchangers and the storage of nuclear waste, etc.

(Nagendramma et al., 2015). A model of steady laminar fluid flow over a wedge was

developed for the first time by Falkner and Skan (1931) to illustrate the application of

Prandtl’s boundary layer theory. Late, Hartree (1937) investigated the same problem

with similarity transformation and gave numerical results for wall shear stress for

different values of the wedge angle. Eckert (1942) also solved Falkner-Skan flow along

an isothermal wedge and presented the first wall heat transfer values. Afterward, the

variety of applications and understanding of the physical features of laminar boundary

layer flow past a wedge have motivated many researchers ( Sattar, 2011 ; Kandasamy

et al., 2013 ; Turkyilmazoglu, 2015) to mention few.

Magnetohydrodynamic (MHD) is the study of fluid flow in electrically conducting

fluids with magnetic properties that affect fluid flow characteristics. When a magnetic
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field is incident in an electrically conducting fluid, a current is induced. This effect

polarizes the fluid and as a result the magnetic field is changed (Makanda et al.,

2015). Due to extensive practical applications of MHD in technological processes

such as plasma studies, petroleum industries, MHD power generator designs, design

for cooling of nuclear reactors, construction of heat exchangers and on the performance

of many other systems, there are many studies that considered MHD fluid flow past a

wedge. These include the work of Abbasbandy et al. (2014) who examined the effects

of MHD in the Falken-Skan flow of Maxwell fluid, and El-Dabe et al. 2015 considered

MHD boundary layer flow of non-Newtonian Casson fluid on a moving wedge with

heat and mass transfer. Khan et al. (2014) also analyzed MHD laminar boundary

layer flow past a wedge with the influence of thermal radiation, heat generation and

chemical reaction.

In the past few years, MHD boundary layer flow with heat and mass transfer

of nanofluids has become a major topic of modern-day interest. Nanofluids have a

significant role in enhancing the heat transfer properties of fluids. The most important

properties of nanofluids are enhanced effective fluid thermal conductivity and heat

transfer coefficient. Some recent studies on MHD boundary layer flow of nanofluid

include the work of the Srinivasacharya et al. (2015) who analyzed the steady laminar

MHD flow in a nanofluid over a wedge in the presence of a variable magnetic field.

Rasheed et al. 2017) also investigated MHD boundary layer flow of nanofluid over

a continuously moving stretching surface. The effects of thermal radiation on mixed

convection flow of nanofluid over a stretching sheet in the presence of a magnetic field

was studied by Nageeb et al. (2017).

Viscous dissipation effect changes the temperature distribution by playing a role

like an energy source, which leads to affected heat transfer rate and hence needs to

be considered in heat transfer problems. The analysis of MHD boundary layer flows

in porous media with and without the effect of viscous dissipation has been a subject
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of several recent papers. Arthur et al. (2014) analyzed hydro magnetic stagnation

point flow over a porous stretching surface in the presence of radiation and viscous

dissipation. Ramesh et al. (2017) studied the MHD boundary layer flow past a con-

stant wedge within porous media. Heat and mass transfer of MHD flow of nanofluids

in the presence of viscous dissipation effects was numerically analyzed by Haile and

Shankar (2015). Majety et al. (2016) studied the effect of viscous dissipation on

MHD boundary layer flow past a wedge through porous medium. They concluded

that viscous dissipation produces heat due to drag between the fluid particles, which

cause an increase in fluid temperature.

Most of the standard methods of solving the boundary layer problems are the

numerical approach based on the shooting algorithm with the Runge-Kutta scheme,

finite difference method, spectral homotopy analysis method, and Newton-Raphson

based methods such as the quasilinearization method and the successive linearization

method. Recently, spectral based numerical techniques such as the Spectral Quasi-

linearization Method and Spectral Relaxation Method have been developed (Motsa,

2013; Motsa et al., 2014). As indicated by Motsa et al. (2013b) Chebyshev spec-

tral collocation methods are easy to implement, adaptable to various problems and

provide more accurate approximations with a relatively small number of unknowns.

Gottlieb and Hesthaven (2001) also added that the wide use of spectral methods has

motivated the researcher by their accuracy and efficiency in solving incompressible

Navier-Stokes equations. Furthermore, Motsa et al. (2014a) stated that the interest

in using Chebyshev spectral collocation methods in solving nonlinear PDEs stems

from the fact that these methods require less grid points to achieve accurate results

and efficient compared to traditional methods like finite difference and finite element

methods.

The present study deals with MHD boundary layer flow past a wedge with heat

and mass transfer of Nanofluid embedded in a porous media with viscous dissipation,
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brownian motion and thermophoresis effects. Using appropriate similarity transfor-

mation, the governing nonlinear partial differential equations are reduced to non-

linear higher order ordinary differential equations. Then, these equations are numer-

ically solved by SQLM. The effects of different parameters on velocity, temperature

and concentration fields are investigated and analyzed with the help of their graphical

representations.

4.2 Mathematical Formulation

In this study it was considered steady two-dimensional, laminar boundary layer flow

past a wedge with heat transfer of incompressible electrically conducting nanofluid

embedded in a porous media with viscous dissipation effects. The coordinate system

is chosen with x coordinate pointing parallel to the plate in the direction of the

flow and y coordinate pointing towards the free stream, as shown in the Figure 4.1.

The wall of the wedge is maintained with uniform and constant temperature Tw and

nanoparticle concentration Cw. Tw and Cw are respectively, greater than the ambient

temperature T∞ and ambient nanoparticle concentration C∞. In addition, effects of

the buoyancy force is not considered since it is assumed that the fluid have constant

thermophysical properties with constant and uniform Tw and Cw near the wall of the

wedge. The subscripts w and ∞ denotes conditions at wall and ambient respectively.

It was also considered that a constant magnetic field B0 is applied in the positive

y-direction, normal to the walls of the wedge. The induced magnetic field caused by

the motion of electrically conducting fluid is neglected, as it is very small compared

to magnetic field. The Navier-Stokes equation of motion including electromagnetic

body force or Lorentz force within conductive media is given by

F = Jc ×B (4.2.1)
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Figure 4.1: Physical model of flow configuration.

where Jc is the conduction current defined as

Jc = σ(Ec + u×B) (4.2.2)

where B is the magnetic field, Ec is the electric field, u is the velocity vector of the

fluid and σ is the electrical conductivity of the fluid (Nicholas, 2010).

Since the induced magnetic field caused by the motion of electrically conducting

fluid Ec is negligible as compared to the magnetic field B, then

Jc = σ(u×B) = σ[(u, v, 0)× 0, By, 0)] = σuByk̂ (4.2.3)

Thus, the Lorentz force is given as

F = Jc ×B = (0, 0, σuBy)× (0, By, 0) = −σB2
yuî = −σB2

0uî (4.2.4)

With the above assumptions and the boundary layer approximations, the conti-

nuity, momentum, energy and nanoparticle concentration equations governing steady
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two dimensional MHD boundary layer flow past a wedge embedded in a porous me-

dia with viscous dissipation effects and constant fluid properties are given as (Srini-

vasacharya et al., 2015; Haile & Shankar, 2015; Alam et al., 2017).

∂u

∂x
+
∂v

∂y
= 0 (4.2.5)

u
∂u

∂x
+ v

∂u

∂y
= − 1

ρbf

∂p

∂x
+ νbf

∂2u

∂y2
−
(
σB2

0

ρbf

+
νbf

K

)
u (4.2.6)

u
∂T

∂x
+ v

∂T

∂y
= αbf

∂2T

∂y2
+
νf

cp

(
∂u

∂y

)2

+ ς

{
DB

(
∂T

∂y

∂C

∂y

)
+
DT

T∞

(
∂T

∂y

)2
}

(4.2.7)

u
∂C

∂x
+ v

∂C

∂y
= DB

∂2C

∂y2
+
DT

T∞

∂2T

∂y2
(4.2.8)

The appropriate boundary conditions are given as:

at y = 0 : u = 0; v = 0; T = Tw; C = Cw

as y →∞ : u = U∞x
m; T → T∞; C → C∞ (4.2.9)

at x = 0 : u = U∞; T = T∞

where u and v are respectively, the x and y velocity components. ρbf , νbf , αbf and

cp, are respectively, density, kinematic viscosity, thermal diffusivity and specific heat

capacity of the base fluid. K is the permeability of porous medium, DB is the Brow-

nian diffusion coefficient, DT is the thermophoresis diffusion coefficient, ς is the ratio

of the effective heat capacity of the nanoparticle material and the heat capacity of

base fluid.

The y-momentum equation implies that the pressure p in the boundary layer must

be equal to that of the free stream for any given x coordinate. Since the velocity

profile is uniform in the free stream, there is no vorticity involved, therefore a simple

Bernoulli’s equation can be applied in this high Reynolds number (Falkner & Skan,

1931). It is assumed that U(x) = U∞x
m is the fluid velocity at the wedge outside
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the boundary layer, where U∞ is the free stream velocity. For a uniform stream, the

pressure term in the momentum equation (4.2.6) becomes (Falkner & Skan, 1931;

Nageeb et al., 2017).

− 1

ρbf

∂p

∂x
= U

dU

dx
+

(
σB2

0

ρbf

+
νf

K

)
U (4.2.10)

Substituting (4.2.10) in (4.2.6), the momentum equation written as

u
∂u

∂x
+ v

∂u

∂y
= U

dU

dx
+ νf

∂2u

∂y2
+

(
σB2

0

ρbf

+
νbf

K

)
(U − u) (4.2.11)

Here, x is measured from the tip of the wedge, m is the Falkner-Skan power-law pa-

rameter, β = 2m
1+m

is the Hartree pressure gradient parameter corresponding to β = Ω
π

for the total angle Ω of the wedge (see Figure 4.1). Physically, m < 0 correspond-

ing to an adverse pressure gradient (often resulting in boundary layer separation)

while m > 0 represents favorable pressure gradient. In the Blasius solution m = 0

corresponding to an angle of attack of zero radians, where m = 1 corresponding to

stagnation point flow (Falkner & Skan, 1931).

In order to transform the governing equations (4.2.5)-(4.2.9) into a set of ordinary

differential equations, we introduce the stream function ψ(x, y) such that

u =
∂ψ

∂y
v = −∂ψ

∂x
(4.2.12)

and, we use the following transformation variables (Ullah et al., 2016; Alam et al.,

2017)

ξ = y

√
1 +m

2

U∞
νbf

x
m−1

2 ; ψ(x, ξ) =

√
2

1 +m
νbfU∞x

m+1
2 f(ξ)

f ′(ξ) =
u

U
; θ(ξ) =

T − T∞
Tw − T∞

; φ(ξ) =
C − C∞
Cw − C∞

(4.2.13)

where ξ is a dimensionless similarity variable, f(ξ) non-dimensional stream function,

f ′(ξ) is non-dimensional velocity, θ(ξ) is non-dimensional temperature, φ(ξ) is non-

dimensional nanoparticle concentration.
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We find that continuity equation (4.2.5) is identically satisfied, and upon sub-

stituting similarity variables into equations (4.2.6)-(4.2.9), we obtain the following

system of ordinary differential equations:

f ′′′ + ff ′′ + β[1− f ′2] +
1

1 +m
(M + κ)[1− f ′] = 0 (4.2.14)

θ′′ + Pr
[
fθ′ + Ecf ′′2 +Nbθ′φ′ +Ntθ′2

]
= 0 (4.2.15)

φ′′ + LePr (fφ′) +
Nt

Nb
θ′′ = 0 (4.2.16)

The transformed boundary conditions are:

at ξ = 0; f = 0; f ′ = 0; θ = 1; φ = 1

as ξ →∞; f ′ → 1; θ → 0; φ→ 0 (4.2.17)

with

M =
2σB2

0x
1−m

ρbfU∞
; κ =

2νbfx
1−m

KU∞
; Ec =

U2

cp(Tw − T∞)
; Pr =

νbf

αbf

Le =
αbf

DB

; Nb =
ςDB(Cw − C∞)

νbf

; Nt =
ςDT (Tw − T∞)

νbfT∞
; Rex =

Ux

νbf

whereM is magnetic parameter, Rex is local Reynolds number, Pr is Prandtl number,

Ec is Eckert number, κ is the permeability parameter, Le is Lewis number, Nb is

the Brownian motion parameter, Nt is the thermophoretic parameter , and prime (′)

denotes derivative with respect to ξ.

The physical quantities of engineering interest in the present study are the skin

friction coefficient Cf , local Nusselt number Nux, and local Sherwood number Shx

respectively, defined as

Cf =
2τw

ρU2(x)
; Nux =

xqw
k(Tw − T∞)

; Shx =
xMw

DB(Cw − C∞)
; (4.2.18)

where τw, qw and Mw are the surface shear stress, the surface heat flux, and surface

mass flux, and respectively, given as

τw = µf

(
∂u

∂y

)
y=0

; qw = −kf

(
∂T

∂y

)
y=0

; Mw = −DB

(
∂C

∂y

)
y=0

(4.2.19)
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The non-dimensional skin friction coefficient, Nusselt number, and local Sherwood

number are respectively, given as

Cf

√
Rex = 2

√
m+ 1

2
f ′′(0);

Nux√
Rex

= −
√
m+ 1

2
θ′(0);

Shx√
Rex

= −
√
m+ 1

2
φ′(0)

(4.2.20)

4.3 Numerical Method

The system of non-linear ODE (4.2.14)-(4.2.16) subject to the boundary conditions

(4.2.17) have been solved numerically using spectral qusilinearization method (SQLM).

The main idea behind this approach is identifying univariate and multivariate nonlin-

ear terms of function and its derivative in each of the equations, linearizing the terms

and applying Chebychev pseudo-spectral collocation method (see Motsa, 2013).

Applying spectral qusilinearization method, equations (4.2.14)-(4.2.16) gives the

following iterative sequence of linear differential equations:

f ′′′r+1 + a1,rf
′′
r+1 − a2,rf

′
r+1 + a3,rfr+1 = a4,r (4.3.1)

θ′′r+1 + b1,rθ
′
r+1 + b2,rf

′′
r+1 + b3,rfr+1 + b4,rφ

′
r+1 = b5,r (4.3.2)

φ′′r+1 + c1,rφ
′
r+1 + c2,rf

′′
r+1 + c3,rfr+1 + c4,rθ

′
r+1 = c5,r (4.3.3)

where the terms containing r+1 subscripts denote current approximations and terms

containing r subscripts denote previous approximations. The corresponding boundary

conditions are:

fr+1(0) = 0; f ′r+1(0) = 0, f ′r+1(∞) → 1

θr+1(0) = φr+1(0) = 1, θr+1(∞) = φr+1(∞) → 0 (4.3.4)

where

a1,r = fr; a2,r = 2βf ′r +
1

1 +m
(M + κ); a4,r = frf

′′
r − β(1 + f ′2r )− 1

1 +m
(M + κ)
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a3,r = f ′′r ; b1,r = Pr(fr+Nbφ
′
r+2Ntθ′r); b2,r = 2PrEcf ′′r ; b3,r = Prθ′r; b4,r = PrNbθ′r

b5,r = PrEcf ′′2r + PrNbθ′rφ
′
r + PrNtθ′2r + Prfrθ

′
r; c1,r = Pr(Lefr −Ntθ′r)

c3,r = Pr(Leφ′r − (Nt/Nb)θ′r); c4,r = −Pr(Nt/Nb)(fr +Nbφ′r + 2Ntθ′r)

c2,r = −2PrEc(Nt/Nb)f ′′r ; c5,r = Pr{Lefrφ
′
r−(Nt/Nb)[Ecf ′′2r +Nbθ′rφ

′
r+Ntθ

′2
r +frθ

′
r]}

The physical domain on which the governing system of equations (4.2.14)-(4.2.16)

defined in [0,∞) is truncated to a domain [0, L]. Then, the interval [0, L] is trans-

formed to the interval [−1, 1] using the linear transformation ξ = 1
2
L(χ+1), where L

is large but finite number chosen to represent the behavior of the flow properties of

the boundary condition value at infinity. The Gauss-Lobatto points are selected to

define the nodes in [-1, 1] as follows

χi = cos(πi/N), i = 0, 1, 2, ..., N ; −1 ≤ χ ≤ 1, (4.3.5)

where N is the number of collocation points used.

The Chebyshev differentiation matrix used to approximate the derivatives of the

unknown variables is given as

df

dξ
=

N∑
p=0

Dikf(χi) = DF, i = 1, 2, 3, ...N (4.3.6)

where D = 2D
L

, and the higher order derivatives are found as powers of D as

F n(ξ) = DnF, (4.3.7)

where n is the order of derivative and D is matrix of size (N + 1)× (N + 1).

Applying the spectral method to the system of equations (4.3.1)-(4.3.3) , and it can

be solved as a coupled matrix:
Λ11 Λ12 Λ13

Λ21 Λ22 Λ23

Λ31 Λ32 Λ33



Fr+1

Θr+1

Φr+1

 =


B1

B2

B3

 (4.3.8)
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with transformed boundary condition

Fr+1(χN) = 0, Fr+1(χN−1) = 0, Fr+1(χ0) = 1

Θr+1(χN) = 1, Θr+1(χ0) = 0; Φr+1(χN) = 1, Φr+1(χ0) = 0 (4.3.9)

where B1 = a4,r; B2 = b5,r; B3 = c5,r

Λ11 = D3 + diag(a1,r)D
2 − diag(a2,r)D + diag(a3,r); Λ12 = O; Λ13 = O

Λ21 = diag(b2,r)D
2 + diag(b3,r); Λ22 = D2 + diag(b1,r)D; Λ23 = diag(b4,r)D

Λ31 = diag(c2,r)D
2 + diag(c3,r); Λ32 = diag(c4,r)D; Λ33 = D2 + diag(c1,r)D

Fr+1 = [fr+1,0, fr+1,1,−−−, fr+1,N ]t, Θr+1 = [θr+1,0, θr+1,1,−−−, θr+1,N ]t,

Φr+1 = [φr+1,0, φr+1,1,−−−, φr+1,N , ]
t are vectors of sizes (Nx + 1)× 1, diag(...) rep-

resents a diagonal matrix of vectors, and O is a zero vectors of size (Nx+1)×(Nx+1).

Choice of the initial guesses from known physical considerations of the flow prop-

erties is necessary for obtaining numerical solutions of SQLM. For most boundary

layer flow problems, it is well known that the flow velocity tends to the mainstream

flow exponentially. Thus, the appropriate initial guesses which satisfy the governing

boundary conditions of the present problems (4.2.14)-(4.2.17)are

f0(ξ) = ξ − 1 + e−ξ, f ′0(ξ) = 1− e−ξ θ0(ξ) = φ0(ξ) = e−ξ (4.3.10)

The boundary conditions are imposed on the individual matrices as follows:

M11 =



D00 ... D0N

Λ11

DN0 ... DNN

0 ... 1


;M12 =



0 ... 0 0

Λ12

0 ... 0 0

0 ... 0 0


;M13 =



0 ... 0 0

Λ13

0 ... 0 0

0 ... 0 0


(4.3.11)
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M21 =


1 ... 0 0

Λ21

0 ... 0 1

 ;M22 =


1 ... 0 0

Λ22

0 ... 0 1

 ;M23 =


1 ... 0 0

Λ23

0 ... 0 1


(4.3.12)

M31 =


1 ... 0 0

Λ31

0 ... 0 0

 ;M32 =


1 ... 0 1

Λ32

0 ... 0 1

 ;M33 =


1 ... 0 0

Λ33

0 ... 0 1


(4.3.13)

R1 =



1

B1

0

0


; R2 =



0

B2

1


; R3 =



0

B3

1


; (4.3.14)

Fr+1 =



fr+1, 0

.

.

.

fr+1, N − 1

fr+1, N


; Θr+1 =



θr+1, 0

.

.

.

θr+1, N


; Φr+1 =



φr+1, 0

.

.

.

φr+1, N


(4.3.15)

4.4 Results and Discussion

Numerical solutions were obtained using SQLM for the velocity, temperature and

concentration profiles across the boundary layer for different values of the embded

parameters. The number of collocation points in the space ξ variable used to generate

the results is Nx = 40 in all cases. To ensure the numerical accuracy of the numerical
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Table 4.1: Comparison of the SQLM results of −f ′′(0) and −θ′(0) for some m.

−f ′′(0) −θ′(0)
m Present Ashwini Watanaba Ullah Present Watanaba

0.0000 0.46960 0.4696 0.46960 0.4696 0.42016 0.42015
0.0141 0.50461 0.5046 0.50461 0.5046 0.42578 0.42578
0.0435 0.56898 0.5690 0.56898 0.5690 0.43548 0.43548
0.0909 0.65498 0.6550 0.65498 0.6550 0.44730 0.44730
0.1429 0.73200 0.7320 0.73200 0.7320 0.45694 0.45693
0.2000 0.80213 0.8021 0.80213 0.8021 0.46503 0.46503
0.3333 0.92765 0.9277 0.92765 0.9277 0.47814 0.47814
1.0000 1.23258 1.2326 - 1.2326 - -

method used, the skin friction coefficient −f ′′(0) and local Nusselt number −θ′(0)

were calculated for different values of Falkner-Skan power-law parameter m. From

Table 4.1, it is observed that the data produced by the SQLM code and those reported

by Watanaba (1990), Ashwini and Eswara (2012), and Ullah et al. (2016) are excellent

agreement. Thus, we are very much confident that the present results are accurate.

Figure 4.2 shows the variation of velocity profiles for different values of pressure

gradient parameter β. It clearly demonstrates that the velocity profile increases with

an increase in pressure gradient parameter. This is because of the increment of wedge

angle, the fluid moves much slower and decreases velocity boundary layer thickness.

Figure 4.3 shows the effect of permeability parameter κ on the velocity profile. It

is observed that increase in κ leads to increase the velocity of the nanofluid on the

porous surface and decrease its boundary layer thickness. It is also noticed that both

pressure gradient parameter β and permeability parameter κ have no significant effect

on both nanofluid temperature and concentration.

The effects of magnetic field parameter M on the nanofluid flow is shown in Figures

4.4-4.6. The magnetic field effect can be viewed as the combination of the Lorentz

force
σB2

0

ρbf
u and the imposed Hartree pressure U ∂U

∂x
+

σB2
0

ρbf
U . Figure 4.4 reveals that the
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Figure 4.2: Velocity profiles for various values of β.

growth in magnetic field strength leads to increase the fluid velocity profile. However,

the temperature and concentration profiles reduce with the increase in magnetic field

parameter, as shown in Figure 4.5 and Figure 4.6 respectively. The reason behind this

observation is that the pressure gradient due to wedge angle dominates the Lorentz

force; and this effect plays the role of assisting force to facilitate the motion of the

fluid and the removal of heat in the boundary layer region. Figure 4.7 also descries the

concentration profile for different values of Lewis number Le. It is clearly observed

that the concentration profile and its boundary layer thickness reduce considerably

as the Lewis number increases. The effect of the Prandtl number on the temperature

and concentration is shown in Figures 4.8 and 4.9 respectively. It is depicted that

the temperature and concentration profiles and their boundary layer thickness reduce

significantly as the Prandtl number increase. Because increasing the Prandtl number

tends to reduce the thermal diffusivity of the fluid and causes weak penetration of heat

inside the fluid. However, in the region near to the boundary surface, the heat transfer

rate increases with an increase in Pr. This is due to the fact that the temperature

gradient at the surface increase.

The effect of viscous dissipation parameter Ec on the temperature and concen-

tration profiles is presented in Figure 4.10 and 4.11 respectively. The Eckert number
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Figure 4.3: Velocity profiles for various values of κ.

express the conversion of kinetic energy into internal energy by work done against

the viscous fluid stress. It is observed that the temperature increases significantly

from the surface and attains a peak value around ξ = 0.5, and then decreases in the

rest of the region as given in figure 4.10. This implies that the thermal boundary

layer becomes thicker with large Eckert number. The concentration profile gradually

reduces near the surface up to ξ = 1 and then it increases with an increase in the

viscous dissipation parameter Ec as highlighted in Figure 4.11.

The influences of the Brownian motion parameter Nb on the nanofluid temper-

ature and concentration profiles is presented in Figures 4.12 and 4.13 respectively.

Figure 4.12 reveals that the temperature profile increases with an increase in Nb,

particulary in the region close to the surface. The physics behind this phenomenon

is that the increased Nb increase the thickness of thermal boundary layer, which fi-

nally enhances the temperature. Figure 4.13 remarks that increasing the Nb tends

to decrease the concentration profile near the surface. Figures 4.14 and 4.15 respec-

tively, reveal the usual temperature and concentration profiles for various value of
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Figure 4.4: Velocity profiles for various values of M .
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Figure 4.5: Temperature profiles for various values of M .

thermophoresis parameter Nt. The thermophoresis force generated by the temper-

ature gradient produce a fast flow and more fluid is heated away from the surface.

Consequently, the higher the value of Nt increase temperature profile and its bound-

ary layer thickness, as given in Figure 4.14. Figure 4.15 reveals that concentration

profile decline near the boundary surface until ξ = 0.5 and afterward it increases with

an increase in thermophoresis parameter Nt.

Table 4.2 illustrates the influence of various governing parameters on the skin fric-

tion coefficient, local Nusselt number, and local Sherwood number. The skin friction
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Figure 4.6: Concentration profiles for various values of M .
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Figure 4.7: Concentration profiles for various values of Le.

coefficient enhances with increase in pressure gradient, permeability and magnetic

parameter. The local Nusselt number is a decreasing function and a local Sherwood

number is an increasing function of the pressure gradient parameter, magnetic pa-

rameter, Permeability parameter, Prandtl number, Lewis number, thermophoresis

parameter and Eckert number.
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Figure 4.8: Temperature profiles for various values of Pr.

4.5 Conclusion

The problem of steady MHD boundary layer wedge flow with heat and mass transfer

of nanofluid past a porous media with viscous dissipation, brownian motion and

thermophoresis effects was studied. Using suitable similarity transformations, the

governing equations were transformed into a system of non-linear ordinary differential

equations and solved numerically employing SQLM. From the above discussions the

following conclusions are given:

• The thickness of velocity boundary layer reduces with an increase in pressure

gradient, permeability and magnetic parameters.

• Thermal boundary layer thicker with an increase in Eckert number, Brownian

motion and thermophoresis parameters.

• Greater the value of Prandtl number, Lewis number, Brownian motion and

magnetic parameter reduce the nanofluid concentration profile.

• The skin-friction at the surface enhances with an increase in pressure gradient,
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Figure 4.9: Concentration profiles for various values of Pr.
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Figure 4.10: Temperature profiles for various values of Ec.

permeability and magnetic parameters.

• The local Nusselt number is a decreasing function whereas a local Sherwood

number is an increasing function of the pressure gradient parameter, magnetic

parameter, Permeability parameter, thermophoresis parameter and Eckert num-

ber.
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Figure 4.11: Concentration profiles for various values of Ec.
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Figure 4.12: Temperature profiles for various values of Nb.
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Figure 4.13: Concentration profiles for various values of Nb.
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Figure 4.14: Temperature profiles for various values of Nt.
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Figure 4.15: Concentration profiles for various values of Nt.
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Table 4.2: Computations of −f ′′(0), −θ′(0) and −φ′(0) for various parameters

β M κ Pr Ec Nb Nt Le −f ′′(0) −θ′(0) −φ′(0)
0.25 2.0 0.5 0.5 0.5 0.4 0.2 1.5 1.642832 0.204098 0.564850
0.5 1.649256 0.202453 0.567923
1.0 1.662020 0.199180 0.573925
0.25 1.0 1.352138 0.226508 0.522468

3.0 1.889814 0.182951 0.600156
5.0 2.306224 0.144147 0.658486
2.0 0.2 1.561229 0.210692 0.553049

0.5 1.642832 0.204098 0.564850
0.8 1.720614 0.197619 0.576034
0.5 0.1 1.642832 0.246705 0.317615

0.5 1.642832 0.204098 0.564850
1.0 − 0.092267 0.815738
0.5 0.1 − 0.352789 0.497440

0.5 − 0.204098 0.564850
1.0 − 0.017948 0.649245
0.5 0.2 − 0.225556 0.580703

0.4 − 0.204098 0.564850
0.8 − 0.1640511 0.556243
0.4 0.1 − 0.211295 0.546857

0.2 − 0.204098 0.564850
0.4 − 0.190125 0.608716
0.2 1.0 − 0.208463 0.479245

1.5 − 0.204098 0.564850
2.0 − 0.201059 0.635752
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Chapter 5

MHD Slip Flow of a Casson
Nanofluid over a Stretching
Cylinder Embedded in a Porous
Medium with Cattaneo-Christov
Heat Flux

5.1 Introduction

The analysis of non-Newtonian fluids have achieved a remarkable success as a result

of its extensive applications in many branches of material process engineering. By

their nature, various non-Newtonian fluids do not express the linear relationship con-

cerning stress and rate of strain. Hence, the well-known Navier-Stokes equations of

flow may not fully describe the prominent features of non-Newtonian fluids. Some

non-Newtonian fluids like human blood, honey, soup, orange juice and tomato sauce

start to move when yield stress is less than the shear stress. However, they behave

like an elastic solid when yield stress is more than the shear stress. Because of its dis-

tinctive features, these fluids are categorized as nonlinear Casson’s fluid model. The

nonlinear Casson’s constitutive equation which designates the properties of several

polymers over a broad range of shear rates was first derived by Casson (1959). The
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study of Casson fluid in several flow fields has got attention by numerous researchers

because of its application in food processing, metallurgy, bio-engineering operations,

drilling operations, manufacturing of pharmaceutical products and biological fluids

(Pramanik, 2013). For example, Pramanik (2013), and Makanda et al. (2015) ana-

lyzed the flow of Casson fluid and heat transfer over a porous medium with incidence

of thermal radiation.

Similarly, in the past two decades, nanotechnology is dignified as one of the most

important means of innovation for industrial uprising. Different studies related to

the rheology of nanofluids revealed that nanofluid has both Newtonian and non-

Newtonian behavior. Nanofluids consist of nanoscale particles in usual liquid-carrier

fluids and enhances the thermal performance and conductivity of base fluids. Due

to its unique chemical and physical features, nanofluids are used in various thermal

flow systems like in microchips, in microelectronics, food processing, transportation,

biomedicine, space technology, and solid state lightening (Ibrahim & Hindebu, 2019).

Furthermore, the study of nanofluids flow over cylindrical geometry has received

considerable attention by different researchers. Some of these include Noghrehabadi

et al.(2014), and Rehman et al. (2017) who worked on the flow of nanofluids over a

stretching cylinder. Moreover, Malik et al. (2014) examined boundary layer flow of

Casson nanofluid due to exponentially stretching cylinder, whereas MHD slips flow of

a Casson nanofluid though a porous medium over a stretching cylinder was addressed

by Nagendramma and Leelaratnam (2017). They reported that nanoparticles improve

the heat transfer rate of the base fluid and nanofluids magnetic susceptibility. Also,

they showed that inclusion of magnetic field in the Casson nanofluid flow declines the

flow velocity while it enhances temperature and concentration of the fluid.

The dynamics of heat transfer phenomenon is a focus of modern-day due to its

abundant applications in residential, industrial production, engineering and life sci-

ences. Some of these applications include energy production, nuclear reactor cooling,
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space cooling, biomedical applications such as heat conduction in tissues and mag-

netic drug targeting (Khan et al., 2015; Shehzad et al., 2016). Thus, to overwhelm

its side effects and to use efficiently, scholars have clarified the phenomenon of heat

transfer and suggested different heat flux models. Initially, Fourier developed the

most popular classical heat flux model in continuum mechanics (Akber et al., 2017).

One of the major limitations of this model is that it leads to a parabolic energy equa-

tion for the temperature field which results the whole system is instantly affected

by initial disturbance. This behavior is identified as the paradox of heat conduction

and it contradicts the law of causality. To avoid this unrealistic feature, first Catta-

neo (1948) improved Fourier’s law by adding thermal relaxation time that tolerates

the heat flux. Then, Christov (2009) more modified Cattaneo heat flux model from

Maxwell-Cattaneo’s model. Besides, the uniqueness of Cattaneo Christov model was

tested by Tibllo and Zampoli (2001). Currently, much attention has been shown

in the study of Cattaneo-Christov heat flux mode. Some of these inquiries include

(Makinde et al., 2017; Kundu et al., 2018; Gangadhar et al., 2018). From the studies,

they reported that greater value of thermal relaxation parameter leads to reduce the

temperature field.

The Naviere-Stokes model of fluid transport is based on the no-slip boundary

condition. Nevertheless, there are conditions in which no-slip situation is not suit-

able. Particularly, no-slip boundary condition is not suitable for most non-Newtonian

fluids, as some polymer melts normally express tiny wall slip and usually it is gov-

erned by anon-linear and a monotonic relation between the adhesive friction and the

slip velocity (Halim et al., 2016). Fluids posing boundary slip have significant appli-

cations in different technological and biomedical fields such as purifying of internal

cavities and artificial heart valve, inexpensive lubricating, optical coatings, refrigera-

tion equipment, and in many industrial processes (Malik et al., 2017). Due to this,

the slip boundary condition has been considered up to now by different researchers.
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For example, Nagendramma and Leelaratnam (2017), and Tlili (2018) considered the

effects of slip boundary condition on the flow and heat transfer of nanofluid over

various geometries.

From the literature cited above, it appears that no analysis has been yet pub-

lished concerning MHD boundary layer slip flow of a Casson nanofluid over stretching

cylinder embedded in a porous medium with Cattaneo-Christov heat flux model and

variable thermal conductivity under the considered boundary conditions. The devel-

oped model has various applications in the cosmetics industries, and biomedical fields

such as purifying of internal cavities and drug delivery. The work considered in this

paper was based on the work put forward by Nagendramma and Leelaratnam (2017)

in the study of momentum, heat and mass transfer in Casson nanofluid. We extend

the model to consider the Cattaneo-Christov heat and mass flux models, thermal and

solutal slip effects. The model equations of the flow were solved numerically by using

Spectral Relaxation Method (SRM). SRM converges fast and provides more accurate

approximations with less grid points (Motsa, 2013). Effects of embedded parameters

such as Casson fluid parameter, normally applied magnetic field parameter, perme-

ability parameter, Brownian motion and thermophoresis parameters, thermal and

solutal relaxation parameters, thermal conductivity parameter, and wall slip factors

on velocity, temperature, concentration, as well as skin friction coefficient, local heat

and mass transfer rates were presented in graphical and tabular forms. Furthermore,

the accuracy of the present result was confirmed against the previously published

results.

5.2 Mathematical Formulation

We considered two dimensional, MHD and axisymmetric laminar boundary layer

steady state flow of incompressible Casson nanofluid over a horizontally stretching

cylinder of radius a. Since Casson nanofluid is moving along the x-axis direction as
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the cylinder is stretching, the x-axis is along the axis of cylinder and the radial co-

coordinate r is taken perpendicular to the axis of cylinder. It was assumed that the

stretching cylinder has the linear axial velocity uw(x) = u0(x/L), wall temperature

Tw(x) = T∞ + T0(x/L) and wall concentration Cw(x) = C∞ + C0(x/L) where u0 is

the reference velocity, L is the characteristic length, T0 and C0 are, respectively con-

stant reference temperature and concentration, whereas T∞ and C∞ are the ambient

temperature and concentration, respectively where T∞ < Tw(x), and C∞ < Cw(x).

Furthermore, velocity, thermal and concentration slip conditions, and transpiration

effects are considered at the surface of the cylinder. It was also assumed that uni-

form strength of magnetic field B0 is perpendicularly applied in the radial direction.

To reduce the complexity of mathematical computation, the induced magnetic field

caused by the motion of electrically conducting nanofluid was neglected since it is

very small compared to applied magnetic field B0 (see Figure 5.1).

Figure 5.1: Physical model and coordinate system

The rheological equation of state for an isotropic and incompressible flow of a

Casson fluid can be expressed as follows (Nagendramma & Leelaratnam 2017).

τij =

2(µγ + Py√
2π

)eij if π > πc;

2(µγ + Py√
2πc

)eij if π < πc

(5.2.1)
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where eij = 1
2

(
∂ui

∂xj
+

∂uj

∂xi

)
is the rate of strain tensor, µγ is the Casson fluid viscosity

coefficient, π = eijeij is the product of the components of the deformation rate tensor

with itself, πc is the critical value of this product following the non-Newtonian model,

Py is the yield stress of the fluid and ui is the velocity component.

The Cattaneo-Christov diffusion model that characterize the thermal and concen-

tration diffusion with relaxation of heat flux q and mass flux J respectively, can be

written as (Khan et al. 2015; Ibrahim & Hindebu, 2019).

λe

[
∂q

∂t
+ u.∇q− q.∇u + (∇.u)q

]
+ q = −k∇T (5.2.2)

λc

[
∂J

∂t
+ u.∇J − J.∇u + (∇.u)J

]
+ J = −DB∇C (5.2.3)

where λe and λc denote the relaxation time of heat flux and mass flux respectively,

k is the thermal conductivity, DB is the Brownian diffusion coefficient, and u is the

velocity vector.

For steady incompressible flow, equations (5.2.2) and (5.2.3)) are simplified to

λe [∇.((∇.q)u)] +∇.q = −k∇2T (5.2.4)

λc [∇.((∇.J)u)] +∇.J = −DB∇2C (5.2.5)

The above equations (5.2.4) and (5.2.4) respectively, give Fourier’s law of heat

conduction and Fick’s law of concentration diffusion when λe = λc = 0.

Employing equations (5.2.4) and (5.2.5) with the above assumptions, the govern-

ing equations of the flow problem for mass, momentum, thermal energy, and con-

centration are given as (Nagendramma & Leelaratnam, 2017; Ibrahim & Hindebu,

2019).
∂(ru)

∂x
+
∂(rv)

∂r
= 0 (5.2.6)
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u
∂u

∂x
+ v

∂u

∂r
=

(
1 +

1

γ

)
ν

r

∂

∂r

(
r
∂u

∂r

)
−
(
σB2

0

ρ
+
ν

K

)
u (5.2.7)

λe

[
u2∂

2T

∂x2
+ v2∂

2T

∂r2
+ 2uv

∂2T

∂x∂r
+ u

∂u

∂x

∂T

∂x
+ u

∂v

∂x

∂T

∂r
+ v

∂u

∂r

∂T

∂x
+ v

∂v

∂r

∂T

∂r

]
+u

∂T

∂x
+ v

∂T

∂r
=

1

r

∂

∂r

(
rα
∂T

∂r

)
+

ν

(cp)

(
1 +

1

γ

)(
∂u

∂r

)2

+ς

{
DB

(
∂T

∂r

∂C

∂r

)
+
DT

T∞

(
∂T

∂r

)2
} (5.2.8)

λc

[
u2∂

2C

∂x2
+ v2∂

2C

∂r2
+ 2uv

∂2C

∂x∂r
+ u

∂u

∂x

∂C

∂x
+ u

∂v

∂x

∂C

∂r
+ v

∂u

∂r

∂C

∂x
+ v

∂v

∂r

∂C

∂r

]
u
∂C

∂x
+ v

∂C

∂r
=
DB

r

∂

∂r

(
r
∂C

∂r

)
+

DT

rT∞

∂

∂r

(
r
∂T

∂r

)
(5.2.9)

The appropriate boundary conditions are written as:

at r = a : u = uw(x) + L0ν

(
1 +

1

γ

)
∂u

∂r
; v = v0;

T = Tw(x) +N0
∂T

∂r
; C = Cw(x) +D0

∂C

∂r
∀x

as r →∞ : u = 0; T → T∞; C → C∞

(5.2.10)

where u and v are velocity of the x and r directions respectively. ρ, ν, cp and σ

are respectively density, kinematic viscosity, specific heat capacity and electrical con-

ductivity of the Casson nanofluid. γ = µγ

√
2πc/Py is the non-Newtonian Casson

parameter, K is the permeability of porous medium, α = α∞ (1 + ε[(T − T∞)/∆T ])

is the variable thermal diffusivity of the fluid, α∞ is the thermal diffusivity of the

ambient fluid, ε is variable thermal conductivity parameter, DB is the Brownian dif-

fusion coefficient, DT is the thermophoresis diffusion coefficient, ς = (ρcp)s/(ρcp)bf is

the ratio of the effective heat capacity of the nanoparticle and the base fluid, v0 is the

suction/blowing velocity, and L0, N0 and D0 are the velocity, thermal, and solutal

slips coefficients respectively.
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To transform highly non-linear and parabolic PDEs into a system of ODEs, we

introduce the stream function ψ(x, r) such that

u =
1

r

∂ψ

∂r
v = −1

r

∂ψ

∂x
(5.2.11)

and dimensionless similarity variables based on (Ibrahim & Hindebu, 2019).

ξ =
r2 − a2

2a

√
u0

νL
;ψ =

√
uwνxaf(ξ); θ(ξ) =

T − T∞
Tw − T∞

;φ(ξ) =
C − C∞
Cw − C∞

(5.2.12)

We find that continuity equation (5.2.6) is satisfied, and equations (5.2.7) - (5.2.10)

are transformed into a dimensionless system of non-linear ODEs:

(1 +
1

γ
) [(1 + 2ωξ)f ′′′ + 2ωf ′′] + ff ′′ − f ′2 −

(
Ha2 + κ

)
f ′ = 0 (5.2.13)

1

Pr
(1 + 2ωξ)(1 + εθ)θ′′ +

2ω

Pr
(1 + εθ)θ′ +

ε

Pr
(1 + 2ωξ)θ′2 − αt(f

2θ′′ + ff ′θ′)

+fθ′ + Ec(1 +
1

γ
)(1 + 2ωξ)f ′′2 + (1 + 2ωξ)[Nbθ′φ′ +Ntθ′2] = 0

(5.2.14)

(1+2ωξ)φ′′+2ωφ′+Lefφ′−Leαc(f
2φ′′+ff ′φ′)+

Nt

Nb
[(1+2ωξ)θ′′+2ωθ′] = 0 (5.2.15)

subject to the transformed boundary conditions:

at ξ = 0; f = s, f ′(0) = 1 + (1 +
1

γ
)δvf

′′(0);

θ(0) = 1 + δtθ
′(0); φ(0) = 1 + δcφ

′(0)

as ξ →∞; f ′ → 0; θ → 0; φ→ 0

(5.2.16)

where ω =
√

νL
a2u0

is a curvature parameter while 1 + 2ωξ = r2

a2 , Ha =
√

σLB2
0

ρu0
is

Hartman number (magnetic parameter), κ = νL
Ku0

is permeability parameter, Pr =

ν
α∞

is a Prandtl number, αt = λe
u0

L
is the thermal relaxation parameter, Ec =

u2
w

(cp)(Tw−T∞)
is the Eckert number, Nb = τDB(Cw−C∞)

ν
is the Brownian motion parame-

ter, Nt = τDT (Tw−T∞)
νT∞

is the thermophoresis parameter, Le = α
DB

is a Lewis number,
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αc = λc
u0

L
is the solutal relaxation parameter, s = −v0

√
L

νu0
is the suction (for

s > 0) or blowing (for s < 0) parameter, δv = L0

√
νu0

L
is the velocity slip parameter,

δt = N0

√
u0

νL
and δc = D0

√
u0

νL
are respectively the thermal slip factor and solutal slip

factor.

The most important dimensionless physical quantities for the practical problem

in engineering the skin friction coefficient Cf , Nusselt number Nu, and Sherwood

number Sh at the surface of the cylinder are respectively defined as:

Cf =
2τw
ρu2

w

, Nux =
xqw

k(Tw − T∞)
, Shx =

xJw

DB(Cw − C∞)
(5.2.17)

where for Casson fluid the surface shear stress τw = −µ
(
1 + 1

γ

) (
∂u
∂r

)
r=a

, the surface

heat flux qw = −k
(

∂T
∂r

)
r=a

, and the surface mass flux Jw = −DB

(
∂C
∂r

)
r=a

. Thus,

the dimensionless skin friction coefficient, local Nusselt number, and local Sherwood

Number are respectively, given by:

1

2

√
RexCf = −

(
1 +

1

γ

)
f ′′(0),

Nux√
Rex

= −θ′(0),
Shx√
Rex

= −φ′(0) (5.2.18)

where Rex is local Reynolds number defined by Rex = uwx
ν

5.3 Method of Solutions

The systems of coupled ODEs defined in (5.2.13) - (5.2.15) are highly nonlinear and it

is difficult to find their analytical solutions. Thus, they have been solved numerically

employing a powerful numerical technique, called Spectral Relaxation Method (SRM).

The SRM algorithm first decouples the system of equations. Then, an iteration

scheme is established from the decoupled equations by assessing linear terms at the

r + 1 current iteration level. To employ this method, first the order of the equation
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(5.2.13) is reduced by setting g = f ′, then using the concept of the Gauss-Seidel

relaxation method, equations (5.2.13) - (5.2.16) can be given in compact form as:

f ′r+1 = gr (5.3.1)

a1,rg
′′
r+1 + a2,rg

′
r+1 − a3,rgr+1 = a4,r (5.3.2)

b1,rθ
′′
r+1 + b2,rθ

′
r+1 = b3,r (5.3.3)

c1,rφ
′′
r+1 + c2,rφ

′
r+1 = c3,r (5.3.4)

subject to corresponding boundary condition:

fr+1(0) = s, gr+1(0) = 1 + (1 +
1

γ
)δvg

′
r+1(0)

θr+1(0) = 1 + δtθ
′
r+1(0), φr+1(0) = 1 + δcφ

′
r+1(0)

f ′r+1(∞) = 0, θr+1(∞) = 0, φr+1(∞) = 0

(5.3.5)

where

a1,r = (1 + 1
γ
)(1 + 2ωξ), a2,r = 2ω(1 + 1

γ
) + fr+1, a3,r = Ha2 + κ, a4,r = g2

r

b1,r = (1 + 2ωξ)(1 + εθr+1)− Prαtf
2
r+1

b2,r = 2ω(1 + εθr+1) + Pr[fr+1 − αtfr+1gr+1 + (1 + 2ωξ)Nbφ′r]

b3,r = −[PrEc(1 + 1
γ
)(1 + 2ωξ)g′2r+1 + (ε(1 + 2ωξ) + PrNt(1 + 2ωξ))θ′2r ]

c1,r = (1 + 2ωξ)− Leαcf
2
r+1, c2,r = 2ω + Le(fr+1 − αcfr+1gr+1)]

c3,r = −Nt
Nb

[(1 + 2ωξ)θ′′r+1 + 2ωθ′r+1]

where the terms r+1 and r are at the current and previous iteration levels respectively.

Equations (5.3.1)-(5.3.4) are solved using Chebyshev pseudospectral method. The

unknown functions f , g, θ and φ are defined by Chebyshev interpolating polynomials

with Gauss-Lobatto points as follows (Trefethen, 2000).

χj = cos(πj/N), j = 0, 1, 2, ..., N ; −1 ≤ χ ≤ 1 (5.3.6)
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where N is the number of collocation points used. For large scale parameter, the semi

infinite interval [0,∞) is changed to [0, L]. The physical domain [0, L] is converted

into interval [−1, 1] by employing linear transformation

ξ =
1

2
(χ+ 1), −1 ≤ χ ≤ 1 (5.3.7)

The system of equations are discretized using spectral collocation method. The dif-

ferentiation matrix D = 2D
L

is used to approximate derivatives of unknown functions

where D is (N + 1) × N + 1) Chebyshev differentiation matrix. Finally, the system

of equations (5.3.1)-(5.3.4) can be solved by means of matrices phase by phase as

follows.

A1Fr+1 = B1; fr+1(χN) = s (5.3.8)

A2Gr+1 = B2; gr+1(χN)− (1 +
1

γ
)δvg

′
r+1(χN) = 1, gr+1(χ0) = 0 (5.3.9)

A3Θr+1 = B3; θr+1(χN)− δtθ
′
r+1(χN) = 1, θr+1(χ0) = 0 (5.3.10)

A4Φr+1 = B4; φr+1(χN)− δcφ
′
r+1(χN) = 1, φr+1(χ0) = 0 (5.3.11)

where

A1 = D, B1 = gr,

A2 = a1,rD
2 + diag(a2,r)D− a3,rI, B2 = a4,r,

A3 = b1,rD
2 + diag(b2,r)D, B3 = b3,r,

A4 = c1,rD
2 + diag(c2,r)D, B4 = c3,r

And

Fr+1 = [fr+1(χ0), fr+1(χ1),−−−, fr+1(χN)]t,

Gr+1 = [gr+1(χ0), gr+1(χ1),−−−, gr+1(χN)]t,

Θr+1 = [θr+1(χ0), θr+1(χ1),−−−, θr+1(χN)]t and

Φr+1 = [φr+1(χ0), φr+1(χ1),−−−, φr+1(χN)]t

are vectors of sizes (N +1)× 1, and I is the identity matrix of size (N +1)× (N +1).
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When SRM is used the choice of an initial guess is very essential. The suitable

initial guesses which satisfy the governing boundary conditions are:

f0(ξ) = s+
1− e−ξ

1 + (1 + 1
γ
)δv

, θ0(ξ) =
e−ξ

1 + δt
, φ0(ξ) =

e−ξ

1 + δc
(5.3.12)

The boundary conditions are imposed on the individual matrices as follows:

M1 =


A1

0 −−− 1

 ; Fr+1 =



fr+1, 0

.

.

.

fr+1, N


; R1 =


B1

s

 (5.3.13)

M2 =



1 −−− 0

A2

0 −−− 1


; Gr+1 =



gr+1, 0

.

.

.

gr+1, N


; R2 =



0

B2

1 + (1 + 1
γ
)δvg

′
r+1(χN)


(5.3.14)

M3 =



1 −−− 0

A3

0 −−− 1


; Θr+1 =



θr+1, 0

.

.

.

θr+1, N


; R3 =



0

B3

1 + δtθ
′
r+1(χN)


(5.3.15)

M4 =



1 −−− 0

A4

0 −−− 1


; Φr+1 =



φr+1, 0

.

.

.

φr+1, N


; R4 =



0

B4

1 + δcφ
′
r+1(χN)


(5.3.16)
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5.4 Results and Discussion

In present study, the non-Newtonian Casson nanofluid flow, heat and mass transfer

over stretching cylinder in non-Darcy porous medium in the presence of Cattaneo-

Christov heat flux model was investigated under the influence of normally applied

magnetic field. The effects of variable thermal conductivity, viscous dissipation and

wall slip factors are also considered. Since the model equations of the flow have

non-linearity of higher order, thus numerical technique spectral relaxation method

(SRM) was employed with number of collocation points N = 200 and the scaled

parameter L = 10 to acquire more accurate results. Values of the parameters are

fixed throughout the computations as γ = 2, ω = 0.5, δv = 0.3, Ha = 1, κ = 1, P r =

5, Le = 3, s = 0.1, δt = δc = 0.1, Ec = 0.5, Nt = 0.1, Nb = 0.5, αt = αc = 0.1, ε = 0.2,

unless it is specified. All these parameters are chosen arbitrarily being careful to stay

within the acceptable range of the Casson nanofluid.

Table 5.1: SRM Solutions Convergence

Order of iteration −f ′′(0) −θ′(0) −φ′(0)
01 0.68965517 1.08327217 1.95884272
05 1.94321950 0.56190873 2.08343131
08 1.94324749 0.56187085 2.08343058
09 1.94324745 0.56187075 2.08343061
10 1.94324745 0.56187074 2.08343061
11 1.94324745 0.56187074 2.08343061
15 1.94324745 0.56187074 2.08343061
20 1.94324745 0.56187074 2.08343061

The numerical scheme was performed for various values of flow parameters to

obtain the velocity, temperature, concentration profiles as well as the skin friction,

local heat transfer and local mass transfer coefficients. Convergence of SRM solutions

was achieved at few order of approximations. Presented values in Table 5.1 tested the

94



10th order of approximations for−f ′′(0), and−φ′(0), and 11th order of approximations

for −θ′(0) are enough . The accuracy of solution was confirmed by equating with the

previously published results. Currently calculated values of local heat transfer Nux

and local mass transfer Shx coefficients for different values of Brownian motiom Nb

and thermophoresis Nt parameters were compared with previously published data of

the literatures (Khan & Pop, 2010; Ittedi et al., 2017; Nagendramma & Leelaratnam,

2017; Ibrahim & Hindebu, 2019); and the results have a very sound agreement up to

desired significant digits, as shown in Table 5.2.

Table 5.2: Comparison of Nux and Shx for Nb and Nt

Nux

Nt Nb Khan Nagendramma Ittedi Ibrahim Present
0.1 0.1 0.9524 0.952336 0.9523 0.9524 0.952373

0.2 0.5056 0.505557 0.5055 0.5055 0.505579
0.3 0.2522 0.252135 0.2521 0.2521 0.252155
0.4 0.1194 0.119396 0.1194 0.1193 0.119405
0.5 0.0543 0.054249 0.0542 0.0541 0.054253

0.3 0.1 0.5201 0.520092 0.5201 0.5201 0.520018
0.2 0.2731 0.273101 - - 0.273058
0.3 0.1355 0.135514 - - 0.135495
0.4 0.0641 0.064082 - - 0.064078
0.5 0.0290 0.029137 - - 0.029132

Shx

0.1 0.1 2.1294 - 2.1291 2.1294 2.129389
0.2 2.3819 - 2.3817 2.3820 2.381866
0.3 2.4100 - 2.4099 2.4101 2.410014
0.4 2.3997 - 2.3995 2.3998 2.399647
0.5 2.3836 - 2.3834 2.3837 2.383567

0.2 0.1 2.2740 - 2.2736 2.2741 2.274016
0.3 2.5286 - 2.5280 2.5288 2.528827

The behavior of physical parameters on velocity f ′(ξ), temperature θ(ξ), and

concentration φ(ξ) profies are interpreted here. Figures 5.2-5.4 show the change of
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Figure 5.2: Velocity profiles for various values of γ.
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Figure 5.3: Velocity profiles for various values of Ha.

velocity distribution for increasing values of Casson parameter γ, Hartman number

Ha, and velocity slip parameter δv. As shown in Figure 5.2, increments in the value

of Casson fluid parameter γ tends to enhance the velocity profile near the boundary

surface. In fact, increases in Casson fluid parameter tends to reduce in yield stress

of fluid, and this helps the Casson fluid to flow easily. However, due to the incidence

of magnetic field, the reverse effect is resulted in thinning the momentum boundary

layer. Similar result which supports this finding was found by Makanda et al. (2015).

Figure 5.3 shows that velocity field and momentum boundary layer thickness are
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Figure 5.4: Velocity profiles for various values of δv.

considerably declined with greater the value of Hartman number Ha. Actually, for

greater values of Hartman number, the Lorentz force acts as a retarding force which

resist the flow of Casson nanofluid, and this reduces the velocity field of the fluid.

Also, as revealed in Figure 5.4, velocity profile diminishes when the value of velocity

slip parameter δv enhances, and the highest effect is noticed near the wall of the

cylinder. Indeed, a growth in the values of velocity slip parameter δv creates the

friction force, which slows down the flow of fluid. Similar trend of Casson nanofluid

flow was observed as pointed out in Nagendramma and Leelaratnam (2017), and

Ibrahim and Hindebu (2019).

The effects of various embedded parameters on temperature profile are presented

in Figures 5.5-5.12. Figures 5.5 and 5.6 indicate the influences of Casson fluid pa-

rameter γ and magnetic field parameter Ha on temperature profile, respectively. The

temperature profile and thermal boundary layer thickness tend to fall with bigger

value of γ. But, it is noted that temperature profile and thermal boundary layer

thickness rise as the value of Ha grows. This is due to the fact that growing in Ha

enhances the Lorentzian force and more heat is produced and boots the temperature
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Figure 5.5: Temperature profiles for various values of γ.

field. The effect of Eckert number Ec and thermal slip factor δt on temperature pro-

file are presented in Figures 5.7-5.8, respectively. As revealed from the graphs, the

temperature field grows and thermal boundary layer thicker with higher the values of

Ec. Because increasing in Ec it raises the kinetic energy. Consequently, the kinetic

energy is converted into the thermal energy, and this results in rises the temperature

of the fluid. The temperature profile of the nanofluid reduces with more the value

of δt while the highest effect is noticed at the wall of the cylinder. Moreover, peak

temperature is allied with no-slip condition (δt = 0).

The influences of Brownian motion Nb and thermophoresis Nt on temperature

field are presented in Figures 5.9 and 5.10, respectively. Brownian motion is the ran-

dom motion of dispersed nanoparticles in the base fluid results from the collision of

nanoparticles with the fast moving molecules in the base fluid. Physically, larger the

Nb matches to the substantial motion of nanoparticles, and this boosts the nanopar-

ticles kinetic energy that supplement for more heat to produce. Thus, more the value

of Nb tends to enhance the temperature profile and the thickness of thermal boundary

layer. Likewise, the temperature profile growths as the values of Nt improves. Since

physically too much thermophoretic effect permeates higher thermal diffusivity of the
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Figure 5.6: Temperature profiles for various values of Ha.

nanofluid, it increases the thermal boundary layer thickness. For most parameters,

similar results were fund by Nagendramma and Leelaratnam (2017), and Ibrahim and

Hindebu (2019).

Figure 5.11 demonstrates the variation of thermal conductivity parameter ε on

temperature profile. Near the wall of cylinder, the temperature profile reduces for

stronger thermal conductivity. But, apart from the wall, reverse behavior is perceived

due to the effect of viscous dissipations. The upshot of thermal relaxation parameter

αt on temperature distribution is demonstrated in Figure 5.12. Except near the wall,

temperature profile and thermal boundary layer thickness reduce as αt increases.

Thus, temperature in Cattaneo-Christov heat flux model is more reduced than in the

classical Fourier model (αt = 0).

The variation of Lewuse number Le, solutal relaxation parameter αc, and solutal

slip factor δc on concentration distribution are shown in Figures 5.13-5.15. Figure 5.13

displays that concentration profiles reduce as the Lewis number increase. This is due

to the fact that Lewis number is the ratio of thermal diffusion to mass diffusion, and

greater the Le adds a less Brownian diffusion coefficient which reduces the thickness of

99



0 0.5 1 1.5 2 2.5 3
−0.5

0

0.5

1

1.5

ξ

θ
(ξ
)

 

 

Ec=0.0
Ec=0.5
Ec=1.0
Ec=1.5

Figure 5.7: Temperature profiles for various values of Ec.

concentration boundary layer. Figure 5.14 reveals that greater the value of solutal slip

factor leads to the decline of concentration profiles with the highest effect recognized

at the wall of the cylinder. Moreover, as displayed in Figure 5.15 concentration

profiles and its boundary layer thickness drop with greater values of solutal relaxation

parameter.

Table 5.3 depicts the variation of skin friction coefficient, local heat and mass

transfer rates for various embedded parameters such as Casson parameter γ, perme-

ability parameter κ, magnetic parameter Ha, curvature parameter ω, velocity slip

factor δv and suction parameter s when other parameters are constant. As it is seen

from the table, skin friction coefficient is improved with increasing the values of β, κ,

Ha, ω and s. Actually, the opposition force rises and skin friction force is improved in

the boundary layer flow as the values of these parameters growth in the flow region.

Similarly, the result reveals that the improvement in the value of β, κ, Ha, and δv

are forced to reduce the local heat and mass transfer rate while the opposite trend is

observed for the value of ω and s. Similar result was reported by Nagendramma and

Leelaratnam (2017).

Table 5.4 describes the effects of the physical parameters viz. Brownian motion
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Figure 5.8: Temperature profiles for various values of δt.

Nb, thermophoresis Nt, Eckert number Ec, variable thermal conductivity ε, thermal

relaxation αt, concentration relaxation αc, thermal slip factor δt, and solutal slip fac-

tor δc on the local heat transfer and local mass transfer coefficients fixing the others

parameters constant. The local Nusselt number is a decreasing function of Brownian

motion, thermophoresis, Eckert number, thermal relaxation, concentration relaxation

and thermal slip factor while it is an increasing function of variable thermal conduc-

tivity and solutal slip factor. Since the Brownian motion influences the nanoparticles

to move from high concentration areas to low ones, the impacts of both the Brownian

motion and thermophoresis tend to move the nanoparticles away from the stretching

cylinder. Thus, the growth of Nb or Nt intensifies the diffusion of nanoparticles into

the boundary layer, consequently it reduces the local Nusselt number. Also, it is illus-

trated that the local Sherwood number increases with increasing in Brownian motion

parameter, thermophoresis parameter, Eckert number, thermal relaxation parameter

and concentration relaxation parameter while the reverse tend is revealed for variable

thermal conductivity, thermal slip factor, and solutal slip factor.
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Figure 5.9: Temperature profiles for various values of Nb.
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Figure 5.10: Temperature profiles for various values of Nt.

5.5 Conclusion

In this paper, the flow of Casson nanofluid and heat transfer over stretching cylinder

embedded in a porous medium with variable thermal conductivity and CattaneoChris-

tov heat flux model is studied. The effects of the embedded physical parameters are

taken into account. From obtained results, the following observations are identified.

• Velocity profile declines with more values of magnetic field, velocity slip, and

permeability parameters.
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Figure 5.11: Temperature profiles for various values of ε.
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Figure 5.12: Temperature profiles for various values of αt.

• Thermal boundary layer tends to thicker with greater the values of Eckert num-

ber, magnetic field, permeability, thermal conductivity, Brownian motion, and

thermophoresis parameters.

• Magnetic field and permeability parameters have positive effects while Casson

fluid parameter, Lewis number, solutal relaxation, and solutal slip parameters

have negative effects on concentration profile.

• Skin friction force develops in the boundary layer flow with more values of

Casson fluid, magnetic field, and suction parameters.
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Figure 5.13: Concentration profiles for various values of Le.
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Figure 5.14: Concentration profiles for various values of δc.

• Surface heat transfer rate weakens as Eckert number, Casson fluid, magnetic

field, and thermal relaxation parameters rise.

• Surface mass transfer rate reduces with higher values of Casson fluid, magnetic

field, and velocity slip parameters.
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Figure 5.15: Concentration profiles for various values of αc.

Table 5.3: Values of −f ′′(0), −θ′(0) and −φ′(0) for some parameters

γ κ Ha ω δ s −f ′′(0) −θ′(0) −φ′(0)
1 1 1 0.5 0.3 0.1 1.7354 0.5652 2.1002
5 2.1247 0.5580 2.0665
10 2.2009 0.5563 2.0591
2 0 1.7127 0.5697 2.1171

1 1.9432 0.5619 2.0834
5 2.6279 0.5388 1.9968
1 1 1.9432 0.5619 2.0834

2 2.4791 0.5438 2.0140
5 4.5896 0.4833 1.8325
1 0.1 1.4738 0.4637 1.3970

0.5 1.9432 0.5619 2.0834
1.0 2.6513 0.6994 3.0520
0.5 0.0 2.0448 0.5698 2.1092

0.3 1.9432 0.5619 2.0834
0.5 1.8760 0.5565 2.0661
0.3 −0.1 1.8582 0.3854 1.5947

0.2 1.9867 0.6519 2.3558
0.5 2.1206 0.9043 3.3550
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Table 5.4: Values of −θ′(0) and −φ′(0) for some parameters

Nt Nb Ec ε αt αc δt δc −θ′(0) −φ′(0)
0.0 0.5 0.0 0.2 0.1 0.1 0.1 0.1 0.6782 1.9900
0.1 0.5619 2.0834
0.3 0.3860 2.3524
0.1 0.1 1.5275 1.5991

0.3 0.9505 2.0331
0.5 0.5619 2.0834
0.5 0.0 0.5619 2.0834

0.5 −1.1449 2.3930
1.0 −2.9092 2.7143
0.0 0.0 0.5245 2.0917

0.2 0.5619 2.0834
0.5 0.5978 2.0750
0.2 0.0 0.5649 2.0818

0.1 0.5618 2.0834
0.5 0.5443 2.0915
0.1 0.0 0.5738 2.0487

0.1 0.5619 2.0834
0.5 0.5151 2.2319
0.1 0.0 0.5668 2.0845

0.2 0.5569 2.0824
0.5 0.5421 2.0793
0.1 0.0 0.5541 2.1048

0.2 0.5697 2.0690
0.5 0.5938 1.9976
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Chapter 6

Unsteady Mixed Convection flow
of Nanofluid Past a Moving Wedge
Embedded in a Porous Media

6.1 Introduction

Different types fluids of are frequently used as heat transporters in heat transfer appli-

cations. For this reason, researchers have continuously worked to develope innovative

heat transfer fluids that have significantly greater thermal conductivty than usual

used fluids. In 1995, Choi was the first scholar who developed a newly pioneering

type of heat transfer fluids and for such form of fluids he gave the term ”nanofluids”.

He prepared these fluids on sagging nanoscale particles of metallic basis with a normal

particle magnitude of less than 100 nm into usual heat transfer fluids. Choi noticed

that the addition of 1vol percent of nanoparticles to the usual fluids enhances the

thermal conductivity of the fluid nearly twice (Choi & Eastman, 1995).

Nanofluids have been getting high attention in modern years not only due to their

higher in thermal conductivity but also potentially worthwhile in many modern-day

applications. These including microelectronics, fuel cells, food processing, biomedicine,

power generation, ventilation, engine vehicle management, domestic refrigerator, and

heat exchanger ( Salahuddin et al., 2017). Nagendramma et al. (2015) described
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that the flow of fluid with heat and mass transfer past a wedge body is occurred in

several thermal engineering uses such as heat exchangers, geothermal systems, crude

oil extraction, thermal insulation, and the storage of nuclear waste. Srinivasacharya

et al. (2015) studied MHD flow of a nanofluid past a wedge with a variable magnetic

field. Their study revealed that the heat and mass transfer rate are reduced with

an increment of pressure gradient parameter. The flow of Cu-Water and Ag-Water

nanofluids past a porous wedge with the influences of MHD was considered by Xu

and Chen (2017). They showed that dual solutions happen for the negative pressure

gradient (m < 0). Also, they added that the incidence of flow departure has numerous

adverse effects which leads to an enhancement of the drag force on a body absorbed

in a flow.

A porous medium is an area which comprises pores that offers opposition to the

flow of fluid. The volume of the fluid to flow through a porous medium is resolute by

the porosity of the medium. The basic law governing the flow of fluids through porous

media is Darcy’s Law. The law states that the flow rate of fluid is determined by

the fluid pressure, flow area and elevation. Darcy’s law does not hold while inertial

forces are dominant. Under these conditions the flow of fluid is termed as non-

Darcy (Makanda et al., 2015). The flow of fluid in porous media is vital due to

its application in material sciences and engineering such as Petroleum industries,

seepage of water in riverines, filtration and purification of chemical processes and

many others. The analysis of boundary layer flow past a wedge in porous media has

been a subject of several recent papers. For example, MHD boundary layer flow past

a fixed wedge within porous media was considered by Ramesh et al. (2017). Alama

et al. (2017) analyzed unsteady MHD boundary layer flow of nanofluid and heat

transfer past a moving wedge in a porous medium. They concluded that presence of

porous parameter is helpful to generate heat in the system.

Moreover, convection heat transfer flow, the effect of thermal radiation, viscous
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dissipation, and chemical reaction cannot be ignored as they have a direct impact

on heat transfer. Mixed convection flow is vital when the buoyancy force is created

due to the temperature variation between the solid surface and free stream grows,

and which in turn considerably affect the flow and the thermal fields (Rosali et al.,

2016 ). Mixed convection flow past a wedge shaped bodies plays an important role in

various engineering processes. This flow arises in different transport processes such

as heat exchangers, solar collectors, nuclear reactors, ground water pollution, and

electronic equipment. In line with this, Pal and Mandal (2015) also conducted a

mixed convection flow of nanofluids with the effect of heat generation and viscous

dissipation.

Viscous dissipation is the heat energy that is created as a result of friction between

fluid layers. It alters the temperature flow distribution by acting like an energy source

which affects the amount of heat transfer. Srinivasasai et al., (2015) analyzed the

effects of viscous dissipation on MHD flow of nanofluid past a fixed wedge embedded

in porous media. They noticed that increases in Eckert number leads to enhance the

temperature profile while it leads to reduce concentration profile near the boundary

surfaces.

It is remarkable that radiation heat transfer can occur between two bodies sep-

arated by a medium colder than both bodies. For example, solar radiation reaches

the surface of the earth after passing through cold air layers at high altitudes (Yunus

& Ghajar, 2015). Considering the effects of thermal radiation in fluid flow gives rise

to a theoretically challenging problem. When radiation emission is incident on fluid

flow, it affects certain fluid properties (Chamkha et al., 2013). At high temperatures,

radiation significantly affects temperature distribution and heat transfer. The effect

of thermal radiation on mixed convection flow of nanofluid flow over a stretching

sheet was examined by Nageeb et al. (2017). They revealed that heat transfer rate

increases with more the values of thermal radiation parameter while for mass transfer
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rate the opposite trend was observed.

Mass convection is the way of mass transfer between a surface and a moving fluid

that encompasses both mass diffusion and bulk fluid motion (Yunus & Ghajar, 2015).

Chemical reactions are happened in numerous mass transfer problems, and it results

in the generation of a species. The flow of fluid is also affected by chemical reactions

that take place in it. Makanda et al. (2015) stated that while chemical reactions

take place either energy is used or dissolute causing in processes called endothermic

or exothermic reactions that affect the properties of fluid. The effect of viscous

dissipation, thermal radiation, and chemical reaction on MHD flow of nanofluids past

a wedge through porous medium was analyzed by Majety and Gangadhar (2016).

Their result revealed that greater the viscous dissipation parameter cause an increase

in fluid temperature. They added that mass transfer rate at the boundary surface

increases with increases in Lewis number and chemical reaction parameter while it

reduces with increases in thermal radiation parameter.

The study of unsteady mixed convection heat and mass transfer flow of nanofluid

past a moving wedge embedded in a porous medium has been not given much consid-

eration so far. The aim of the present study is to analyze the effects of nanoparticle

volume friction, and some physical parameters on mixed convection heat and mass

transfer flow of nanofluid past a moving wedge embedded in a porous medium with

convective boundary condition. The model equations are numerically solved by SQLM

which was proposed by Motsa (2013). Spectral method has the characteristics of fast

convergence, adaptabil to various problems, and more accurate with a relatively small

number of unknowns as reported by Motsa et al. (2013). The effects of different pa-

rameters on velocity, temperature, and concentration fields as well as the skin friction

coefficient, local Nusselt number, and local Sherwood number were analyzed with the

help of table and graphical representations.
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6.2 Mathematical Formulation

We considered unsteady two-dimensional laminal mixed convection heat and mass

transfer boundary layer flow of nanofluid past a moving wedge embedded in a porous

medium. It was assumed that the coordinate system is chosen with x correspond-

ing to the plane in the course of the flow and y indicating towards the free stream

as shown in Figure 6.1. It was also presumed that wedge is moving with velocity

uw(x, t) = U0

1−ζt
xm, and the velocity of the potential flow is U(x, t) = U∞

1−ζt
xm. The

wall of the wedge is kept with variable temperature Tw(x, t) = T∞ + T0(
x

1−ζt
)2m, and

variable nanoparticle concentration Cw(x, t) = C∞ + C0(
x

1−ζt
)2m, where T0, C0, T∞,

and C∞ are reference temperature, reference concentration, ambient temperature,

and ambient nanoparticle concentration respectively.

Figure 6.1: Physical model and coordinate system

Furthermore, the buoyancy force caused by temperature and concentration varia-

tion inside moving fluid are considered and taken in momentum equation. The effects

of thermal radiation, viscous dissipation, chemical reaction, and convective boundary

condition are also encompassed in present study. Here, U0 > 0, U∞ ≥ 0, and ζ ≥ 0

are constants, t is time and ζt < 1, x is measured from the tip of the wedge, m
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is the Falkner-Skan power-law parameter, β = 2m
1+m

is the Hartree pressure gradient

parameter corresponding to β = Ω
π

for the total angle Ω of the wedge.

Using the above assumptions with the boundary layer approximations, the con-

tinuity, momentum, energy, and concentration equations governing unsteady two di-

mensional mixed convection heat and mass transfer boundary layer flow past a mov-

ing wedge embedded in a porous medium with thermal radiation, viscous dissipation,

chemical reaction effects, and constant fluid properties are given as (Ullah et al., 2016;

Nageeb et al., 2017)
∂u

∂x
+
∂v

∂y
= 0 (6.2.1)

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
= − 1

ρnf

∂p

∂x
+ νnf

∂2u

∂y2
− νnf

K
u+ +g [βt(T − T∞) + βc(C − C∞)] sin

Ω

2

(6.2.2)

∂T

∂t
+ u

∂T

∂x
+ v

∂T

∂y
= αnf

∂2T

∂y2
+

νnf

(cp)nf

(
∂u

∂y

)2

− 1

(ρcp)nf

∂qr
∂y

+
ρbfDmKT

Cs(ρcp)nf

∂2C

∂y2

(6.2.3)

∂C

∂t
+ u

∂C

∂x
+ v

∂C

∂y
= DB

∂2C

∂y2
+
DmKT

Tm

∂2T

∂y2
− kr(C − C∞) (6.2.4)

The suitable boundary conditions are given as:

t < 0 : u = 0; v = 0; T = T∞; C = C∞ ∀x, y

t ≥ 0 : u = uw(x, t) =
U0

1− ζt
xm; v = 0; kbf

∂T

∂y
= −hf (Tw − T )

Dm
∂C

∂y
= −hs(Cw − C) at y = 0

(6.2.5)

u→ U(x, t) =
U∞

1− ζt
xm; T → T∞; C → C∞ as y →∞

where u and v denote the x and y velocity components respectively. ρbf , ρnf , νnf ,

αnf , and (cp)nf are density of base fluid, effective density, kinematic viscosity, thermal

diffusivity, and specific heat capacity of the nanofluid respectively. Likewise, g, βt,

βc, K, qr, Dm, KT , Cs,Tm, DB and kr are respectively, acceleration due to gravity,
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volumetric coefficient of thermal expansion, volumetric coefficient of concentration

expansion, permeability of porous medium, radiation heat flux, mass diffusivity of

the concentration, thermal diffusion ratio, concentration susceptibility, mean fluid

temperature, Brownian diffusion coefficient, and rate of chemical reaction. Moreover,

hf (x, t) = h0x
m−1

2 (1 − ζt)−1/2 and hs(x, t) = h1x
m−1

2 (1 − ζt)−1/2 are convective heat

and mass transfer coefficients respectively where h0 and h1 being constants. The

expression U(x, t), uw(x, t), Tw(w, t), Cw(x, t), hf (x, t), and hs(x, t) are usable for

t > ζ−1.

Since U(x) is the velocity of the fluid outside the boundary layer, the velocity

profile is uniform in the free stream. For a uniform stream, the pressure term in the

momentum equation (6.2.2) becomes

− 1

ρnf

∂p

∂x
=
dU

dt
+ U

(
dU

dx
+
νnf

K

)
(6.2.6)

The radiative heat flux in the y-direction is very high as compared to the x-

direction. Employing the Rosseland approximation, the radiative heat flux qr is given

as (Ibrahim & Shanker, 2014; Nageeb et al., 2017).

qr = −4σ∗

3k∗
∂T 4

∂y
(6.2.7)

where σ∗ is the Stefan-Boltzmann constant and k∗ is the mean absorption coefficient.

It is assumed that the temperature variation within the flow is very small and the

term T 4 can be expressed as a linear function of temperature. Expanding T 4 in a

Taylor series about a free stream temperature T∞, and neglecting higher-order terms

beyond the first degree in (T − T∞), we obtain

T 4 ∼= 4T 3
∞T − 3T 4

∞ (6.2.8)

Hence, replacing equation (6.2.8) into (6.2.7), we obtain

qr = −16T 3
∞σ

∗

3k∗
∂T

∂y
(6.2.9)
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Substituting equation (6.2.6) into (6.2.2) and equation (6.2.9) into (6.2.3), the mo-

mentum and energy equations are written respectively, as

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
=
dU

dt
+ U

dU

dx
+ νnf

∂2u

∂y2
+
νnf

K
(U − u) + g [βt(T − T∞) + βc(C − C∞)] sin

Ω

2

(6.2.10)

∂T

∂t
+ u

∂T

∂x
+ v

∂T

∂y
= αnf

∂2T

∂y2
+

νnf

(cp)nf

(
∂u

∂y

)2

+
1

(ρcp)nf

16σ∗T 3
∞

3k∗
∂2T

∂y2
+
ρbfDmKT

Cs(ρcp)nf

∂2C

∂y2

(6.2.11)

Nanofluids are formed with entirely different thermophysical properties like den-

sity, specific heat capacity, thermal conductivity, convective heat transfer, thermal

diffusivity, and viscosity. These thermophysical properties of nanofluids are consid-

ered as superior to their basefluid and the term ”effective” is used to describe them

(Ali et al., 2018).

The nanofluid effective density ρnf , effective specific heat capacity (cp)nf , effec-

tive dynamic viscosity µnf , effective kinematic viscosity νnf , and effective thermal

diffusivity αnf are given as (Yirga & Shankar, 2016; Ali et al., 2018).

ρnf = φsρs + (1− φs)ρbf ; (ρcp)nf = φs(ρcp)s + (1− φs)(ρcp)bf

µnf =
µf

(1− φs)2.5
; νnf =

µnf

ρnf

=
νbf

φ1

; αnf =
knf

(ρcp)nf

=
knf

φ2(ρcp)bf

(6.2.12)

where φs, ρs, ρbf , (cp)s, (cp)bf , µbf , and νbf are respectively, the nanoparticle vol-

ume fraction, density of nanoparticle, density of base fluid, specific heat capacity of

nanoparticle, specific heat capacity of base fluid, dynamic viscosity, and kinematic

viscosity of the base fluid, where the nanoparticle volume fraction φ1 and φ2 are

defined as

φ1 = (1− φs)
2.5

[
1− φs + φs

ρs

ρbf

]
; φ2 = 1− φs + φs

(ρcp)s

(ρcp)bf

(6.2.13)

The effective thermal conductivity knf is defined using the thermal conductivities of

both nanoparticles ks and basefluid kf as (Yirga & Shankar, 2016; Ali et al., 2018).

knf = kbf
(ks + 2kbf )− 2φs(kbf − ks)

(ks + 2kbf ) + φs(kbf − ks)
(6.2.14)
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Table 6.1: Thermo-physical properties of base fluid and nanoparticles

Physical properties H2O Ag Cu Al2O3

cp(J/kgK) 4179 235 385 765
ρ(kg/m3) 997.1 10500 8933 3970
k(W/mK) 0.613 429 401 40

α× 107(m2/s) 1.47 1738.6 1163.1
β × 105(K−1) 21 1.89 1.67 0.85

The above model in equation (6.2.14) considers the two phases (solid and liquid) of

the nanofluid and adequately foresees the effective thermal conductivity of nanoflu-

ids when the added particles are of spherical shape, low volume percent, and the

suspension is at ambient conditions (Ali et al., 2018).

Also, it is assumed that the base fluid and the nanoparticles are in thermal equi-

librium and no slip take place between them. The thermophysical properties of the

nanofluid for Cu, Ag, and Al2O3 nanoparticles and H2O as base fluid are given in

Table 6.1 (Yirga & Shankar, 2016; Nageeb et al., 2017).

To transform the governing equations (6.2.1) - (6.2.5) into a dimensionless forms of

a system of coupled ordinary differential equations, we introduce the stream function

ψ which is defined by the relations

u =
∂ψ

∂y
v = −∂ψ

∂x
(6.2.15)

and the subsequent similarity transformation (Ullah et al., 2016).

ξ = y

√
1 +m

2

U∞
νbf (1− ζt)

x
m−1

2 ; ψ(ξ) =

√
2

1 +m

νbfU∞
1− ζt

x
m+1

2 f(ξ)

θ(ξ) =
T − T∞
Tw − T∞

; φ(ξ) =
C − C∞
Cw − C∞

(6.2.16)

where ξ is a dimensionless similarity variable, f(ξ), f ′(ξ), θ(ξ), and φ(ξ) are corre-

spondingly non-dimensional stream function, velocity, temperature, and nanoparticle

concentration.
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We find that continuity equation (6.2.1) is identically fulfilled and upon substitut-

ing similarity variables into equations (6.2.2) - (6.2.5), we obtain the following system

of coupled nonlinear ordinary differential equations:

f ′′′ + φ1

[
ff ′′ + β

(
1− (f ′)2

)
+

A

m+ 1
(2− ξf ′′ − 2f ′)

]
+

2

1 +m
φ1(Grtθ +Grcφ)sin

Ω

2
+

1

m+ 1
κ (1− f ′) = 0

(6.2.17)

(
1

Pr

knf

kbf

+Nr

)
θ′′ + φ2

[
fθ′ − 2βf ′θ − A(

ξ

1 +m
θ′ + 2βθ)

]
+Dfφ

′′

+
Ec

(1− φs)2.5
(f ′′)2 = 0

(6.2.18)

1

Sc
φ′′ + fφ′ − 2βf ′φ− A(

ξ

1 +m
φ′ + 2βφ) + Srθ′′ − 2

1 +m
Υφ = 0 (6.2.19)

The transformed boundary conditions are given as:

f(0) = 0; f ′(0) = λ; θ′(0) = −Bi1(1− θ(0)); φ′(0) = −Bi2(1− φ(0))

f ′(∞) → 1; θ(∞) → 0; φ(∞) → 0 (6.2.20)

where

β =
2m

1 +m
; A =

ζ

U∞
x1−m; κ =

2νnf

KU
x; Grt =

gβt(Tw − T∞)

U2
x

Grc =
gβc(Cw − C∞)

U2
x; Pr =

νbf

αbf

; Sc =
νbf

DB

; Ec =
U2

(cp)bf (Tw − T∞)

Nr =
16σ∗T 3

∞
3k∗νbf (ρcp)nf

; Sr =
DmKT

νbfTm

Tw − T∞
Cw − C∞

; Df =
ρbfDmKT

νbfCs(ρcp)nf

Cw − C∞
Tw − T∞

Υ =
kr

U
x−1; λ =

U0

U∞
; Bi1 =

h0

kbf

(
2νbf

(1 +m)U∞

)1/2

; Bi2 =
h1

DB

(
2νbf

(1 +m)U∞

)1/2

Here, φs, m, β, λ, A, κ, Grt, Grc, Pr, Ec, Sc, Df , Nr, Sr, Υ, Bi1 and Bi2 are

respectively, the nanoparticles volume fraction, Falkner-Skan power-low parameter,

Hartree pressure gradient parameter, moving wedge parameter, unsteady parameter

, permeability parameter, local temperature Grashof number, local concentration
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Grashof number. Prandtl number, Eckert number, Schmidt number, Dufour number,

thermal radiation parameter, Soret number, scaled chemical reaction parameter, Biot

numbers and prime (′) denotes derivative with respect to ξ.

The skin friction coefficient Cf , local Nusselt number Nux, and local Sherwood

number Shx are the three important physical quantities and defined as

Cf =
2τw

ρbfU2(x, t)
; Nux =

xqw
kbf (Tw − T∞)

; Shx =
xMw

DB(Cw − C∞)
; (6.2.21)

where τw, qw and Mw are correspondingly the surface shear stress, the surface heat

flux, and surface mass flux which are given as:

τw = −µnf

(
∂u

∂y

)
y=0

; qw =

[
−knf

(
∂T

∂y

)
+ (qr)w

]
y=0

; Mw = −DB

(
∂C

∂y

)
y=0

(6.2.22)

Using equations (6.2.16), (6.2.21), and (6.2.22) the non-dimensional skin friction co-

efficient, local Nusselt number, and local Sherwood number are respectively found

by:

1

2
(1− φs)

2.5

√
2

1 +m
Cf

√
Rex = −f ′′(0)(

kbf

knf

√
2

1 +m
+Nr

)
Nux√
Rex

= −θ′(0);

√
2

1 +m

Shx√
Rex

= −φ′(0)
(6.2.23)

where Rex is local Reynolds number defined by Rex = Ux
νf

6.3 Numerical Method

In this section, the system of non-linear ODE (6.2.17) - (6.2.19) subject to the bound-

ary conditions (6.2.20) are solved numerically employing SQLM, the following iter-

ative scheme of linear differential equations are found. (Motsa, 2013; Motsa et al.,
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2013).

f ′′′r+1 + φ1

(
fr −

A

1 +m
ξ

)
f ′′r+1 −

(
2φ1(βf

′
r +

A

1 +m
) +

k

1 +m

)
f ′r+1 + φ1f

′′
r fr+1

+
2

1 +m
φ1(Grtθr+1 +Grcφr+1)sin

Ω

2
= φ1

(
frf

′′
r − β(1 + (f ′r)

2)
)
− 1

1 +m
(2Aφ1 + k)

(6.3.1)(
1

Pr

knf

kf

+Nr

)
θ′′r+1 + φ2

(
fr −

A

1 +m
ξ

)
θ′r+1 − 2βφ2(f

′
r + A)θr+1 + φ2θ

′
rfr+1

−2βφ2θrf
′
r+1 +

2Ec

(1− φs)2.5
f ′′r f

′′
r+1 +Dfφ

′′
r+1 = φ2(frθ

′
r − 2βf ′rθr) +

Ec

(1− φs)2.5
(f ′′r )2

(6.3.2)

1

Sc
φ′′r+1 +

(
fr −

A

1 +m
ξ

)
φ′r+1 − 2

(
β(f ′r + A) +

1

1 +m
Υ

)
φr+1 + φ′rfr+1

−2βφrf
′
r+1 + Srθ′′r+1 = frφ

′
r − 2βf ′rφr

(6.3.3)

with transformed corresponding boundary conditions

fr+1(0) = 0; f ′r+1(0) = λ; θ′r+1(0) = −Bi1(1− θ(0)); φ′r+1(0) = −Bi2(1− φ(0))

f ′r+1(∞) → 1; θr+1(∞) → 0; φr+1(∞) → 0 (6.3.4)

where the terms r+1 and r are at the current and previous iteration levels respectively.

Equations (6.3.1)-(6.3.3) are solved using the Chebyshev pseudo-spectral method.

The unknown functions are given by Chebyshev interpolating polynomials with Gauss-

Lobatto points that are defined by (Trefethen, 2000)

χj = cos(πj/N), j = 0, 1, 2, ..., N ; −1 ≤ χ ≤ 1 (6.3.5)

where N is the number of collocation points used. For the convenience of numer-

ical computations, the semi-infinite physical domain [0,∞] is approximated by the

truncated domain. Using the linear transformation χ = 2ξ
L
− 1, the interval [0, L]

is transformed into the interval [−1, 1] where L is large but finite number chosen
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to represent the behavior of the flow properties of the boundary condition value at

infinity.

Discretized the system of equations (6.3.1)-(6.3.3) using spectral collocation method.

The differentiation matrix D = 2D
L

is used to approximate derivatives of unknown

variables, where D is (N + 1)× (N + 1) Chebyshev differentiation matrix ( for more

information see Trefethen, 2000). The system of equations (6.3.1)-(6.3.3) are then

solved as a coupled matrix:
Λ11 Λ12 Λ13

Λ21 Λ22 Λ23

Λ31 Λ32 Λ33



Fr+1

Θr+1

Φr+1

 =


B1,r

B2,r

B3,r

 (6.3.6)

with transformed boundary condition

Fr+1(χN) = 0, Fr+1(χN−1) = λ, Fr+1(χ0) = 1

Θr+1(χN) = −Bi1(1− θ(0)), Θr+1(χ0) = 0 (6.3.7)

Φr+1(χN) = −Bi2(1− φ(0)), Φr+1(χ0) = 0

where

Λ11 = D3 + φ1diag[fr − A
1+m

ξ]D2 − 2βφ1diag[f
′
r]D− 1

1+m
(2φ1A+ k)D + φ1diag[f

′′
r ]

Λ12 = 2
1+m

φ1Grtsin
Ω
2
I; Λ13 = 2

1+m
φ1Grcsin

Ω
2
I

Λ21 = 2Ec
(1−φs)2.5diag[f

′′
r ]D2 − 2βφ2diag[θr]D + φ2diag[θ

′
r]

Λ22 =
(

1
Pr

knf

kf
+Nr

)
D2 + φ2diag[fr − A

1+m
ξ]D− 2βφ2diag[f

′
r +A]; Λ23 = DfD

2

Λ31 = −2βdiag[φr]D + diag[φ′r]; Λ32 = SrD
2

Λ33 = 1
Sc

D2 + diag[fr − A
1+m

ξ]D− 2βdiag[f ′r + A]− 2
1+m

ΥI

B1 = φ1[f
′′
r fr − β(1 + (f ′r)

2)]− 1
1+m

(2Aφ1 + k)

B2 = φ2(frθ
′
r − 2βf ′rθr) + Ec

(1−φs)2.5 (f
′′
r )2 ; B3 = frφ′r − 2βf ′rφr
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Fr+1 = [fr+1,0, fr+1,1,−−−, fr+1,N ]t, Θr+1 = [θr+1,0, θr+1,1,−−−, θr+1,N ]t,

Φr+1 = [φr+1,0, φr+1,1,−−−, φr+1,N , ]
t are vectors of sizes (N +1)×1, diag(...) repre-

sents a diagonal matrix of vectors, and I is an identity matrix of size (N+1)×(N+1).

When SQLM is used the choice of an initial guess is very essential. The success of

the scheme depends prominently on how good this guess is to give the most accurate

solution. The suitable initial guesses that satisfy the governing boundary conditions

of the boundary layer problems (6.2.17)-(6.2.20) are:

f0(ξ) = ξ − 1 + e−(1−λ)ξ; θ0(ξ) =
Bi1

1 +Bi1
e−ξ; φ0(ξ) =

Bi2
1 +Bi2

e−ξ (6.3.8)

6.4 Results and Discussion

The results of this research are found solving the governing equations numerically

employing SQLM. The results of the study are created using the number of collocation

points N = 50 in the space ξ and the scaled parameter L = 6 in all cases. For values

of different governing physical parameters the solutions are found for the velocity,

temperature, and concentration profiles. The results are also obtained for important

physical quantities like the skin friction coefficient, local Nusselt number, and local

Sherwood number for various values of governing physical parameters. To obtain

convergent and stable solutions, the values of the parameters are fixed throughout

the computations as φs = 0.1, β = 1, A = 0.8, κ = 0.5, P r = 6.2, Nr = 0.5, Sc =

1, Sr = 0.3, Df = 0.2, Grt = 0.01, Grc = 0.01,m = β/(2 − β), Ec = 0.0, Y c =

0.3, λ = 0.0, Bi1 = 0.5, Bi2 = 0.5, unless it is specified. The local Nusselt number

−θ′(0) is equated with previously available results of other scholars for normal fluid

(φs = 0) to confirm the numerical precision of the numerical technique used.

Table 6.2 displays the local Nusselt number for some values of Prandtl number

Pr which is compered with the results of Yih (1999), Chamkha and Mujtaba (2003),
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Ullah et al. (2016), and Nageeb et al. (2017) when the values of the parameters

are constant. Clearly, a very good agreement is realized which in turn confirm the

accuracy of the present numerical method used.

Figures 6.2-6.3 show the effect of nanoparticle volume fraction φs on the velocity

and concentration profiles for Ag water based nanofluids for both steady and unsteady

flow. Increasing the nanoparticle volume fraction leads to increase the fluid velocity

profiles while it decreases the concentration profiles for both steady and unsteady flow.

Greater concentration distributions is observed in the steady flow than unsteady flow

whereas the opposite trend is reported for the velocity distribution. Further, it is

noticed that greater the value of nanoparticle volume fraction leads to decline the

velocity and concentration boundary layer thickness. Also, Nageeb et al. (2017)

observed similar forms of nanofluid flow.

Figures 6.4-6.6 respectively display the influence of the unsteadiness parameter

on velocity, temperature, and concentration profiles for both Ag and Al2O3 water

based nanofluids. It is demonstrated that the velocity profiles are increasing function

while the temperature and concentration profiles are decreasing function of the un-

steadiness parameter which leads to reduce the thickness of the momentum, thermal,

and concentration boundary layers. Also, it is observed that there is lower temper-

ature and concentration distributions, and higher velocity distribution in Ag water

Table 6.2: Comparison of the SQLM results of −θ′(0) when φs = 0 for some Pr.

−θ′(0)
Pr Chamkha Yih Ullah Nageeb Present
1 0.33217 0.332057 0.3320 0.332057 0.332057
10 0.72831 0.728141 0.7281 0.728141 0.728140
100 1.57218 1.571831 1.5718 1.571658 1.571754
1000 3.38809 3.387083 3.3881 3.396962 3.392166

10,000 7.30080 7.297402 7.3102 7.351156 7.298394
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Figure 6.2: Velocity profiles for various values of φs.
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Figure 6.3: Concentration profiles for various values of φs

based nanofluid than in Al2O3 water based nanofluid for more value of unsteadiness

parameter.

Figures 6.7-6.8 show the effect of thermal radiation parameter Nr and Eckert

number Ec respectively on the temperature profiles. Figure 6.7 indicates that as Nr

increases near the boundary surface the temperature profiles increase correspondingly

up to a certain range, and after that it shows the opposite trend. This result is

qualitatively analogous with those results obtained by Nageeb et al. (2017). Figure

6.8 shows that the temperature profiles increase near the boundary surface and attain

a peak value for large Ec, then reduces in the rest of the region. This suggests that
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the thermal boundary layer thicker with great value of Ec. A comparable result was

found in the literature of Ullah et al. (2015), Yirga and Shankar (2015).
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Figure 6.4: Velocity profiles for various values of A.
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Figure 6.5: Temperature profiles for various values of A

The effect of Dufour number Df on the temperature profiles is shown in Figure

6.9. Greater the value of Df leads to an increment of the temperature profiles.

Dufour effect is the heat transfer brought by volume fraction gradients and substantial

because of the density variance in the flow system. Thus, the figure displays the effect

of the concentration gradient on the thermal energy flux in the flow region. Since

temperature profile increases as Dufour number increases, it suggests that the effect

of the alignment gradient on temperature is also increased which in turn leads to a
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Figure 6.6: Concentration profiles for various values of A
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Figure 6.7: Temperature profiles for various values of Nr

heating of the boundary layer region. Figure 6.10 shows the concentration profiles

reduce with an increment in chemical reaction parameter. Similar trends are observed

for both Dufour number and chemical reaction parameters as pointed out in Nageeb

et al. (2017).

Figures 6.11-6.12 reveal the concentration profiles for various value of Schmidt

number Sc and Soret number Sr respectively. Figure 6.11 demonstrates that the

concentration profiles and its boundary layer thickness are a decreasing function of

the Schmidt number. Figure 6.12 also shows that increasing Soret number increase

the concentration profiles and its boundary layer thickness except near the boundary
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Figure 6.8: Temperature profiles for various values of Ec
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Figure 6.9: Temperature profiles for various values of Df
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Figure 6.10: Concentration profiles for various values of Y c
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surface. This enrichment of concentration profiles is due to the mass flux generated

by the temperature gradient.
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Figure 6.11: Concentration profiles for various values of Sc

Figures 6.13-6.14 show the effect of the moving wedge parameter λ on velocity

and temperature profiles. Figure 6.13 displays that the velocity profiles are increasing

function of the moving wedge parameter λ. This implies that when wedge moves (for

non-zero values of λ) the fluid velocity at the surface of the wedge is no longer equal to

the initial fluid velocity. Increasing λ enhances the velocity profiles while it decreases

the velocity boundary layer thickness. Figure 6.14 also reveals that as λ increases the

temperature profiles and its boundary layer thicknesses decrease.

Figures 6.15-6.16 display the effect of Biot numbers Bi1 and Bi2 on temperature

and nanoparticle concentration fields correspondingly. Figure 6.15 shows that the

increment of Bi1 leads to increase the sheet surface and the nanofluid temperature.

The intensity of convective heating on the sheet surface increases as the value of Bi1

increases. This leads to the growth of convective heat transfer from the hot fluid

on the lower surface of the sheet to the nanofluid on the upper surface which intern

enhance the thickness of thermal boundary layers. Figure 6.16 displays that the sheet

surface and nanofluid concentration increase with an increases in Bi2, and this leads

to enhance the concentration boundary layers thickness.
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Figure 6.12: Concentration profiles for various values of Sr
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Figure 6.13: Velocity profiles for various values of λ

Table 6.3 depicts the skin friction coefficient, local Nusselt number, and local

Sherwood number for Ag and Al2O3 water based nanofluids for various values of un-

steadiness parameter A and nanoparticle volume fraction φs when the values of the

rest parameter remain unchanged. Here, it is shown that for Ag and Al2O3 water

based nanofluids the skin friction coefficient, local Nusselt number, and local Sher-

wood number are increased with increasing value of A. For Ag water based nanofluids,

as φs increases, the skin friction coefficient and local Sherwood number increase while

the local Nusselt number reduces. Again, for Al2O3 water based nanofluids, the skin
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Figure 6.14: Temperature profiles for various values of λ
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Figure 6.15: Temperature profiles for various values of Bi1

friction coefficient, local Nusselt number, and local Sherwood number decrease with

increasing value of φs. Analogous results were found in the literature of Yirga and

Shankar (2015).

The effects of moving wedge parameter λ, Biot numbers Bi1 and Bi2 on the skin

friction coefficient, local Nusselt number, and local Sherwood number are disclosed

in Table 6.4 for Ag and Al2O3 water based nanofluids. The result reveals that as

the value of λ increases the skin friction coefficient is reduced while the local Nusselt

number and local Sherwood number are enhanced. It is also presented that greater

the values of Biot number Bi1 and Biot number Bi2 leads to increase the local Nusselt

number and local Sherwood number respectively.
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Figure 6.16: Concentration profiles for various values of Bi2

Table 6.3: Values of −f ′′(0), −θ′(0) and −φ′(0) for A and φs

.

−f ′′(0) −θ′(0) −φ′(0)
A φs Ag Al2O3 Ag Al2O3 Ag Al2O3

0.05 0.5352 0.4721 0.6370 0.6148 0.3660 0.3528
0.0 0.1 0.5753 0.4690 0.6039 0.5716 0.3737 0.3521

0.2 0.6057 0.4489 0.5199 0.4843 0.3791 0.3475
0.05 0.8832 0.7791 0.7158 0.6935 0.4000 0.3874

0.2 0.1 0.9494 0.7740 0.6748 0.6430 0.4073 0.3868
0.2 0.9995 0.7408 0.5752 0.5419 0.4124 0.3823
0.05 1.5215 1.3422 0.8151 0.7930 0.4415 0.4299

0.8 0.1 1.6355 1.3334 0.7636 0.7330 0.4480 0.4293
0.2 1.7219 1.2762 0.6436 0.6140 0.4526 0.4252

6.5 Conclusion

Unsteady mixed convection boundary layer flow of nanofluid past a moving wedge

with heat and mass transfer embedded in porous media was studied. The flow of

Ag and Al2O3 water based nanofluids are considered and assumed that the added

nanoparticle are of spherical shape and the nanoparticle volume fraction can be ac-

tively controlled at the boundary surface. The effects of nanoparticle volume fraction,

unsteadiness parameter, pressure gradient parameter, permeability parameter, ther-

mal radiation parameter, viscous dissipation parameter, chemical reaction parameter,
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Table 6.4: Values of −f ′′(0), −θ′(0) and −φ′(0) for λ,Bi1, Bi2

.

−f ′′(0) −θ′(0) −φ′(0)
λ Bi1 Bi2 Ag Al2O3 Ag Al2O3 Ag Al2O3

0.0 0.5 0.5 0.5802 0.4897 0.4845 0.4639 0.3064 0.2940
0.2 0.5446 0.4517 0.6051 0.5928 0.3499 0.3391
0.5 0.4031 0.3311 0.75377 0.7532 0.4046 0.3978
0.0 0.1 0.5802 0.4897 0.1863 0.1784 0.3064 0.2940

1.0 0.5802 0.4897 0.6056 0.5799 0.3064 0.2940
10 0.5802 0.4897 0.7815 0.7482 0.3064 0.2940
0.5 0.1 0.5802 0.4897 0.4845 0.4639 0.1179 0.1131

1.0 0.5802 0.4897 0.4845 0.4639 0.3830 0.3675
10 0.5802 0.4897 0.4845 0.4639 0.4942 0.4742

Soret number, Dufour numbers, moving wedge parameter, and Biot numbers were also

analyzed. The governing equations were numerically solved using Spectral Quasilin-

earization Methods. From the above discussions the following conclusions are drawn:

• The velocity profiles increase with more values of φs, A, β, κ, and λ.

• The temperature profiles and its boundary layer thickness increase with increas-

ing the value of φs, Nr, Ec, Df , Bi1, and Bi2.

• Enhancing the value of φs, A, β, Sc, Y c, Bi1, and Bi2 lead to reduce the con-

centration profiles and its boundary layer thickness.

• The skin friction coefficient increases with an increment in A, β, κ,Nr,Ec,Df ,

Sr, and λ.

• The local Nusselt number is reduced with increasing the value of κ,Ec,Υ, Df ,

Sr, λ , and Bi1.

• The local Sherwood number increases when the values of A, β, κ, Ec,Υ, Df , Sr,

λ, and Bi2 increase.
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Chapter 7

MHD Slip Flow of CNTs-Ethylene
glycol Nanofluid due to a
Stretchable Rotating Disk with
Cattaneo-Christov Heat Flux
Model

7.1 Introduction

Nanofluids have gained remarkable attention of researchers due to their inspiring

heat transfer in various industrial and engineering applications. Common working

fluids such as water, engine oils and ethylene glycol have restricted thermal perfor-

mances which limit their usage in modern-day cooling applications. Nanofluids con-

sist of nanoscale particles such as copper, alumina, carbides, nitrides, metal oxides,

graphite, and carbon nanotubes which enhance the thermal conductivity of base flu-

ids (Ahmad et al., 2017; Mahanthesh et al., 2019). These nanofluids have widespread

applications in modern systems of heating and cooling, solar cells, generation of new

fuels, hybrid-powered engines, cancer therapy, drug delivery and medicine (Aziz et

al., 2018). Due to these various applications of nanofluids, many studies associated

with the flow of nanofluids have been conducted. For instance, Prasannakumara
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et al. (2017) examined the boundary layer flow and heat transfer of fluid particles

suspension with nanoparticles over a nonlinear stretching sheet. Khan et al.(2017)

analyzed three-dimensional steady MHD flow of Powell-Eyring nanofluid with con-

vective and nanoparticles mass flux conditions. Also, Khan et al. (2017) investigated

unsteady three-dimensional Sisko magneto-nanofluid flow with heat absorption and

temperature dependent thermal conductivity. Recently, three-dimensional biocon-

vection nanofluid flow from a bi-axial stretching sheet was presented by Amirsom et

al.(2019).

In the last two decades, heat transfer of carbon nanofluids have received consider-

able attention as a result of their extensive applications in the fields of nanotechnol-

ogy and medicine. Nanoparticles of carbon nanotubes (CNTs) were first discovered

by Lijima (1991). Carbon nanotubes are allotropes of carbon with a tube shaped

nanostructure such as frames of carbon atoms with diameter ranges from 1 to 100

nm. They have a remarkable conductivity which supports them to form a network

of conductive tubes. Because of their configuration, some CNTs are good conductor

of heat and electricity whereas others act as semiconductors. CNTs have 15 times

thermal conductivity and 1000 times capability of copper, and 200 times power and 5

times resistance of steel (Khalid et al., 2018). Carbon nanotubes have significance ap-

plications in nanotechnology, hardware, optics, energy storage, biomedical, ceramic,

thermal defense and in various fields of material sciences and engineering (Hayat et

al., 2017). Carbon nanotubes used in nanofluids are generally divided into single wall

carbon nanotubes (SWCNTs) and multi wall carbon nanotubes (MWCNTs) contin-

gent on their number of concentric layers of rolled grapheme sheets. SWCNTs contain

catalyst for their synthesis and they are prepared from covering layer of grapheme into

a unified cylinder whereas MWCNTs can be formed without catalyst and comprise

of numerous rolled layers of graphite with complex structure (Khan et al., 2018).

Because of their unique morphology, electronic structural, mechanical properties
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and innovative physicochemical features, CNTs are the most resourceful material of

this century. Moreover, the presence of carbon chains in CNTs does not convey

any hazard to the atmosphere (Alsagri et al., 2019). Having all these implication

of CNTs in mind, Kumaresan et al. (2012) experimentally studied the heat trans-

fer characteristics of nanofluids containing CNTs, and they disclosed nanofluids at

very low nanoparticle volume fraction enhance high heat transfer rate. Heat transfer

performance of CNTs nanofluids flow through a horizontal tube was examined by

Ding et al. (2006). They obtained essential progress of the convective heat trans-

fer which mainly depends on Reynolds number and solid volume fraction of CNTs.

The synthetic engine oil and ethylene glycol thermal conductivity improvement in

the presence of MWCNTs was designated by Liu et al. (2005). They revealed that

CNTs-ethylene glycol nanofluid have better thermal conductivity as compare to ethy-

lene glycol base fluid. Also, Mahanthesh et al. (2017) investigated the Marangoni

transport of dissipating SWCNT and MWCNT with water nanofluids under the in-

fluence of magnetic force and radiation. They reported that the thermal distribution

of SWCNT nanoliquid is better than MWCNT nanoliquid.

Rotating disk induced flow of fluids have significance applications in numerous en-

gineering and industrial sectors such as rotating machinery, electric power generating

system, computer storage devices, air cleaning machines, crystal growth processes,

gas turbine rotors, food processing, medical equipment and others. Due to these,

immense papers have been published regarding the flow of fluid due to rotating disk.

For example, Hayat et al. (2017) and Mustafa (2017) analyzed MHD flow of nanofluid

by a rotating disk with partial slip effects. Nanofluid flow near a stretchable rotating

disk with axial magnetic field and convective conditions was analyzed by Mushtaq

and Mustafa (2017). Also, Imtiaz et al. (2016) studied the radiative flow of CNTs be-

tween stretchable rotating disks with convective conditions. Recently, the impacts of

exponential space dependent heat source on MHD slip flow of SWCNT and MWCNT
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nanoliquids past a stretchable rotating disk was investigated by Mahanthesh et al.

(2019). Their result established that the thermal field for SWCNT-nanoliquid is

higher than MWCNT-nanoliquid.

Motivated by the above cited literatures, the purpose of this study is to examine

the flow of CNTs with ethylene glycol nanofluids due to stretchable rotating disk

embedded in a porous medium with Cattaneo-Christov heat flux model. Governing

equations of the flow are highly nonlinear coupled differential equations and solved

numerically by employing spectral SQLM. Spectral collocation method converges fast

and provides more accurate approximations with less grid points. To the best of

the researcher’s knowledge, no analysis has been published so far in this direction.

Particularly, examining the effect of Cattaneo Christov heat flux model on SWCNTs

and MWCNTs with ethylene glycol (C2H6O2) nanofluids flow and heat transfer using

SQLM would be the contribution of this paper to the existing body of knowledge.

Moreover, the effects of embedded parameters such as nanoparticle volume fraction,

axially applied magnetic field, stretching factor, velocity and thermal slip factors

on velocity and temperature fields as well as skin friction coefficient and local heat

transfer rate are analyzed, and the results are presented and discussed using graphs

and tables.

7.2 Mathematical Description of Problem

We considered steady and incompressible flow of nanofluid due to stretchable rotating

disk embedded in a porous medium. We assumed a non-rotating cylindrical coordi-

nate frame (r, θ, z), and the velocity components (u, v, w) represent in the directions

of increasing (r, θ, z). The disk is rotated along z−axis with angular velocity Ω, and

also, it is stretched in the radial direction with stretching rate s. The nanofluid flow

is exposed to magnetic field of uniform strength B0 acts parallel to z-direction (see

Figure 7.1). Induced magnetic field caused by the motion of electrically conducting
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Figure 7.1: Physical model of the flow problem.

nanofluid was not considered because it is very small compared to B0. The surface

temperature of the disk and the ambient temperature are respectively denoted by

Tw and T∞. Moreover, effects of velocity and thermal slip boundary conditions were

considered, and Cattaneo-Christov heat flux model was used to analyze the heat

transfer.

Assuming ∂p
∂r

= ∂p
∂z

= 0, the governing equations for mass, momentum and thermal

energy transfer of Casson nanofluid flow past a stretchable rotating disk with axially

applied magnetic field and slip boundary conditions are given as (Aziz et al., 2018).

∂u
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+
u

r
+
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(ρcp)nf

(
u
∂T

∂r
+ w

∂T

∂z

)
= −∇.q (7.2.4)

with boundary conditions

u = rs+ L0

(
1 +

1

γ

)
∂u

∂z
, v = rΩ + L0

(
1 +

1

γ

)
∂v

∂z

w = 0; T = Tw +N0
∂T

∂z
at z = 0

u→ 0, v → 0, T → T∞ as z →∞

(7.2.5)

where L0 and N0 are the velocity slip and thermal slip factors respectively.

In this study, even if nanofluids with two-component model were considered, we

assumed that there is no agglomeration of CNTs nanoparticles within the nanofluid,

and the base fluid and CNTs are assumed to be in thermal equilibrium and no slip

occurs between them. Therefore, the heat flux vector q satisfy the Cattaneo-Christov

diffusion model can be adapted for nanofluid and given as (Akbar et al., 2017)

λt

[
∂q

∂t
+ u.∇q− q.∇u + (∇.u)q

]
+ q = −k∇T (7.2.6)

where λt is the relaxation time of heat flux, k is the thermal conductivity, and u is

the velocity vector. The above equation (7.2.6) gives Fourier’s law when λt = 0.

For steady incompressible flow, equation (7.2.6) is simplified into

λt [∇. ((∇.q)u)] +∇.q = −k∇2T, (7.2.7)

Substituting equation (7.2.7) into (7.2.4) and simplifying, we get energy equation
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(7.2.8)
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The non-Newtonian Casson parameter is defined as γ = µγ

√
2πc/Py whereas the

rheological equation of state for the Cauchy stress tensor of Casson fluid was given

in equation (5.2.1).

The thermo-physical properties of the nanoparticles (SWCNTs and MWCNTs)

and base fluid (ethylene glycol) are given in Table 7.1 (Cengel & Ghajar, 2015; Khalid

et al., 2018).

Table 7.1: Thermo-physical properties of SWCNTs, MWCNTs and ethylene glycol
at temperature 200c

Physical properties Ethylene glycol(C2H6O2) SWCNT MWCNT
Density, ρ(kg/m3) 1109 2600 1600

Specific Heat, cp(J/kgK) 2382 425 796
Thermal Conductivity, k(W/mK) 2.84 6600 3000
Electrical Conductivity, σ(Sm−1) 0.01485 106 − 107 1.9× 10−4

Be aware of the base fluid and the nanoparticles are in thermal equilibrium and

no slip take place between them. The nanofluid effective density ρnf , specific heat

capacity (ρcp)nf , dynamic viscosity µnf , and electrical conductivity σnf are given as

(Khalid et al., 2018; Alsagri et al., 2019).

ρnf = φsρs + (1− φs)ρbf , (ρcp)nf = φs(ρcp)s + (1− φs)(ρcp)bf

µnf =
µf

(1− φs)2.5

σnf

σbf

= 1 +
3
(

σs

σbf
− 1
)
φs(

σs

σbf
+ 2
)
−
(

σs

σbf
− 1
)
φs

(7.2.9)

where φs is the nanoparticle volume fraction; ρs, (cp)s, and σs are respectively density,

specific heat capacity, and electrical conductivity of CNTs whereas ρbf , (cp)bf , µbf , and

σbf are respectively density , specific heat capacity, dynamic viscosity, and electrical

conductivity of the base fluid (ethylene glycol). The nanoparticle volume fraction φ1,

137



φ2 and φ3 are defined as

φ1 = (1− φs)
2.5

(
1− φs + φs

ρs

ρbf

)
, φ2 = 1− φs + φs

(ρcp)s
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)
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+ 2
)
−
(

σs

σbf
− 1
)
φs

( ρbf

(1− φs)ρbf + φsρs

) (7.2.10)

For effective thermal conductivity of CNTs nanofluid knf , the Xue’s model which is

effective for spherical and elliptical shape is utilized as follows (Alsagri et al., 2019).

knf

kbf

=
1− φs + 2φs

(
ks

ks−kbf

)
ln
(

ks+kbf

2kbf

)
1− φs + 2φs

(
kbf

ks−kbf

)
ln
(

ks+kbf

2kbf

) (7.2.11)

We introduce the non-dimensional variables based on Akbar et al., (2017), and

Aziz et al. (2018).

u = rΩf ′(ξ), v = rΩh(ξ), w = −(2Ωνbf )
1/2f(ξ),

θ(ξ) =
T − T∞
Tw − T∞

, ξ = z

(
2Ω

νbf

)1/2 (7.2.12)

Hence, the continuity equation (7.2.1) is satisfied and the transformed equations for

momentums and energy are found as follows.

2

(
1 +

1

γ

)
f ′′′ + φ1

[
2ff ′′ − f ′2 + h2 − φ3Mf ′

]
+ κf ′ = 0 (7.2.13)

2

(
1 +

1

γ

)
h′′ + φ1 [2fh′ − 2f ′h− φ3Mh] + κh = 0 (7.2.14)

θ′′ + φ2Pr
kbf

knf

[
fθ′ − αt

(
f 2θ′′ + ff ′θ′

)]
= 0 (7.2.15)

with transformed boundary conditions:

f = 0, f ′(0) = As +

(
1 +

1

γ

)
δvf

′′(0), h(0) = 1 +

(
1 +

1

γ

)
δvh

′(0)

θ(0) = 1 + δtθ
′(0), f ′(∞) = h(∞) = θ(∞) → 0.

(7.2.16)
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where M =
σf B2

0

ρbfΩ
is the magnetic parameter, κ =

rνbf

KΩ
is permeability parameter,

Pr =
νbf

αbf
is a Prandtl number, αt = 2λtΩ is the thermal relaxation parameter,

As = s
Ω

is the scaled stretching parameter, δv = L0

√
2Ω
νbf

is the velocity slip parameter,

δt = N0

√
2Ω
νbf

, is the thermal slip parameter.

The radial and tangential directions shear stress at the surface of the disc for

Casson nanofluid are defined as

τzr = −µnf

(
1 +

1

γ

)(
∂u

∂z

)
z=0

, τzθ = −µnf

(
1 +

1

γ

)(
∂v

∂z

)
z=0

(7.2.17)

The total dimensionless form of surface shear stress at the surface of the disc is

τw =
√
τ 2
zr + τ 2

zθ =
µbf

(1− φs)2.5

(
1 +

1

γ

)
r

√
2Ω3

νbf

(
f ′′(0)2 + h′(0)2

)1/2
(7.2.18)

The surface heat flux of the disc for Casson nanofluid is given as

qw = −knf

(
∂T

∂z

)
z=0

= −knf

√
2Ω

νf

(Tw − T∞)θ′(0), (7.2.19)

The practical problem in engineering, the skin friction coefficient Cf and the Nusselt

number Nu (local heat transfer rate) of the disc are defined as

Cf =
τw

ρf (rΩ)2
, Nur =

rqw
kbf (Tw − T∞)

, (7.2.20)

Thus, the dimensionless normalized skin friction coefficient and local heat transfer

rate are given by

√
RerCf =

√
2

(1− φs)2.5

(
1 +

1

γ

)(
f ′′(0)2 + h′(0)2

)1/2
, (7.2.21)

and

Nur√
Rer

= −
√

2

1− φs + 2φs

(
ks

ks−kbf

)
ln
(

ks+kbf

2kbf

)
1− φs + 2φs

(
kbf

ks−kbf

)
ln
(

ks+kbf

2kbf

)
 θ′(0), (7.2.22)

where Rer is the local Reynolds number defined by Rer = (Ωr)r
νbf

.
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7.3 Numerical Method of Solutions

The dimensionless system of non-linear ODEs with boundary conditio (7.2.13) -

(7.2.16) were numerically solved using spectral quasilinearization method (SQLM).

Applying SQLM, the system of nonlinear ordinary differential equations (7.2.13) -

(7.2.16) give the following iterative scheme of linear differential equations

a1,rf
′′′
r+1 + a2,rf

′′
r+1 − a3,rf

′
r+1 + a4,rfr+1 + a5,rhr+1 = a6,r (7.3.1)

b1,rh
′′
r+1 + b2,rh

′
r+1 − (b3,r + b4,r)hr+1 + b5,rf

′
r+1 + b6,rfr+1 = b7,r (7.3.2)

(c1,r − c2,r)θ
′′
r+1 + c3,rθ

′
r+1 − c4,rf

′
r+1 + c5,rfr+1 = c6,r (7.3.3)

boundary conditions

fr+1 = 0, f ′r+1(0) = As +

(
1 +

1

γ

)
δvf

′′
r+1(0), hr+1(0) = 1 +

(
1 +

1

γ

)
δvh

′
r+1(0),

θr+1(0) = 1 + δtθ
′
r+1(0), f ′r+1(∞) = hr+1(∞) = θr+1(∞) → 0.

(7.3.4)

where the terms r + 1 and r are at the current and previous iteration levels respec-

tively, and the coefficients are given as follows

a1,r = 2(1 + 1
γ
), a2,r = 2φ1fr, a3,r = 2φ1f

′
r + φ1φ3M + κ,

a4,r = 2φ1f
′′
r , a5,r = 2φ1hr, a6,r = 2frf

′′
r − f ′2r + h2

r

b1,r = 2(1 + 1
γ
), b2,r = 2φ1fr, b3,r = 2φ1f

′
r b4,r = φ1φ3M + κ

a5,r = −2φ1hr, a6,r = 2φ1hr, a7,r = 2φ1(frh
′
r − f ′rhr)

c1,r =
knf

kf

1
φ2Pr

, c2,r = αf 2
r , c3,r = fr − αfrf

′
r, c4,r = αfrθ

′
r

c5,r = θ′r − 2αfrθ
′′
r − αf ′rθ

′
r, c6,r = frθ

′
r − 2α(f 2

r θ
′′
r + frf

′
rθ
′
r) ,

Applying the spectral collocation method to the system of equations (7.3.1)-

(7.3.3), and it can be solved as a coupled matrix:
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
Λ11 Λ12 Λ13

Λ21 Λ22 Λ23

Λ31 Λ32 Λ33



Fr+1

Hr+1

Θr+1

 =


B1,r

B2,r

B3,r

 , (7.3.5)

with boundary condition

Fr+1(χN) = 0, F ′
r+1(χN−1)−

(
1 +

1

γ

)
δvF

′′
r+1(χN−1) = As,

F ′
r+1(χ0) = 0; Hr+1(χN)−

(
1 +

1

γ

)
δvH

′
r+1(χN) = 1, Hr+1(χ0) = 0,

Θr+1(χN)− δvθ
′
r+1(χN) = 1, Θr+1(χ0) = 0.

(7.3.6)

where

Λ11 = a1,rD
3 + [a2,r]dD

2 − [a3,r]dD + [a4,r]d, Λ12 = [a5,r]d, Λ13 = O; B1,r = a6,r

Λ21 = [b5,r]dD+[b6,r]d, Λ22 = b1,rD
2+[b2,r]dD−[b3,r]d−b4,rI, Λ23 = O; B2,r = b7,r

Λ31 = [c4,r]dD + [c5,r]d, Λ32 = O, Λ33 = (c1,rI− [c2,r]d)D
2 + [c3,r]dD; B3,r = c6,r

Fr+1 = [fr+1,0, fr+1,1, ..., fr+1,N ]t, Hr+1 = [hr+1,0, hr+1,1, ..., hr+1,N ]t,

Θr+1 = [θr+1,0, θr+1,1, ..., θr+1,N ]t are vectors of size (N + 1)× 1, [...]d denotes a diago-

nal matrix,I and O are respectively, identity and zero matrices of size (N+1)×(N+1).

Starting with the following suitable initial approximations, the iteration schemes

are used iteratively to find fr+1, hr+1 and θr+1 when r = 0, 1, 2, ...

f0(ξ) =
1− e−Asξ

1 + (1 + 1
γ
)δv

, h0(ξ) =
e−ξ

1 + (1 + 1
γ
)δv

, θ0(ξ) =
e−ξ

1 + δt
. (7.3.7)

7.4 Results and Discussion

Numerical results for CNTs with ethylene glycol nanofluids flow due to a stretch-

able rotating disk embedded in a porous medium with Cattaneo-Christov heat flux

mode are stated here. The spectral quasilinearization method (SQLM) was used
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for the numerical computation with the number of collocation points N = 40 in

space ξ and the scaled parameter L = 10. The physical properties of ethylene glycol

(C2H6O2), SWCNTs and MWCNTs were employed from Table 6.1. The convergence

of the SQLM solution and the stability of the results were tested. Table 7.2 and

Table 7.3 revealed that the convergence of solutions for both SWCNTs and MWC-

NTs with ethylene glycol nanofluids are achieved at 5th order of approximations for

all radial wall stress −f ′′(0), tangential wall stress −h′(0), normalized skin friction

coefficient
√
f ′′(0)2 + h′(0)2, and local Nusselt number −θ′(0).

Table 7.2: SQLM Convergence for SWCNTs− C2H6O2 nanofluid.

Order −f ′′(0) −h′(0)
√
f ′′(0)2 + h′(0)2) −θ′(0)

01 0.23689710 0.89154598 0.922482783 0.67685416
02 0.23359837 0.89107446 0.92519082 0.67565587
03 0.23359687 0.89107467 0.92118505 0.67567940
04 0.23359687 0.89107467 0.92118487 0.67567940
05 0.23359687 0.89107467 0.92118487 0.67567940

Table 7.4 encompasses the computations of normalized skin friction coefficient

and local Nusselt number for changing values of important involved parameters such

as nanoparticle volume fraction, scaled stretching parameter, Casson fluid parameter,

velocity slip parameter, and thermal slip parameter for both SWCNTs and MWCNTs

with ethylene glycol nanofluids. Here, it is shown that the normalized skin friction

coefficient grows as nanoparticle volume fraction (φs) increases from 0.01 to 0.1 for

SWCNTs nanofluid. For both SWCNTs and MWCNTs nanofluids normalized skin

friction coefficient enhances as scaled stretching parameter and Casson fluid param-

eter growth. Further, a decreasing trend in normalized skin friction coefficient is

perceived for increasing value of velocity slip parameter. Furthermore, from Table

7.4 we perceived that for both SWCNTs and MWCNTs nanofluids the local Nusselt

number shows an increasing tendency for higher values of scaled stretching parameter
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Table 7.3: SQLM Convergence for MWCNTs− C2H6O2 nanofluid

Order −f ′′(0) −h′(0)
√
f ′′(0)2 + h′(0)2) −θ′(0)

01 0.22142446 0.80709704 0.83691960 0.72862155
02 0.21820148 0.80799670 0.83694119 0.74087932
03 0.21819376 0.80799811 0.83694054 0.74082968
04 0.21819374 0.80799812 0.83694054 0.74082974
05 0.21819374 0.80799812 0.83694054 0.74082974
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φs = 0.01, 0.05, 0.1

Figure 7.2: Radial Velocity profiles for various values of φs.

and Casson fluid parameter. However, it shows a decreasing tendency if the value

of Casson fluid parameter is greater than 0.5. It is also noted that the local Nus-

selt number is reduced for greater values of nanoparticle volume fraction, velocity

slip and thermal slip parameters for both SWCNTs and MWCNTs nanofluids. For

some parameters comparable result was established in the literatures of Mushtaq and

Mustafa, (2017), and Aziz et al. (2018).

The study of important embedded parameters on radial velocity f ′(ξ), tangential

velocity h(ξ), and temperature θ(ξ) profiles are plotted in Figures 6.2-6.12 for φs =

0.05, As = 0.5,M = 5, κ = 0.5, δv = 0.3, γ = 0.5, P r = 7.3, δt = 0.2 and αt =

0.3. Figures 7.2 and 7.3 represent the effects of nanoparticle volume fraction (0 <

φs < 0.1) on the radial velocity and temperature profiles respectively for the ethylene
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Table 7.4: Values of
√
f ′′(0)2 + h′(0)2 and −θ′(0) for SWCNTs − C2H6O2 and

MWCNTs− C2H6O2 nanofluid.√
f ′′(0)2 + h′(0)2 −θ′(0)

φs As δt γ δv SWCNT MWCNT SWCNT MWCNT
0.01 0.5 0.2 0.5 0.3 0.918047 0.900415 0.902380 0.920289
0.05 0.921185 0.836940 0.67568 0.740830
0.1 0.926017 0.761583 0.505748 0.604996
0.05 0.1 0.859218 0.772487 0.301925 0.341617

0.5 0.921185 0.836940 0.675679 0.740830
0.8 0.994724 0.911512 0.882447 0.958942

0.05 0.5 0.2 0.921185 0.836940 0.675679 0.740830
0.5 0.921185 0.836940 0.656374 0.719663
1.0 0.921185 0.836940 0.626539 0.686951

0.05 0.5 0.2 0.1 0.386210 0.350375 0.636355 0.691414
0.5 0.921185 0.836940 0.675679 0.740830
5 1.559282 1.417469 0.635683 0.707745

0.05 0.5 0.2 0.5 0.1 1.017835 0.925215 0.824280 0.885015
0.3 0.921185 0.836940 0.675679 0.740830
0.5 0.855123 0.775726 0.584179 0.649354

glycol (C2H6O2) based nanofluid with SWCNTs and MWCNTs. It is shown that

for both SWCNTs and MWCNTs, as the value of φs increases, the radial velocity

and temperature profiles of the nanofluid increase. It is also recognized that higher

velocity distribution in the MWCNTs nanofluid than SWCNTs nanofluid whereas the

the opposite trend is observed for temperature distribution. This is due to the fact

that SWCNTs have higher density than MWCNTs.

Figures 7.4-7.6 respectively show the radial velocity and temperature profiles for

changed value of scaled stretching parameter As. The parameter As is given as As =

s/Ω, and it measures a radial stretching rate. Figure 7.4 reveals that as parameter As

growths the radial velocity momentum boundary layer becomes thicker. Actually, the

radial stretching rate raises as As enhances, and it accelerates radially outward flow.

Figure 7.5 depicts that, contrary to the radial velocity, the angular velocity and its

boundary layer thickness decreases as the value of As grows. From Figure 7.6, it is also
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Figure 7.3: Temperature profiles for various values of φs.

noticed that temperature profile declines and thermal boundary layer become thinner

as the value of As enhances. Therefore, in practical applications, radial stretching

of the disk is helpful to improve the cooling process of the rotating disk. A related

result was established in the literature of Mushtaq and Mustafa (2017).

The effect of magnetic parameter M on tangential velocity and temperature pro-

files are demonstrated in Figures 7.7 and 7.8 respectively. For both SWCNTs and

MWCNTs nanofluids, tangential velocity declines for increasing value of M . This is

expected, since magnetic field acting in the axial direction provides resistance force

which accountable for dropping the radial and tangential fluid velocities. In Figure

7.8 an enhancing tendency of temperature profile is perceived as M increases. Hence,

incidence of magnetic field raises the thermal boundary layer thickness as tempera-

ture increases. It is also noticed lower velocity and higher temperature distributions

in the SWCNTs nanofluid than MWCNTs nanofluid. This is due to the fact that

SWCNTs have higher electrical conductivity than MWCNTs. Analogous result was

also found in Mushtaq and Mustafa, (2017), and Aziz et al. (2018).

Figure 7.9 shows the influence of Casson fluid parameter γ on radial velocity

profile. Near the boundary surface the velocity profile shows an increasing tendency
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Figure 7.4: Radial Velocity profiles for various values of As.

as γ increases. This is anticipated since increasing the Casson fluid parameter γ

tends to reduce in yield stress, and the fluid flows easily. However, as radial velocity

faraway from the boundary surface, the reverse effect resulting in the thinning of the

momentum boundary layer is happened due to the presence of the magnetic field

effect.

Figure 7.10 illustrates the effect of velocity slip parameter δv on tangential velocity

profile for both SWCNTs and MWCNTs nanofluids. The tangential velocity profile

shows diminishing trend for increasing value of δv. In slip condition, since the fluid

velocity near the surface of the sheet is no more equal to the velocity of stretchable

rotating disk, the momentum boundary layer thickness slows down as δv growths.

Figure 7.11 represents greater the thermal slip parameter δt leads to the drop of

temperature profile for both SWCNTs and MWCNTs nanofluids with the highest

effect recognized at the wall of the disk. Thus, an increases in the thermal slip factor

δt reduces the heat transfer from the surface of the disk to the fluid. Figure 7.12

shows the effect of the thermal relaxation parameter αt on temperature distribution.

It reveals that the temperature profile reduces va increasing value of αt. Physically,

thermal relaxation time is the time required by the fluid particles to transfer heat
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Figure 7.5: Tangential velocity profiles for various values of As.

energy to its adjacent particles. Consequently, as αt raises the material particles need

extra time to transfer heat to its adjacent particles and this leads to less transfer of

heat from the disk to the fluid.

The important physical quantities, the normalized skin friction coefficient Cf and

the local heat transfer rate Nu are presented in Figures 7.13-7.16 for embedded pa-

rameters φs = 0.05, A = 0.5,M = 5, κ = 0.5, δv = 0.3, γ = 0.5, P r = 7.3, δt = 0.2 and

αt = 0.3. Figure 7.13 depicts the variation of normalized skin friction coefficient with

magnetic field parameter M and nanoparticle volume fraction φs. The normalized

skin friction coefficient is improved with increasing values of both M and φs. From

Figure 7.14, it is also observed that the normalized skin friction coefficient is increased

with higher values of scaled stretching parameter As and Casson fluid parameter γ.

Form both Figures, it is also recognized that there is higher normalized skin friction

coefficient in the SWCNTs nanofluid than MWCNTs nanofluid.

The variation of local heat transfer rate with M and φs are demonstrated in Figure

7.15 for both SWCNTs and MWCNTs nanofluids. The local heat transfer rate is

decreased with greater value of M . On the other hand, the local heat transfer rate
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Figure 7.7: Tangential velocity profiles for various values of M .

improves with rise values of M and φs. Further, Figure 7.16 clearly illustrates that

the local heat transfer rate is enhanced with greater values of both Prandtl number

Pr and thermal relaxation parameter αt. In addition, lower local heat transfer rate

in the SWCNTs nanofluid than MWCNTs nanofluid is reported.

7.5 Conclusion

In this study, CNTs with ethylene glycol nanofluid flow and heat transfer due to

stretchable rotating disk embedded in a porous medium with Cattaneo-Christov heat
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Figure 7.9: Radial velocity profiles for various values of γ.

flux model is examined. Effects of normally applied magnetic field, wall velocity and

thermal slip conditions are considered. The governing equations of the flow is solved

numerically employing Spectral quasilinearization method (SQRM). From the main

outcomes of the present observation the following conclusions are drawn.

• Higher radial and tangential velocities distributions are observed in the MWC-

NTs nanofluid than SWCNTs nanofluid whereas the trend is opposite for tem-

perature distribution.
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• Normalized skin friction coefficient enhances for both SWCNTs and MWCNTs

nanofluids as scaled stretching parameter, magnetic parameter, and Casson fluid

parameter growth.

• Local heat transfer rate enhances for both SWCNTs and MWCNTs nanofluids

for higher values of scaled stretching parameter, Prandtl number and thermal

relaxation parameter.

• The higher incidence of magnetic field raises the temperature filed, and it im-

proves the thermal boundary layer thickness.

• The momentum boundary layer thickness thinner as velocity slip growth.
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Figure 7.13: Skin friction coefficient for various values of M and φs.

• Increases in the thermal slip factor tends to drop the temperature distribution

at the wall of the disk, and it reduces the heat transfer from the surface of the

disk to the fluid.

• Increasing in scaled stretching parameter thicker the momentum boundary layer

while it thinner the thermal boundary layer. Moreover, radial stretching of the

disk is helpful to improve the cooling process of the rotating disk in practical

applications.
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Chapter 8

Natural Convection Flow of
CNTs-Magnetite/Water Hybrid
Nanofluids Due to Stretching
Surface with Second Order Slip
Flow and Variable Viscosity

8.1 Introduction

Carbon nanotubes (CNTs) have important potential applications in numerous fields

of engineering and biomedicine. They are allotropes of carbon prepared in cylindri-

cal tubes of graphite with nanometer in diameter and a few millimeters in length

(Hirlekar et al., 2019). CNTs are generally divided into single wall carbon nanotubes

(SWCNTs) and multi wall carbon nanotubes (MWCNTs) depending on their num-

ber of concentric layers of rolled grapheme sheets. SWCNTs contain catalyst for

their synthesis and encompass a particular graphene sheet encircled around and form

a cylinder. MWCNTs are concentrically nested cylinders of grapheme sheets and

they can be formed without catalyst. The inner and outer diameter of MWCNTs is

determined by their number of layers (Khalid et al., 2018). Carbon nanotubes are
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resourceful material of the modern technologies because of their special thermal, elec-

trical, and mechanical characteristics, unique morphology, innovative physicochemical

features, and the presence of carbon chains in CNTs does not convey any hazard to

the atmosphere (Alsagri et al., 2019).

Modern applications of Carbon nanotubes in the biomedical field for drug delivery,

cancer therapy and other application in medicines have attracted different researchers

in studying the thermophysical properties and flow of CNTs nanofluids (Nasir et

al., 2018). CNTs have encouraging vigorous surface area that permits them to be

functionalised and ornamented by numerous kinds of chemical and biological matters.

Due to their needle like shape, CNTs have potential to infiltrate more easily into cell

walls and move among various bodies’ tissues (Cai et al., 2005). Also, they have the

potential to carry drugs in the organism and have the ability to target and destroy

specific cancer cells without harm the healthy cells (Srinivasan, 2008). Moreover,

in the long run, carbon nanotubes with friendly enzymes can be used as enzymatic

biosensors that might concurrently sense and measure a multiplicity of biological

molecules (Singh et al., 2012).

Carbon nanotubes, however, do not have ample magnetic properties which limit

their power for uses in biomedical applications. Furthermore, the week solubility of

CNTs in aqueous solutions and challenging in added solvents limits their applications

in the biomedical and other technological fields (Yang et al., 2009). Consequently,

to overawe the above mentioned limitations of CNTs, researchers have considered

different approaches of CNTs nanoparticles preparations. Among these, magnetic

delivery of CNTs is shown the best promising approach due to its capability to use

a located magnet inside the body or an external magnet in several diagnostic and

therapeutic agents at targeted tissues (Samadishadlou et al., 2018). Also, due to the

non-hostile behavior of magnetic fields, employing of magnetic CNTs in biomedical

applications reduce its side effects to adjacent tissues (Mody et al., 2014). In view of
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these, the hybrid nanoparticles with CNTs mostly received attention in the biotech-

nological and biomedical fields are CNTs with magnetite (Fe3O4). This is due to

the fact that, CNTs-Fe3O4 nanoparticles advances targeting efficiency and enables

magnetically engaged delivery. In addition, the magnetite nanocrystals inside the

CNTs advance its drug loading ability, preserve it from agglomeration, and improve

its chemical stability (Masotti & Caporali, 2013).

Much effort has been given to develop new experimental work on obtaining well-

defined and highly stable hybrid nanoparticles which enhance the thermal conduc-

tivity of base fluid (Suresh et al., 2011; Momin, 2013). For example, Fe3O4 exhibits

more chemical inertness and stability, but it has lower thermal conductivity than

CNTs . Hybrid nanofluids are fluids prepared with two or more different nanometer

size materials (hybrid nanoparticles). Different studies show that hybrid nanofluids

have significantly improved thermal and mechanical properties than regular fluids or

single nanoparticles-based nanofluids (Sundar, 2014). These hybrid nanofluids have

significant applications in various engineering and biomedical fields such as, manu-

facturing, transportation, nuclear safety, military, in modern electronic devices and

supercomputers, in pharmaceutical and drug delivery (Manjunatha et al., 2019). Due

to the mentioned benefits, many scholars have interested in hybrid nanofluids investi-

gation. Using the polymer method, Shi et al. (2010) synthesized CNT/Fe3O4 hybrid

nanoparticles. Currently, Hayat et al. (2017) numerically analyzed the convective flow

of magnetite-Fe3O4 nanoparticles due to curved stretching sheet. Also, Sundar et al.

(2017) experimentally synthesized MWCNT/Fe3O4 water based hybrid nanofluids,

and he found hybrid nanofluids create higher thermal conductivity and heat transfer

enhancement than single nanoparticles-based nanofluids. Similarly, he observed the

viscosity of MWCNT-Fe3O4 water hybrid nanofluids significantly improved as com-

pared to base fluid. Further, he suggested that more analysis and experiments are

needed to fully realize means of improving heat transfer of hybrid nanofluids.
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Various nanofluid flow studies have considered with constant physical properties of

fluid. However, the viscosity of nanofluid may change significantly with temperature

and play an indispensable role in nanofluids flow. For example, the heat produced via

internal friction rises the temperature which consecutively affects the stickiness of the

nanofluid. Thus, to precisely evaluate the flow nature of nanofluid, it is essential to

consider this disparity of viscosity with temperature. Currently, Kuttan et al. (2019)

is among researchers that take into account viscosity with temperature-dependent and

analyzed the flow of fluid over a flat surface. So far, there is scarce of information on

CNTs-Fe3O4 hybrid nanofluids flow considering the effects of temperature-dependent

viscosity.

The Naviere-Stokes theory of fluid transport is based on the no-slip boundary con-

dition. But there are situations in which no-slip condition is inappropriate. Typically,

no-slip boundary condition is not suitable for most non-Newtonian fluids, science some

polymer melts normally show tiny wall slip and generally it is governed by a non-linear

and a monotonic relation between the adhesive friction and the slip velocity (Halim

et al., 2016). Fluids offering boundary slip condition have important applications

in some technological and biomedical fields, for instance, in expensive lubricating,

optical coatings, refrigeration equipment, purifying of artificial heart valve, internal

cavities, and in others industrial processes. As a result, the effect of slip boundary

condition has been considered by some researchers. Among these, Nagendramma et

al., (2017), and Tlili et al. (2018) studied the effects of slip boundary condition on

the flow and heat transfer of nanofluid over some geometries. The above-mentioned

studies considered only the first order slip flow. The flow of fluid with second order

slip boundary condition has been not got much attention so far by the researchers.

But, the second order slip flow takes place in several engineering applications. Few

of the studies considered fluid flow and heat transfer over stretching sheet with a

second slip condition (Ibrahim, 2017). Yet, there is limited information about the
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effect of second order slip condition on CNTs− Fe3O4/H2O hybrid nanofluids flow

over stretching surface. Thus, one of the intention of this study is to fill the above

indicated knowledge gaps.

Motivated by the above cited literature survey, the purpose of this study is to an-

alyze CNTs−Fe3O4/H2O hybrid nanofluids flow and heat transfer due to stretching

surface. The impact of temperature dependent viscosity, free convection and sec-

ond order slip condition are also considered. The governing equations are solved

numerically employing the fast convergent and accurate technique namely, spectral

quasilinearization method (SQLM). The effects of governing parameters on hybrid

nanofluids flow velocity and temperature distributions are discussed and presented in

tables and graphs as well. To the best of our knowledge, yet, no analysis has been

published in this direction. The developed model has potential applications in the

biomedical fields such as cancer therapy, drug delivery, enzymatic biosensors, and

etc. Considering the effects of temperature dependent viscosity and second order

slip condition on CNTs−Fe3O4/H2O hybrid nanofluids flow and heat transfer, and

computing it by means of SQLM makes this study novel and different from the former

studies.

8.2 Mathematical Description of the Problem

We consider unsteady two-dimensional incompressible viscous flow of CNTs−Fe3O4

with H2O hybrid nanofluids past semi-infinite linearly stretching surface embedded

in a porous medium. The flow is situated to y > 0, where x and y are respectively,

in the direction of flow and normal to the surface, as shown in Figure 8.1. Also,

we considered that the base fluid and the hybrid nanoparticles to be in thermal

equilibrium so that no slip occurs between them. It is worth to mention that, to

develop the targeted hybrid nanofluids (CNTs − Fe3O4)/H2O, initially, CNTs is

dispersed into base fluid, then Fe3O4 is scattered in CNTs/H2O nanofluids. In the
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Figure 8.1: Physical model of the flow problem.

beginning, at time t = 0, both the surface and hybrid nanofluids are at rest with

uniform temperature T∞. For time t > 0, the surface begins linearly stretching with

velocity uw = u0

1−ζt
x, where u0 is constant (u0 > 0 for a stretching and u0 < 0 for a

shrinking surface), ζ ≥ 0 is constant, t is time and ζt < 1. At the same time the

surface temperature is upturned to Tw which is then kept constant.

With foregoing assumptions and Boussinesq approximation, the transport equa-

tions of hybrid nanofluid boundary layer flow are establish as follows (Alsagri et al.,

2019; Manjunatha et al., 2019).

∂u

∂x
+
∂v

∂y
= 0 (8.2.1)

ρhnf

(
∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y

)
= µhnf

∂2u

∂y2
+
∂u

∂y

∂

∂y
(µhnf )−

µhnf

K
u

+g(ρβt)hnf (T − T∞)

(8.2.2)

(ρcp)hnf

(
∂T

∂t
+ u

∂T

∂x
+ v

∂T

∂y

)
= khnf

∂2T

∂y2
+Q0(T − T∞) (8.2.3)

The initial and boundary conditions ewith second order velocity slip and thermal slip
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are given as

t < 0 : u = 0, v = 0, T = T∞ ∀x,y

t ≥ 0 : u(x, t) = uw + uslip, v = 0, T = Tw +N0
∂T

∂y
at y = 0

t ≥ 0 : u(x, t) → 0, v → 0, T → T∞ as y →∞

(8.2.4)

where u and v are the hybrid nanofluid velocity components in the x and y ori-

entations respectively; ρhnf , µhnf , khnf , σhnf , (ρcp)hnf are hybrid nanofluid effective

density, dynamic viscosity, thermal conductivity, electrical conductivity, and spe-

cific heat capacity respectively; g, βhnf , Q0, N0 are gravitational acceleration, hybrid

nanofluid volume expansion coefficient, heat generation/absorvation rate and thermal

slip factor respectively.

The temperature-dependent viscosity of the base fluid is given as (Manjunatha et

al., 2019).

µf = µ0e
−αvθ(ξ) (8.2.5)

where µ0 is reference viscosity of base fluid, and αv is variable viscosity parameter

(note that, αv < 0 for gases and αv > 0 for liquids).

The slip velocity uslip at the surface, where Wu’s (2008) slip velocity equation is

usable for random Knudsen number, Kn, and employed by researcher Ibrahim (2017),

is specified as

uslip = a
∂u

∂y
+ b

∂2u

∂y2
(8.2.6)

where a and b are constants given as

a =
2

3

[
3− αml

2

αm

− 3

2

1− l2

Kn

]
λm, b = −1

4

[
l4 +

2

K2
n

(1− l2)

]
λ2

m (8.2.7)

Kn is Knudsen number, l = min[ 1
Kn
, 1], λm is the molecular mean free path, and αm

is the momentum accommodation coefficient with 0 ≤ αm ≤ 1.
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The thermo-physical characteristics (such as, density, specific heat capacity, ther-

mal conductivity, electrical conductivity, and volumetric thermal expansion coeffi-

cient) of the nanoparticles for CNTs (SWCNTs and MWCNTs), magnetite (Fe3O4)

and base fluid are given in Table 8.1 (Sundar et al., 2014; Hayat et al., 2017; Alsagri

et al., 2019).

Table 8.1: Thermo-physical properties of base fluid, CNTs, and F3O4

Physical properties H2O SWCNT MWCNT Fe3O4

ρ(kg/m3) 997.1 2600 1600 5180
cp(J/kgK) 4179 425 796 670
k(W/mK) 0.613 6600 3000 9.7
σ(S/m) 0.05 106 1.9× 10−4 25000

β(10−5K−1) 21 27 44 1.05

The nanofluid effective density ρnf , specific heat capacity (ρcp)nf , dynamic viscos-

ity µnf , thermal conductivity knf , electrical conductivity σnf , and thermal expansion

coefficient (ρβt)nf are given in Table 8.2 (Alsagri et al., 2019).

where φs1 is the CNTs nanoparticle volume fraction; ρs1 , (ρcp)s1 , ks1 , (ρβt)s1 and

σs1 are respectively density, specific heat capacity, thermal conductivity, volumet-

ric thermal expansion coefficient, and electrical conductivity of CNTs, whereas, ρbf ,

(ρcp)bf , µbf , νbf , (ρβt)bf and σbf are respectively density , specific heat capacity, dy-

namic viscosity, kinematic viscosity, volumetric thermal expansion coefficient, and

electrical conductivity of the base fluid.

The models of hybrid nanofluid effective density ρhnf , specific heat capacity (ρcp)hnf ,

dynamic viscosity µhnf , thermal conductivity khnf , electrical conductivity σhnf , and

thermal expansion coefficient (ρβt)hnf are given in Table 8.3 (Alsagri et al., 2019;

Manjunatha et al., 2019).

where φs2 is the Fe3O4 nanoparticle volume fraction; ρs2 , (ρcp)s2 , ks2 , (ρβt)s2 and

σs2 , are respectively, density, specific heat capacity, thermal Conductivity, volumetric
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Table 8.2: Thermo-physical Model of Mono Nanofluid

Thermophysical Properties Nanofluid (CNTs−H2O)
Density (kg/m3) ρnf = φs1ρs1 + (1− φs1)ρbf

Heat capacity (J/kgK) (ρcp)nf = φs1(ρcp)s1 + (1− φs1)(ρcp)bf

Viscosity (Ns/m2) µnf =
µbf

(1−φs1 )2.5

Thermal Conductivity (J/K)
knf

kbf
=

1−φs1+2φs1

(
ks1

ks1−kbf

)
ln

(
ks1+kbf

2kf

)
1−φs1+2φs1

(
kbf

ks1−kbf

)
ln

(
ks1+kbf

2kbf

)

Electrical Conductivity (S/m) σnf = σbf

[
1 +

3

(
σs1
σbf

−1

)
φs1(

σs1
σbf

+2

)
−

(
σs1
σbf

−1

)
φs1

]
Thermal Expansion Coefficient (K−1) (βt)nf = (1− φs1)(ρβt)bf + φs1)(ρβt)s1

thermal expansion coefficient, and electrical conductivity of F3O4.

The continuity equation (8.2.1) is identically satisfied by introducing the following

non-dimensional variables based on Manjunatha et al. (2019).

ξ =

√
u0

νbf (1− ζt)
y; u =

u0

1− ζt
xf ′(ξ); v = −

√
u0νbf

1− ζt
f(ξ); θ(ξ) =

T − T∞
Tw − T∞

(8.2.8)

where f ′(ξ) is a dimensionless velocity and θ(ξ) is the dimensionless temperature.

Hence, the transformed equations for momentum and energy are given as follows.

f ′′′(ξ) + φ1φ2

[
f(ξ)f ′′(ξ)− A

(
f ′(ξ) +

ξ

2
f ′′(ξ)

)
− f ′2(ξ) + φ3Grxθ(ξ)

]
−αvθ

′(ξ)f ′′(ξ)− κf ′(ξ) = 0

(8.2.9)

khnf

kbf

θ′′(ξ) + φ4Pr

[
f(ξ)θ′(ξ)− A

(
2θ(ξ) +

ξ

2
θ′(ξ)

)]
+ PrHθ(ξ) = 0 (8.2.10)

The transformed boundary conditions are:

f = 0, f ′(0) = 1 + δv1f
′′(0) + δv2f

′′′(0); θ(0) = 1 + δtθ
′(0), ξ ≥ 0.

f ′(∞) → 0; θ(∞) → 0, ξ ≥ 0.
(8.2.11)
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Table 8.3: Thermo-physical Model of Hybrid Nanofluid

Thermophysical Properties Hybrid nanofluid ((CNTs− Fe3O4)/H2O)
Density (kg/m3) ρhnf = (1− φs2)[(1− φs1)ρbf + φs1ρs1 ] + φs2ρs2

Heat capacity (J/kgK) (ρcp)hnf = (1− φs2)[(1− φs1)(ρcp)bf + φs1(ρcp)s1 ]
+ φs2(ρcp)s2

Viscosity (Ns/m2) µhnf =
µbf

(1−φs1 )2.5(1−φs2 )2.5

Thermal Conductivity (J/K)
khnf

knf
=

1−φs2+2φs2

(
ks2

ks2−knf

)
ln

(
ks2+knf

2knf

)
1−φs2+2φs2

(
knf

ks2−knf

)
ln

(
ks2+knf

2knf

)

Electrical Conductivity (S/m) σhnf = σnf

[
1 +

3

(
σs2
σnf

−1

)
φs2(

σs2
σnf

+2

)
−

(
σs2
σnf

−1

)
φs2

]
Thermal Expa. Coeff. (K−1) (βt)hnf = (1− φs2)[(1− φs1)(βt)bf + φs1(βt)s1 ] + φs2(βt)s2

where

φ1 = (1− φs2){1− φs1 + φs1

(
ρs1

ρbf

)
}+ φs2

(
ρs2

ρbf

)
φ2 = (1− φs1)

2.5(1− φs2)
2.5

φ3 = (1− φs2){1− φs1 + φs1

(
(βt)s1

(βt)bf

)
}+ φs2

(
(βt)s2

(βt)bf

)
φ4 = (1− φFO){1− φCNTs + φs1

(
(ρcp)s1

(ρcp)bf

)
}+ φs2

(
(ρcp)s2

(ρcp)bf

)
A = ζ

u0
is unsteady parameter, κ =

νf (1−ζt)

Ku0
is permeability parameter, Pr =

νf (ρcp)f

kbf

is a Prandtl number, H = (1−ζt)Q0

u0(ρcp)bf
is heat generation/absorption rate parameter,

Grx = gβt(Tw−T∞)

xu2
0

is Grashof number, δv1 = a
√

u0

νbf
is the first order velocity slip

parameter, δv2 = b u0

νbf
is the second order velocity slip parameter, δt = N0

√
u0

νbf
is the

thermal slip parameter.

The shearing stress at the wall for hybrid nanofluid is defined as

τw = µhnf

(
∂u

∂y

)
y=0

=
u0µf

(1− φs1)
2.5(1− φs2)

2.5

√
u0

νf

xf ′′(0), (8.2.12)

The surface heat flux at the wall for hybrid nanofluid is given as

qw = −khnf

(
∂T

∂y

)
y=0

= −khnf

√
u0

νbf

(Tw − T∞)θ′(0) (8.2.13)
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The surface drag and wall heat transfer rates are characterized by the skin friction

coefficient Cf and the local Nusselt number Nu, respectively, and they are obtained

as

Cfx =
τw
ρbfu2

0

, Nux =
xqw

kbf (Tw − T∞)
(8.2.14)

Thus using equations (8.2.12)-(8.2.14), the dimensionless skin friction coefficient and

local Nusselt number are given by

(Rex)
1/2Cfx =

1

(1− φs1)
2.5(1− φs2)

2.5
f ′′(0) (8.2.15)

and

(Rex)
−1/2Nux = −khnf

kbf

θ′(0) (8.2.16)

where Rex is the local Reynolds number defined by Rex = xuw

νbf

8.3 Method of Solutions

In this section, the nonlinear ordinary differential equations (8.2.9) - (8.2.10) were

solved numerically by SQLM. Using this method, the system of nonlinear ordinary

differential equations in two unknowns f and θ give the following iterative scheme of

linear differential equations.

f ′′′r+1 +

(
φ1φ2(fr −

A

2
ξ)− αvθ

′
r

)
f ′′r+1 − (2φ1φ2f

′
r + A+ κ) f ′r+1

+φ1φ2f
′′
r fr+1 + φ1φ2φ3Grxθr+1 − αvf

′′
r θ

′
r+1 = φ1φ2

(
frf

′′
r − (f ′r)

2
)
− αvθ

′
rf

′′
r

(8.3.1)

khnf

kbf

θ′′r+1 + φ4Pr

(
fr −

A

2
ξ

)
θ′r+1 + Pr(H − 2Aφ4)θr+1 + φ4Prθ

′
rfr+1

= φ4Prfrθ
′
r

(8.3.2)

with boundary conditions

fr+1 = 0, f ′r+1(0) = 1 + δv1f
′′
r+1(0) + δv2f

′′′
r+1(0) θr+1(0) = 1 + δtθ

′
r+1(0).

f ′r+1(∞) → 0; θr+1(∞) → 0.
(8.3.3)
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where the terms r and r+1 are at the previous and current iteration levels respectively.

Equations (8.3.1)-(8.3.2) establish the iterative scheme for the SQLM. A numer-

ical solution was then found employing the Chebyshev spectral collocation method.

Beginning with appropriate initial approximations, the iteration schemes were used

iteratively to obtain fr+1 and θr+1. Now, applying the spectral collocation method to

the system of equations (8.3.1)-(8.3.2), and it can be solved as a coupled matrix:[
Λ11 Λ12

Λ21 Λ22

][
Fr+1

Θr+1

]
=

[
B1,r

B2,r

]
(8.3.4)

with transformed boundary condition

Fr+1(χN) = 0, Fr+1(χN−1) = 1 + δv1f
′′
r+1(0) + δv2f

′′′
r+1(0), Fr+1(χ0) = 0

Θr+1(χN) = 1 + δtθ
′
r+1(0), Θr+1(χ0) = 0 (8.3.5)

where

Λ11 = D3 + [φ1φ2(fr − A
2
ξ)− αvθr]dD

2 − [2φ1φ2f
′
r + A+ κ]dD + φ1φ2[f

′′
r ]d

Λ12 = φ1φ2φ3GrxI− αv[f
′′
r ]dD

Λ21 = φ4Pr[θ
′
r]d

Λ22 =
khnf

kf
D2 + φ4Pr[fr − A

2
ξ]dD + Pr(H − 2A)I

B1,r = φ1φ2 [frf
′′
r − (f ′r)

2]− αvθ
′
rf

′′
r

B2,r = φ4Prfrθ
′
r

Fr+1 = [fr+1,0, fr+1,1,−−−, fr+1,N ]t

Θr+1 = [θr+1,0, θr+1,1,−−−, θr+1,N ]t,

are vectors of sizes (N + 1) × 1, I and [...]d respectively, represent an identity and a

diagonal matrices of size (N + 1)× (N + 1).

While SQLM is employed, the choice of an initial guesses is crucial. Thus, the

proper initial guesses that fulfill the governing equations of the considered flow prob-

lem are

f0(ξ) =
1− e−ξ

1 + δv1 − δv2

, θ0(ξ) =
e−ξ

1 + δt
(8.3.6)
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Table 8.4: SQLM Convergence for f ′′(0) and −θ′(0) of CNTs − Fe3O4 with H2O
hybrid nanofluid

f ′′(0) −θ′(0)
Order SWCNTs MWCNTs SWCNTs MWCNTs

01 0.81599349 1.94970930 2.25089425 2.33611827
02 1.16333433 2.64977392 2.32088370 2.46277112
03 1.14627566 2.55479408 2.31803715 2.44889062
04 1.14596453 2.54710347 2.31797633 2.44759291
05 1.14596385 2.54700561 2.31797633 2.44757787
06 1.14596386 2.54700539 2.31797633 2.44757785
07 1.14596386 2.54700539 2.31797633 2.44757785

8.4 Results and Discussion

Natural convection flow of CNTs−Fe3O4 with H2O hybrid nanofluids due to stretch-

ing surface in non-Darcy porous medium in the presence of second order slip and

variable viscosity was considered. For this study, it was assumed that 1 present (0.01

volume) of CNTs, 4 present (0.04 volume) of Fe3O4, and 95 present (0.95 volume) of

H2O in use for the preparation of (CNTs−Fe3O4)−H2O hybrid nanofluid. The phys-

ical properties of Fe3O4, SWCNTs, MWCNTs and base fluid (water) were taken from

Table 8.1. The SQLM was employed for the numerical computation to obtain more

accurate results. The convergence and stability of the solution for both SWCNTs and

MWCNTs hybrid nanofluids were checked in Table 8.4, and it revealed that the 7th or-

der of approximation is enough for both skin friction coefficient f ′′(0) and local Nusselt

number −θ′(0). To confirm the results, in Table 8.5 and Table 8.6 we gave compar-

isons of f ′′(0) and −θ′(0) results when φs1 = φs2 = A = H = k = αv = δv2 = Grx = 0

with previously published data of the literatures (Sahoo, 2010; Noghrehabadi et al.,

2012; Oyelakin et al., 2017), and (Wang,1989; Khan & Pop, 2010; Manjunatha et al.,

2019) for comparable parameters, and results have a very sound agreement.

Here, in Table 8.7 we presented how the variations in fluids thermal conductiv-

ity with nanoparticles volume friction at room temperature. We perceived that the

thermal conductivity of both SWCNT −H2O and MWCNT −H2O nanofluids are
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Table 8.5: Comparison of the present result of f ′′(0) with δv1 .

δv1 Sahoo Noghrehabadi et al. Oyelakin et al. Present Result
0.0 1.001154 1.000000 1.000000 1.000000
0.1 0.871447 0.872082 0.872083 0.872083
0.2 0.774933 0.776377 0.776377 0.776377
0.3 0.699738 0.701548 0.701548 0.701548
0.5 0.589195 0.591196 0.591195 0.591196
1.0 0.428450 0.430160 0.430160 0.430160
2.0 0.282893 0.283980 0.283979 0.283981
5.0 0.144430 0.144841 0.144714 0.144842
10.0 0.081091 0.081243 0.080932 0.081245
20.0 0.043748 0.043790 0.043569 0.043792

Table 8.6: Comparison of the present result of −θ′(0) with Pr.

Pr Wang Khan & Pop Manjunatha et al. Present Result
0.70 0.4539 0.4539 - 0.453932
2.00 0.9114 0.9113 0.91135 0.91136
7.00 1.8954 1.8954 1.89540 1.89540
20.00 3.3539 3.3539 3.35390 3.35390
70.00 6.4622 6.4621 - 6.46220

enhanced for increasing values of nanoparticle volume fraction, and it is almost dou-

bled when 5 present of nanoparticles is added to the base fluid. Also, the thermal

conductivity of both (SWCNT−Fe3O4)/H2O and (MWCNT−Fe3O4)/H2O hybrid

nanofluids are more increased for increasing values of hybrid nanoparticle volume frac-

tion, and it is improved nearly by 100 present when 1 present of CNTs nanoparticles

and 3 present of Fe3O4 nanoparticles are added to the base fluid. These observations

are comparable with experimental results of Sundar (2014).

The impacts of important physical parameters on velocity f ′(ξ) and temperature

θ(ξ) profiles for both (SWCNT−Fe3O4)/H2O and (MWCNT−Fe3O4)/H2O hybrid

nanofluids are plotted for φs1 = 0.01, φs2 = 0.04, A = 0.8, δv1 = 0.02, δv2 = 0.1, Grx =
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Table 8.7: Thermal conductivity (knf ) of CNTs−H2O nanofluid and khnf of (CNTs−
Fe3O4)/H2O hybrid nanofluid.

knf (CNTs−H2O) khnf (φs1 = 0.01)
φs1 SWCNTs MWCNTs φs2 SWCNTs MWCNTs
0.00 0.613000 0.613000 0.00 0.719390 0.719390
0.01 0.719390 0.709626 0.01 1.039870 1.040127
0.02 0.827947 0.808217 0.02 1.080291 1.080812
0.03 0.938739 0.908834 0.03 1.121277 1.122066
0.04 1.051836 1.011541 0.04 1.162837 1.163902
0.05 1.167309 1.116402 0.05 1.204986 1.206332
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Figure 8.2: Velocity profiles for various values of φs2 .

0.01, κ = 1, P r = 6.2, δt = 0.3, αt = 2 and H = −0.5. Figures 8.2 and 8.3 respectively,

represented how increasing the nanoparticle volume fraction φs2 parameter impacts

the velocity and temperature profiles. It was shown that as the value of φs2 increases,

both the velocity and temperature profiles for hybrid nanofluids increase. Due to

higher density of SWCNTs than MWCNTs, it was also recognized that higher velocity

distribution in the (MWCNT −Fe3O4)/H2O than (SWCNT −Fe3O4)/H2O hybrid

nanofluids whereas the the opposite trend was perceived for temperature distribution.
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The effects of variable viscosity parameter αv on the velocity and temperature

profiles of hybrid nanofluids were shown respectively in Figures 8.4 and 8.5. Except

near the boundary surface, the velocity profiles show a decreasing tendency as αv

increases. Also, it indicated that the thickness of the thermal boundary layer is

growth for more values of αv, and increases the temperature profile. The same pattern

of velocity and temperature distribution in hybrid nanofluids flow was observed in

Manjunatha et al. (2019).

The impact of Grashof number (natural convection effects) on velocity and tem-

perature profiles were presented in Figures 8.6 and 8.7, respectively. An increment in

values of Grashof number tends to enhance the thickness of fluid boundary layer near

the boundary surface in which the fluid velocity increases and reaches a maximum,

and gradually falls to zero as it far from the surface. Also, it was observed that

temperature profile as well as thermal boundary layer thickness gradually reduce as

the value of Grashof number raises. Physically, free convection flows are gradually

transferred from the stretching surface to the free stream, and growth in Grashof

number point out the progress of free convection currents. Similar result in hybrid
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Figure 8.4: Velocity profiles for various values of αv.

nanofluids flow was found in Manjunatha et al. (2019).

Figures 8.8 and 8.9 shown the variation of second order velocity slip parameter

δv2 on velocity and temperature profiles for both SWCNTs and MWCNTs hybrid

nanofluids. Near to the wall of the surface, velocity profile reduces for better value of

δv2 , but, at a distance from the wall inverse behavior was observed. Physically, slip

parameters δv2 growths the resistance of fluid motion, which decreases the fluid flow

field and momentum boundary layer thickness. Furthermore, improved value of δv2

leads to improve temperature profile and thermal boundary layer thickness.

Figures 8.10 and 8.11 illustrate the variation of temperature field with respect to

heat absorption parameter H and Prandtl number Pr. As shown in Figure 8.10, for

both SWCNTs and MWCNTs hybrid nanofluids the temperature profile and thermal

boundary layer thickness tends to increases as the value of heat absorption parameter

increases. On the other hand, in Figure 8.11, it was illustrated that the temperature

profile and thermal boundary layer thickness decrease significantly as the value of

Prandtl number increase. Physically, the thermal diffusivity of the fluid tends to

decline and effects week diffusion of heat inside the fluid with more Prandtl number.
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The physical quantities of interest such as the skin friction coefficient Cf and the

local heat transfer rate Nu were illustrated in Figures 8.12-8.14 for some parameters.

Figure 8.12 shown the skin friction coefficient reduces with higher values of unsteadi-

ness parameter A while it is improved with nanoparticle volume fraction φs1 . Figure

8.13 also presented that the skin friction coefficient is increased with higher values

of both thermal dependent viscosity αv and second order velocity slip parameter δv2 .

Form both Figures, also, it was observed that the skin friction coefficient is supe-

rior in the MWCNTs − Fe3O4/H2O hybrid nanofluid than in MWCNTs −H2O

nanofluid. The behavior of local heat transfer rate with nanoparticle volume fraction

φs1 was reported in Figure 8.14. Clearly, it show that the local heat transfer rate

is improved with greater value of φs1 . Besides, lower local heat transfer rate in the

MWCNTs−Fe3O4/H2O hybrid nanofluid than in MWCNTs−H2O nanofluid is

reported.

Table 8.7 gives the computations of skin friction coefficient and local Nusselt num-

ber for values of important embedded parameters for (MWCNTs − Fe3O4)/H2O

hybrid nanofluid with φs1 = 0.01. We observed that the skin friction coefficient f ′′(0)

tends to enhance for superior values of nanoparticle volume fraction (φs2), Grashof
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Figure 8.6: Velocity profiles for various values of Grx.

number, second order velocity slip, variable viscosity, and heat absorption parame-

ters. However, the reverse effect occurs for Prandtl number, permeability, first or-

der velocity slip and thermal slip parameters. From Table 8.7, also we found that

the local Nusselt number shows an increasing tendency for higher values of Grashof

number, second order velocity slip parameter and Prandtl number. Further, it is also

noted that the local Nusselt number tends to reduce for greater values of nanoparticle

volume fraction, first order velocity slip parameter, variable viscosity parameter, per-

meability parameter, thermal slip parameter, and heat absorption parameter. Similar

result was also found in the literature of Manjunatha et al. (2019).

8.5 Conclusion

In this work, we have studied natural convection unsteady flow of CNTs-Magnetite/Water

hybrid nanofluids due to stretching surface embedded in a porous medium with the

effects of second order slip flow and temperature dependent viscosity. The flow gov-

erning problems were solved numerically using SQRM. The main results of present

study can be summarized as follows:
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• The thermal conductivity of (CNTs− Fe3O4)/H2O hybrid nanofluids is more

increasing than CNTs−H2O nanofluids for increasing values of hybrid nanopar-

ticle volume fraction, and it is improved nearly by 100 present when 1 present

of CNTs nanoparticles and 3 present of Fe3O4 nanoparticles are added to the

base fluid.

• Both velocity and temperature profiles of (CNTs−Fe3O4)/H2O hybrid nanoflu-

ids flow are enhancing with higher value of nanoparticle volume fraction. More-

over,there is higher velocity distribution in the (MWCNT −Fe3O4)/H2O than

(SWCNT−Fe3O4)/H2O hybrid nanofluids while the opposite trend is reported

for temperature distribution.

• The thickness of thermal boundary layer is growth with more values of tem-

perature dependent viscosity, permeability parameter and second order velocity

slip parameter.

• The skin friction coefficient is improving with higher the values of nanoparticle

volume fraction, Grashof number, temperature dependent viscosity and second

order velocity slip parameter.
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• Superior the skin friction coefficient and lower the local heat transfer rate are

reported in the CNTs − Fe3O4/H2O hybrid nanofluid than CNTs − H2O

nanofluid.

• In general, it is observed that hybrid nanofluids are more stable than mono

nanofluids, and the obtained results are comparable with earlier experimental

results.
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Table 8.8: Values of f ′′(0) and −θ′(0) of (MWCNTs−Fe3O4)/H2O hybrid nanofluid
with φs1 = 0.01, A = 0.

φs2 αv τ δv1 δv1 δt κ H Pr f ′′(0) −θ′(0)
0.00 2 0.01 0.2 0.01 0.3 1 −0.5 6.2 2.992864 2.544203
0.05 3.869134 2.347078
0.10 4.551694 2.181149
0.04 0 2.666214 2.475224

1 3.118960 2.434488
3 4.602159 2.325867
2 0.01 3.708468 2.383574

0.02 9.102958 2.585999
0.03 14.285720 2.715669
0.01 0.1 3.647700 2.386995

0.3 1.946756 2.479578
0.5 1.318321 2.512351
0.2 0.01 2.547005 2.447578

0.02 3.708468 2.383574
0.03 5.261740 2.293187
0.01 0.1 2.626025 2.500755

0.3 2.547005 2.447578
0.5 2.471471 2.396521
0.3 0.1 3.062998 2.513881

1.0 2.547005 2.447578
5.0 1.172185 2.269454
1.0 −5.0 1.433198 5.238085

−1.0 2.383106 2.868882
−0.1 2.686130 2.068741
−1.0 1 3.734532 1.497995

5 2.778049 2.230182
10 2.030652 3.010322
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Chapter 9

Mixed Convection Flow of Hybrid
Nanofluids due to a Spinning Cone
with Variable Viscosity and
Thermal Conductivity

9.1 Introduction

The wide applications of heat transfer in different sectors of industrial and manufac-

turing have required the availability of efficient thermal performance techniques. The

need for more effective methods of enhancing the thermal efficiency and improving

the thermal device performance has attracted the attention of engineers and scien-

tists. In the past decade, different methods of improving thermal performance of

working fluids have been adopted. Scattering of nanoparticle metallic structures in

the working fluid is considered to be one of the novel and efficient technique. Cur-

rently, it is common to use nanofluid in cooling systems, heat exchangers, solar energy

and biomedicine (Khanafer & Vafai, 2018). Due to its powerful applications, Reddy

and Chamkha (2016) examined the joined effects of MHD and thermal radiation in

chemically reacted water-based Al2O3 nanofluid over a uniform stretching sheet. The

viscosity of MWCNT -water nanofluid was investigated using simulating equilibrium
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dynamical model by Jabbari et al. (2019). They reported a growth in viscosity with

increases in nanoparticle volume fraction at low temperature. Chamkha et al. (2019)

investigated Fe3O4-water nanofluid flow over a moveable plane in a parallel stream

with high suction. On the other hand, because of their high cost the accessibility of

some nanoparticles (like Cu,Ag and Au) with better thermal conductivity is limited.

Moreover, some unmodified particles might be causes the toxicity risks (Parveen et

al., 2016). Owning to these limitations, much effort has been given to develop new ex-

perimental work to obtain well-defined and highly stable hybrid nanoparticles which

enhance the thermal conductivity of base fluid (Asadi et al., 2018). Accordingly, the

new classes of fluids have been prepared with two or more nanoparticles, which are

known as hybrid nanofluids. Several studies show that hybrid nanoparticles have the

ability to improve the heat transfer rates more efficiently with low cost as compared

to single nanoparticles.

Accordingly, an experimental study on the thermal properties of MWCNT −

SiO2/EG was conducted by Esfe et al. (2018a) and they reported that hybrid

nanofluid are more efficient and economical compared with nanofluid. Also, Esfe

et al. (2018) analyzed the effects of temperature and volume fraction on thermal

conductivity of SWCNT − Al2O/EG hybrid nanofluid. Their result indicated that

the highest enhancement of thermal conductivity was 41.2 percent which was realized

at the volume fraction of 2.5 percent and temperature of 500C. Mohebbi et al. (2019)

considered the heat transfer efficiency in a ribbed channel with cooling/heating parts

in the presence of MWCNT − Fe3O4 hybrid nanoparticles. Iqbal et al. (2017) done

a comparative investigation on the shape effects of nanoparticles in water-based SiO2

nanofluid and MoS2 − SiO2 hybrid nanofluids. They reported that the blade-shape

nanoparticles have high thermal rates compared with other hybrid nanofluids (like

cylindrical, platelets, bricks) for hybrid nanofluids.

Thermal oils are usually used as a coolant fluid for energy management and heat
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transfer applications in most industries and manufacturing sectors. Moreover, thermal

oils are the important fluids in coolant and lubrication applications in the internal

combustion engines. The main important functions of theses oils would be sealing

and cleaning the engines, cooling the moving parts, reducing the friction between

moving parts, and inhibiting corrosion (Afrand et al., 2016). In addition, viscosity

and thermal conductivity of thermal oils are the two important parameters which

play an important role. In view of this, few efforts has been given in studying the

rheological behavior of oil-based nanofluids. Ettefaghi et al. (2013) considered the

thermal conductivity of the MWCNT -engine oil nanofluid in a limited range of solid

volume fraction and at the temperature of 200c. Their results showed that the thermal

conductivity of the nanofluid rises as the solid volume fraction increased. Asadi et

al. (2018) experimentally investigated the effects of temperature and solid volume

fraction on the dynamic viscosity and thermal conductivity of Mg(OH)/MWCNT -

engine oil hybrid nanolubricant. They indicated that the dynamic viscosity of the

nanolubricant rises with a growth in solid concentration whereas it declines with an

increase in temperature.

In addition, the thermal conductivity of the nanofluid shows an increasing ten-

dency as the solid concentration and temperature enhanced. The effect of temper-

ature and solid volume fraction on dynamic viscosity of MWCNT/ZnO-engine oil

nanolubricant was experimentally studied by Asadi and Asadi (2016). They indi-

cated that the nanolubricant exhibits Newtonian behavior over the studied range of

temperatures (50c − 500c) and solid concentrations (0.125 -1 %). The heat transfer

efficiency of Al2O3 −MWCNT/thermal oil hybrid nanofluid over different tempera-

tures (250c−500c) and solid concentrations (0.125-1.5 %) was experimentally studied

by Asadi et al. (2018). They revealed that the nanofluid showed Newtonian behavior

over the studied range of temperatures and solid concentrations. Also, the dynamic

viscosity exhibited increasing trend as the solid concentration improved. The thermal
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conductivity showed growing tendency as the temperature and solid concentration in-

creased, and the maximum upgrading is approximately by 45 % at the temperature

500c and solid concentration 1.5 %.

In recent years, the problem of fluid flow over a cone has great demands in science,

engineering and industrial processes such as space technology, astrophysics, energy

storage systems, aeronautical science, nuclear power management system, geological

science, micro-inverter chips, hospitality and health care systems. Owing to these sev-

eral applications, Ramzan et al. (2019a) studied magnetized suspended carbon nan-

otubes based nanofluid flow with bio-convection and entropy generation past a vertical

cone. Malik et al. (2016) analyzed the impacts of temperature-dependent viscosity

and thermal conductivity on the flow and heat transfer characteristics of a viscous

fluid over a rotating vertical cone. Their results indicated that the skin-friction coef-

ficients reduces with more values of variable-viscosity parameter while the heat trans-

fer rate drops for increasing values of Eckert number, variable-viscosity and variable

thermal conductivity parameters. Sreedevi et al. (2018) investigated the MHD effects

on fluid transport properties of chemically reacted water-based SWCNT/MWCNT

nanofluid over a vertical cone embedded in a porous medium. Palanisamy and Kumar

(2019) experimentally explored the heat transfer and pressure drop of helically coiled

tube heat exchanger cone using MWCNT/water nanofluids. They reported that for

the nanofluids volume concentration of 0.1, 0.3 and 0.5 percents, it was respectively

found that the pressure drop of nanofluid is 16, 30 and 42 percents, and local heat

transfer rate is 28, 52 and 68 percents higher than water. Also, they confirmed that

the prepared MWCNT/water nanofluids show good stability and improve the heat

transfer with considerable pressure drop. Maraj et al. (2018) performed a compre-

hensive shape factor analysis of MoS2-SiO2/H2O inside an isothermal semi vertical

inverted cone with porous boundary. They revealed that skin friction coefficient and

Nusselt number increase with an increase in nanoparticles volumetric fractions, and
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their maximum value is for hybrid nanofluid having with blade shaped nanoparticles

whereas minimum value is for brick shaped nanoparticles. Hanif et al. (2020) exam-

ined Entropy analysis for unsteady mixed convection in Cu−Fe3O4/water magneto-

hybrid nanofluid flow over an inverted cone surrounded by a porous medium, and they

witnessed that heat transfer rates improved with increasing of hybrid nanoparticles

volume fraction. Also they reported that heat transfer coefficient reaches higher rates

in mixed convectional flow compared with natural convection.

Different studies conformed that the metal oxide nanoparticles like SiO2, Al2O3,

TiO2, ZnO, and Fe3O4 adequately dispersed in working fluids (Afrand, 2017). Fur-

thermore, Al2O3 nanoparticles own advanced thermal properties among the stated

metal oxide nanoparticles. In their nature CNTs nanoparticles have high thermal con-

ductivity, high aspect ratio, and low specific gravity related to metal oxide nanopar-

ticles (Afrand, 2017). Therefore, using the hybrid nanoparticles of CNTs and Al2O3

might lead to produce hybrid nanofluid with special thermal properties which stay

stable for a long time. Moreover, viscous dissipation acts like energy source which

influences the distributions of temperature, and affects the heat transfer rates. The

significance of viscous dissipation be contingent weather the cone is being heated or

cold. Thus, this study is committed to explore the effects of variable viscosity and

thermal conductivity together with mixed convection and viscous dispassion effects on

the boundary layer flow and heat transfer of MWCNTs − Al2O3/engine oil hybrid

nanofluid due to vertically inverted spinning cone embedded in a porous medium.

From the earlier studies, so far, no research has been considered the hybrid nanofluid

flow and heat transfer of MWCNTs−Al2O3/engine oil due to spinning cone. Owing

to the limitations of the former works, this study is devoted to investigate the impacts

of variable viscosity, thermal conductivity and nanoparticle volume friction on veloc-

ity field and heat transfer. Besides, influences of different shapes of the nanoparticles

on hybrid nanofluids flow is compared. The numerical solution is obtained by using
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spectral relaxation method (SRM). The effects of governing flow parameter on hybrid

nanofluids velocity field and temperature distributions are provided through graphs

and tables.

9.2 Mathematical Description of the Problem

We consider unsteady incompressible viscous flow of hybrid nanofluids with variable

viscosity µhnf and thermal conductivity khnf over a downward pointing rotating cone

surrounded by a porous medium in stagnant fluids. It is assumed that the origin of

the system is located at the cone vertex, and the fluid flows upward with a uniform

velocity u0 when the cone is rotating with time-dependent angular velocity Ω. The

velocity components u, v and w be in the direction of x, y and z respectively, where

x − axis is in tangential direction, y − axis is along with azimuthal direction, and

z − axis is normal to the cone, as shown in the figure 9.1. Also, the buoyancy

forces happen due to temperature and concentration differences, and gravity acts in

downward direction along cone’s axis. Furthermore, heat transfer is incorporated at

the surface of a cone in the presence of thermal radiation and viscous dissipation

effects. In the beginning, the temperature is assumed to be constant and equal to

ambient (T∞). With the transit of time, the surface temperature of the cone is raised

to Tw(x) and depends on tangential coordinate where Tw > T∞.

With foregoing assumptions, and employing Boussinesq approximation boundary

layer theory with thermal radiation and viscous dissipation effects, the transport

equations of hybrid nanofluid flow for momentum, and energy transfer are established

as follows (Malik et al., 2016; Maraj et al., 2018; Hanif et al., 2020).

∂(ru)

∂x
+
∂(rw)

∂z
= 0 (9.2.1)
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Figure 9.1: Physical model of the problem
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+ u

∂T

∂x
+ w

∂T

∂z
=

1

(ρcp)hnf

∂

∂z

(
khnf

∂T

∂z

)
− 1

(ρcp)hnf

∂qr
∂z

+
µhnf

(ρcp)hnf

[(
∂u

∂z

)2

+

(
∂v

∂z

)2
] (9.2.4)

where the radius of the cone r = xsinθ∗, the cone vertex angle is 2θ∗, ρhnf , µhnf ,

νhnf , khnf , (ρcp)hnf , and βhnf are hybrid nanofluid effective density, dynamic viscos-

ity, kinematic viscosity, thermal conductivity, specific heat capacity, and volumetric

thermal expansion coefficient. g, K, qr are acceleration due to gravity, permeability

of porous medium, and radiative heat flux respectively.

The initial values and boundary conditions best suite to the physical problem are
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(Malik et al., 2016; Hanif et al., 2020).

t ≤ 0 : u = 0, v = 0, w = 0, T = T∞, ∀x, y, z

t > 0 : u = u0, v =
1

1− ζt∗
Ωxsinθ∗, w = 0, T = Tw, at z = 0.

u→ 0, v → 0, T → T∞ as z →∞.

(9.2.5)

where ζ is unsteadiness parameter, t∗ = (Ωsinθ∗)t denotes dimensionless time.

The temperature-dependent viscosity µf and thermal conductivity kf of the base

fluid are given as (Malik et al., 2016).

µbf = µ0(1− αvθ(ξ)), kbf = k0(1 + εθ(ξ)) (9.2.6)

where µ0, and k0 are reference viscosity and thermal conductivity of base fluid respec-

tively, ξ is dimensionless variable, θ is dimensionless temperature, αv = ξ(Tw − T∞)

is variable viscosity parameter (note that, αv < 0 for gases and αv > 0 for liquids),

and ε = −ξ(Tw − T∞) is variable thermal conductivity parameter.

The radiative heat flux in the z-direction (normal direction) is very high as com-

pared to that of x- and y-directions. In view of Rosseland approximation, the radiative

heat flux qr is given as (refer chapter 6).

qr = −16T 3
∞σ

∗

3k∗
∂T

∂z
(9.2.7)

where σ∗ is the Stefan-Boltzmann constant and k∗ is the mean absorption coefficient.

We have considered multi wall carbon nanotubes (MWCNTs) and aluminum

oxide (Al2O3) as nanoparticles and Engine oil (EO) as base fluid. Also, the base

fluid and the nanoparticles are assumed to be in thermal equilibrium and no slip

occurs between them. It worth mentioning that, to produce the targeted hybrid
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nanofluid (MWCNTs − Al2O3/EO), initially, nanoparticles of MWCNTs scat-

tered with Al2O3 and form hybrid nanoparticle, then this hybrid nanoparticle is

dispersed into Engine oil. Thus, in this study s1, s2 and bf are respectively stand

for MWCNTs, Al2O3 nanoparticles, and base fluid (Engine oil). The thermophys-

ical characteristics such as density, specific heat capacity, thermal conductivity, and

volumetric thermal expansion coefficient of nanoparticles and base fluid (Engine oil)

at 250c are given in Table 9.1 (Asadi et al., 2018).

Table 9.1: Thermophysical properties of Engine oil, MWCNTs, and Al2O3

Physical properties Engine oil (EO) MWCNT Al2O3

ρ(kg/m3) 884 1600 3970
cp(J/kgK) 1910 796 765
k(W/mK) 0.144 3000 40
β(10−5K−1) 70 44 0.85

The model for nanofluid effective density ρnf , specific heat capacity (ρcp)nf , dy-

namic viscosity µnf , thermal conductivity knf , and thermal expansion coefficient

(ρβt)nf are given in Table 9.2 (Sundar et al., 2017; Maraj et al., 2018).

where φs1 is the MWCNTs nanoparticle volume fraction; n1, ρs1 , (ρcp)s1 , ks1 ,

(βt)s1 and σs1 are respectively shape, density, specific heat capacity, thermal conduc-

tivity, dynamic viscosity, and volumetric thermal expansion coefficient of MWCNTs,

whereas, ρbf , (ρcp)bf , µbf , and (βt)bf are respectively density, specific heat capac-

ity, dynamic viscosity, and volumetric thermal expansion coefficient of the base fluid

(Engine oil).

The model for hybrid nanofluid effective density ρhnf , specific heat capacity (ρcp)hnf ,

dynamic viscosity µhnf , thermal conductivity khnf , and thermal expansion coefficient

(ρβt)hnf are given in Table 9.3 (Sundar et al., 2017; Maraj et al., 2018).

where φs2 is the Al2O3 nanoparticle volume fraction; n2, ρs2 , (ρcp)s2 , ks2 , σs2 , and

(βt)s2 are respectively shape, density, specific heat capacity, thermal conductivity,
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Table 9.2: Thermophysical Properties Model of Nanofluid

Thermophysical Properties Nanofluid (MWCNTs-Engine oil)
Density (kg/m3) ρnf = φs1ρs1 + (1− φs1)ρbf

Heat capacity (J/kgK) (ρcp)nf = φs1(ρcp)s1 + (1− φs1)(ρcp)bf

Viscosity (Ns/m2) µnf =
µbf

(1−φs1 )2.5

Thermal Conductivity (J/K)
knf

kbf
=

ks1+(n1−1)kbf−(n1−1)φs1 (kbf−ks1 )

ks1+(n1−1)kbf+φs1 (kbf−ks1
)

Thermal Expansion Coefficient (K−1) (βt)nf = (1− φs1)(ρβt)bf + φs1(ρβt)s1

Table 9.3: Thermophysical Properties Model of Hybrid Nanofluid

Thermophysical Properties Hybridnanofluid ((MWCNTs− Al2O3)/Engine oil)
Density (kg/m3) ρhnf = φs1ρs1 + φs2ρs2 + (1− φs1 − φs2)ρbf

Heat capacity (J/kgK) (ρcp)hnf = φs1(ρcp)s1 + φs2(ρcp)s2 + (1− φs1 − φs2)(ρcp)bf

Viscosity (Ns/m2) µhnf =
µbf

(1−φs1−φs2 )2.5

Thermal Conductivity (J/K)
khnf

knf
=

ks2+(n2−1)knf−(n2−1)φs2 (knf−ks2 )

ks2+(n2−1)knf+φs2 (knf−ks2 )

Thermal Expa. Coeff. (K−1) (βt)hnf = (1− (φs1 + φs2))(βt)bf + φs1(βt)s1 + φs2(βt)s2

and volumetric thermal expansion coefficient of Al2O3.

It is suitable to convert the governing partial differential equation into system of

non linear ordinary differential equation introducing the following transformations

based on (Malik et al., 2016).

u = − 1

2(1− ζt∗)
Ωxsinθ∗f ′(ξ), v =

1

1− ζt∗
Ωxsinθ∗h(ξ)

w =

(
1

1− ζt∗
Ωνfsinθ

∗
)1/2

f(ξ), T = T∞ + (Tw − T∞)θ(ξ)

Tw = T∞ +
T0 − T∞
(1− ζt∗)2

x

L
, ξ =

(
Ωsinθ∗

νf (1− ζt∗)

)1/2

z

(9.2.8)

where f ′(ξ) and h(ξ) are respectively tangential and azimuthal directions dimension-

less velocities, θ(ξ) is the dimensionless temperature, T0 is reference temperature, and

L is characteristic length of the cone.
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Hence, the continuity equation (9.2.1) is identically satisfied, and the transformed

equations for momentum and energy are given as follows.

(1− αvθ)f
′′′ − αvθ

′f ′′ + φ1φ2

[
1

2
f ′2 − ff ′′ − 2h2

]
−φ1φ2

[
ζ(f ′ +

ξ

2
f ′′) + 2φ3λmθ

]
− κf ′ = 0

(9.2.9)

(1− αvθ)h
′′ − αvθ

′h′ + φ1φ2

[
hf ′ − fh′ − ζ(h+

ξ

2
h′)

]
− κh = 0 (9.2.10)

1

Pr

khnf

kf

(1 +Nr)
[
(1 + εθ)θ′′ + εθ′2

]
+ φ4

[
1

2
f ′θ − fθ′ − ζ(2θ +

ξ

2
θ′)

]
+

1

φ2

(1− αvθ)Ec

[
1

4
f ′′2 + h′2

]
= 0

(9.2.11)

The non-dimensional form of transformed boundary conditions are:

f = 0, f ′(0) = 0, h(0) = 1, θ(0) = 1

f ′(∞) → 0, h(∞) → 0, θ(∞) → 0, .
(9.2.12)

where the parameters found in the above equations are

φ1 = (1− φs1 − φs2) + φs1

(
ρs1

ρbf

)
+ φs2

(
ρs2

ρbf

)
φ2 = (1− φs1 − φs2)

2.5

φ3 = (1− φs1 − φs2) + φs1

(
(βt)s1

(βt)bf

)
+ φs2

(
(βt)s2

(βt)bf

)
φ4 = (1− φs1 − φs2) + φs1

(
(ρcp)s1

(ρcp)bf

)
+ φs2

(
(ρcp)s2

(ρcp)bf

)
κ =

νbf (1−ζt∗)

KΩxsinθ∗
is permeability parameter, Ec = xL(Ωsinθ∗)2

(T0−T∞)(cp)bf
is Eckert number, Nr =

16σ∗T 3
∞L2

3k∗Gr(1/2)µbf (ρcp)bf
is thermal radiation parameter, Pr =

νbf (ρcp)bf

kbf
is a Prandtl num-

ber, GrL =
g(βt)bf L3(T0−T∞)

ν2
bf

cosθ∗ is Rayleigh number, ReL = L2

νbf
Ωsinθ∗ is Reynolds

number, λm = Gr
ReL

is mixed connection parameter.

The surface drag and wall heat transfer rates are characterized by the skin friction

coefficient Cf and the local Nusselt number Nu, respectively. The tangential and

azimuthal directions shear stress at the surface of the cone for hybrid nanofluid are

defined as (Maraj et al., 2018).

τxz = µhnf

(
∂u

∂z

)
z=0

, τyz = µhnf

(
∂v

∂z

)
z=0

(9.2.13)
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The physical problem, the tangential and azimuthal directions skin friction coefficients

are respectively obtained as (Malik et al., 2016).

Cfx =
2τxz

ρbf

(
xΩsinθ∗

1−ζt∗

)2 , Cfy =
−2τyz

ρbf

(
xΩsinθ∗

1−ζt∗

)2 , (9.2.14)

and their dimensionless form are

(Rex)
1/2Cfx = − 1

φ2

(1− αvθ)f
′′(0) (9.2.15)

and

(Rex)
1/2Cfy = − 2

φ2

(1− αvθ)h
′(0) (9.2.16)

The local Nusselt number Nu (heat transfer rate) for hybrid nanofluid is given as

(Maraj et al., 2018).

qw = − x

kbf (Tw − T∞)

[(
khnf

∂T

∂z
+ (qr)w

)
z=0

]
(9.2.17)

and its dimensionless form is

(Rex)
−1/2Nux = −

(
khnf

kbf

+Nr

)
θ′(0) (9.2.18)

where Rex is the local Reynolds number defined by Rex = Ωx2sinθ∗

νbf (1−ζt∗)

9.3 Method of Solutions

The system of non-linear ordinary differential equations with BVP (9.2.9)-(9.2.12) are

solved numerically using Spectral Relaxation Method (SRM). The SRM algorithm

first decouples the system of equations, and an iteration scheme is established from

the decoupled equations by assessing linear terms at the current iteration level r+ 1.

To use this method, first, we reduce the order of the equation (9.2.9) by setting g = f ′,

and becomes

(1− αvθ)g
′′ − αvθ

′g′ + φ1φ2

[
1

2
g2 − fg′ − 2h2

]
−φ1φ2

[
ζ(g +

ξ

2
g′) + 2φ3λmθ

]
− κg = 0

(9.3.1)
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Employing the concept of the Gauss-Seidel relaxation method, we obtain the following

iteration scheme.

f ′r+1 = gr (9.3.2)

(1− αvθr)g
′′
r+1 −

[
αvθ

′
r + φ1φ2

(
fr+1 +

ξ

2
ζ

)]
g′r+1 − (φ1φ2ζ + κ) gr+1

= φ1φ2

[
−1

2
g2

r + 2h2
r + 2λmφ3θr

] (9.3.3)

(1− αvθr)h
′′
r+1 −

[
αvθ

′
r + φ1φ2

(
fr+1 +

ξ

2
ζ

)]
h′r+1 + [φ1φ2(gr+1 − ζ)− κ]hr+1 = 0

(9.3.4)

1

Pr

khnf

kf

(1 +Nr)(1 + εθr)θ
′′
r+1 − φ4

(
fr+1 +

ξ

2
ζ

)
θ′r+1 + φ4

(
1

2
gr+1 − 2ζ

)
θr+1

= − 1

Pr

khnf

kf

(1 +Nr)εθ′2r −
Ec

φ2

(1− αvθr)

[
1

4
g′2r+1 + h′2r+1

]
(9.3.5)

The non-dimensional form of transformed boundary conditions are:

fr+1 = 0, gr+1(0) = 0, hr+1(0) = 1, θr+1(0) = 1

gr+1(∞) → 0, hr+1(∞) → 0, θr+1(∞) → 0, .
(9.3.6)

where the terms r and r+1 are at the previous and current iteration levels respectively.

A numerical solution is found for (9.3.2)-(9.3.6) using the Chebyshev spectral

relaxation method (SRM). The semi-infinite domain is transformed into the interval

[−1, 1] using the linear transformation ξ = 1
2
L∞(χ+ 1). Beginning with appropriate

initial approximations, the iteration schemes are used iteratively to obtain fr+1, gr+1,

hr+1 and θr+1. Now, the system of equations (9.3.2)-(9.3.5) can be solved as matrix

turn by turn as follows:

A1Fr+1 = B1,r; fr+1(χN) = 0 (9.3.7)

A2Gr+1 = B2,r; gr+1(χN) = 0, gr+1(χ0) = 0 (9.3.8)
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A3Hr+1 = B3,r; hr+1(χN) = 1, hr+1(χ0) = 0 (9.3.9)

A4Θr+1 = B4,r; θr+1(χN) = 1, θr+1(χ0) = 0 (9.3.10)

where

A1 = D, B1,r = gr,

A2 = (I− αvdiag(θr))D
2 −

[
αvdiag(θ

′
r) + φ1φ2

(
diag(fr+1) + ξ(N+1)

2
ζ
)]

D

− (φ1φ2ζ + κ) I

B2,r = φ1φ2

[−1
2
g2

r + 2h2
r + 2λmφ3θj

]
A3 = (I− αvdiag(θr))D

2 −
[
αvdiag(θ

′
r) + φ1φ2

(
diag(fr+1) + ξ(N+1)

2
ζ
)]

D

+ φ1φ2(diag(gr+1)− ζI)− κI; B3,r = 0,

A4 = 1
Pr

khnf

kf
(1 +Nr)(I + εdiag(θr))D

2 − φ4

(
diag(fr+1) + ξ(N+1)

2
ζ
)

D

+ φ4

(
1
2
diag(gr+1)− 2ζI

)
B4,r = − 1

Pr

khnf

kf
(1 +Nr)εθ′2r − Ec

φ2
(1− αvθr)

[
1
4
g′2r+1 + h′2r+1

]
And

Fr+1 = [fr+1(χ0), fr+1(χ1),−−−, fr+1(χN)]t,

Gr+1 = [gr+1(χ0), gr+1(χ1),−−−, gr+1(χN)]t,

Hr+1 = [hr+1(χ0), hr+1(χ1),−−−, hr+1(χN)]t, and

Θr+1 = [θr+1(χ0), θr+1(χ1),−−−, θr+1(χN)]t

are vectors of sizes (N +1)× 1, and I is the identity matrix of size (N +1)× (N +1).

When SRM is used the choice of an initial guess is very essential. The suitable

initial guesses that satisfy the governing boundary conditions of the equations (9.2.9)-

(9.2.12) are:

f0(ξ) = 1− e−ξ2

, h0(ξ) = e−ξ, θ0(ξ) = e−ξ (9.3.11)

9.4 Results and Discussion

In this section the computational results of the fluid flow velocity and temperature dis-

tributions as well as skin friction coefficient and Nusselt number are studied via SRM
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Table 9.4: SRM Convergence analysis.

(Rex)
1/2Cfx

1
2
(Rex)

1/2Cfy (Rex)
−1/2Nux

02 1.18680784 2.62022793 443.29871490
03 1.15420661 2.62320299 443.25733564
05 1.15427825 2.62320843 443.25737705
13 1.15427826 2.62320842 443.25737693
14 1.15427825 2.62320843 443.25737703
15 1.15427825 2.62320843 443.25737704
16 1.15427825 2.62320843 443.25737704

for the impacts of more noticeable governing parameters using graphical representa-

tions, as shown in Figures 9.2 to 9.18. We considered 0.15 present (0.0015 volume) of

MWCNTs, 0.85 present (0.0085 volume) of Al2O3, and 99 present (0.99 volume) of

EO for the preparation of (MWCNTs− Al2O3)− EO hybrid nanofluid. The effec-

tive thermophysical properties models in use for nanofluid and hybrid nanofluid are

respectively employed from Tables 9.2 and 9.3. Similarly, the thermophysical prop-

erties of MWCNTs, Al2O3, and base fluid (Engine oil) are obtained from Table 9.1.

To attain convergent and stabile results the appropriate intervals for the parameters

used in this study are 0.1 ≤ αv ≤ 0.9, 0.1 ≤ λm ≤ 0.3, 1 ≤ κ ≤ 10, 0 ≤ ε ≤ 1,

1 ≤ ζ ≤ 10, 0 ≤ Ec ≤ 0.01, 0 ≤ Nr ≤ 20, 0 ≤ φs1 ≤ 0.002, and 0 ≤ φs2 ≤ 0.01.

Moreover, the convergence analysis is carried out for skin friction coefficients and

local Nusselt number, and it depicted that 16th order of approximation is enough for

these physical quantities, as shown in Table 9.4. Also, for the validation of the nu-

merical scheme used, the results of skin friction coefficients and local Nusselt number

are compared with the previously published results of (Chamkha & Mudhaf, 2005;

Saleem & Nadeem, 2015; Malik et al., 2016) for comparable parameters, and it gives

a very sound agreement, as depicted in Tables 9.5.

The effects of more significant emerging parameters on both mono and hybrid

191



Table 9.5: Comparison of skin friction coefficients and local Nusselt number with
previous work for Pr and λ.

Pr λm Saleem Chamkha Malik Present Result

(Rex)
1/2Cfx

0.7 0 1.0255 1.0255 1.0253 1.0254
1 2.2010 2.2012 2.2007 2.2008
10 8.5042 8.5041 8.5041 8.5042

10 0 1.0255 1.0256 1.0255 1.0254
1 1.5630 1.5636 1.5626 1.5638
10 5.0820 5.0821 5.0820 5.0819

1
2
(Rex)

1/2Cfy

0.7 0 0.6154 0.6158 0.6153 0.6158
1 0.8493 0.8496 0.8492 0.8495
10 1.3992 1.3995 1.3990 1.3990

10 0 0.6158 0.6158 0.6157 0.6158
1 0.6835 0.6837 0.6835 0.6838
10 0.9845 0.9840 0.9841 0.9840

(Rex)
−1/2Nux

0.7 0 0.4299 0.4299 0.4295 0.4296
1 0.6121 0.6120 0.6121 0.6120
10 1.3992 1.0097 1.0097 1.0098

10 0 1.4111 1.4110 1.4110 1.4110
1 1.5661 1.5662 1.5660 1.5663
10 2.3581 2.3580 2.3581 2.3582

nanofluids are plotted in Figures 9.2 - 9.11 for the tangential direction velocity −f ′(ξ)

and temperature θ(ξ) distributions. Unless it is specified, the values for the pa-

rameters in use for the entire results to be fixed as N = 100, φs1 = 0.0015, φs2 =

0.0085, λm = 0.2, αv = 0.5, P r = 6450, k = 5, ε = 0.3, ζ = 2, Ec = 0.01, Nr =

10, n1 = n2 = 3. It is also found that variation in most of the above embedded pa-

rameters have no significant influences on azimuthal direction velocity distribution.

Figure 9.2 depicts the effect of nanoparticle volume fractions φs1 and φs2 on the
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Figure 9.2: Tangential Velocity profiles for various values of φs1 and φs2 .

tangential velocity of the rotating cone. From the figure, it can be observed that the

fluid velocity enhances and it reaches its maximum value, then it turns downward

and gradually falls to zero as it far from the surface. Moreover, the velocity profile

enhances with an increases in nanoparticle volume fractions. Besides, it can be noted

that the fluid flow accelerates more in(MWCNTs − Al2O3) − EO hybrid nanofluid

as compare to MWCNTs−EO and Al2O3−EO nanofluids. Also, it is revealed that

the growth of nanoparticle volume fractions φs1 and φs2 leads to rise the temperature

distribution of hybrid nanofluid, as depicted in Figure 9.3. Figure 9.4 illuminates

the influence of the thermal dependent viscosity parameter αv on tangential velocity

distributions of the fluid flow. A growth in αv leads to rise the velocity profile to

its highest value, then changes downward and finally it inclines to zero. Also, it is

noticed that an improvement in αv leads to improve the velocity distribution and this

improvement is more in case of hybrid nanofluid than mono nanofluids, as revealed in

Figure 9.4. Similar pattern of fluid flow velocity distribution was reported by Malik

et al. (2016).

The influence of mixed connection parameter λm on velocity profiles is presented
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Figure 9.4: Tangential Velocity profiles for various values of αv.

in Figure 9.5. An increment in value of λm tends to improve the velocity distribution

of fluid flow near the boundary surface in which the fluid velocity grows and reaches

its peak, and gradually falls to zero. Moreover, the increasing in velocity of hybrid

nanofluid is meaningfully more than mono nanofluids. The effect of permeability

parameter κ of a porous media on both types of mono and hybrid nanofluids flow is

displayed in Figure 9.6. It is shown that the velocity profile declines with an upsurge

in κ due to the fact that a porous medium is a region which contains pores that

offers resistance to fluid flow. Furthermore, reduction in velocity of hybrid nanofluid
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Figure 9.5: Tangential Velocity profiles for various values of λm.

is considerably less than mono nanofluids.

The influence of variable thermal conductivity parameter ε on the velocity and

temperature distributions are presented in Figures 9.7 and 9.8 respectively. It is

observed that rise in ε leads to in hastening both velocity and temperature profiles of

both nanofluids. Besides, escalation in both velocity and temperature distributions

are more in case of hybrid nanofluid than mono nanofluids.

Figures 9.9-9.11 demonstrates the variation of temperature distribution for es-

calating value of unsteady parameter ζ, thermal radiation parameter Nr, and Eck-

ert number Ec respectively. As displayed in Figure 9.9, for both mono and hybrid

nanofluids the temperature distribution drops with more value of ζ. This is due to

the fact that during unsteady fluid flow the fluid particles need trembling time to

transmit the heat energy to their nearby particles. And, this condition designates

the non-conducting manners of the substantial medium which consecutively reduces

the temperature distribution in the flow region. From Figure 9.10 it can be shown

that for both nanofluids the temperature distributions upswings with an escalation

in Nr. Also, Figure 9.11 confirms that for both mono and hybrid nanofluids temper-

ature distribution rises with an upsurge in Eckert number Ec. This occurs because
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Figure 9.6: Tangential Velocity profiles for various values of κ.

the kinetic energy created due to resistance of viscous forces which described by the

viscous dissipative effects in fluid flow leads to rise temperature. Moreover, for both

Ec and Nr parameters escalation in temperature is more recognized in case of hybrid

nanofluid than mono nanofluids, and analogous results are reported by Maraj et al.

(2018).

Figures 9.12-9.18 indicate the effects of more visible governing parameters in com-

petition with the unsteady parameter ζ on the skin friction coefficients and local

Nusselt number. From these figures, it is clear that the tangential skin friction coef-

ficient drops whereas the azimuthal skin friction coefficient and local Nusselt number

upswing with unsteady parameter ζ. The effect of thermal dependent viscosity pa-

rameter αv on both tangential and azimuthal skin friction coefficients of the cone are

demonstrated in Figures 9.12 and 9.13 respectively. This parameter has a declining

effect on both the skin friction coefficients in the flow regime. Moreover, from these

figures it can be realized that hybrid nanofluids show significant role in decreasing of

the skin friction coefficients than nanofluid.
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In Figures 9.14-9.15, the influence of the mixed connection parameter λm on skin

friction coefficients are elaborated. When the parameter λm advances, both the tan-

gential and azimuthal skin friction coefficients are growth, and it is evident that the

growth of both skin friction coefficients are significantly more for Hybrid nanofluid.

The impacts of thermal conductivity parameter ε, thermal radiation parameter Nr,

and Eckert number Ec on local Nusselt number are respectively presented in Figures

9.16-9.18. It can be revealed the local Nusselt number is declines with increasing the

values of both ε and Ec while it is enhances with greater the value of Nr. Further,
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these responses are significantly high in case of hybrid nanofluid. Also, comparable

results were found by Malik et al. (2016) for most of the above governing parameters.

9.5 Conclusion

The present work investigated the effects of variable viscosity and thermal conduc-

tivity with mixed convection, thermal radiation and viscous dispassion effects on
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MWCNTs−Al2O3/engine oil hybrid nanofluid flow due to vertically inverted spin-

ning cone embedded in a porous medium. For the flow problem, the computational

solutions are obtained numerically employing the SRM. Thus, from the major results

of the study, the following remarks are made:

1. Nanoparticle volume fraction, thermal dependent viscosity, mixed connection

and variable thermal conductivity parameters have increasing effect on fluids

flow tangential velocity distributions. Moreover, the fluids flow accelerates more

in case of hybrid nanofluids than mono nanofluids.
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Figure 9.13: Azimuthal Skin friction coefficient versus ζ for various values of αv.

2. Temperature distribution of the fluids flow improves with greater the values of

Eckert number, thermal radiation and variable thermal conductivity parame-

ters. Also, this effect is more recognized in case of hybrid nanofluids than mono

nanofluids.

3. With greater unsteady parameter, the tangential skin friction coefficient drops

while the azimuthal skin friction coefficient and local Nusselt number enhance.

4. Both the tangential and azimuthal skin friction coefficients growth with more

the values of thermal dependent viscosity and mixed connection parameters,

and this effect is significantly high for hybrid nanofluids.

5. The local Nusselt number is a decreasing function of both Eckert number and

variable thermal conductivity parameter while it is an increasing function of

thermal radiation parameter.

In general, from this study, it can be recommended that for practical applications

it is better to use hybrid nanofluids of (MWCNTs − Al2O3)/Engine oil instead of
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Figure 9.14: Tangential Skin friction coefficient versus ζ for various values of λm.

1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
2.35

2.4

2.45

2.5

2.55

2.6

2.65

2.7

ζ

(R
e
y
)1

/
2 C

f
y

 

 
CNTs−EO, λm=0.1

CNTs−EO, λm=0.2

CNTs−EO, λm=0.3

(CNTs−Al3O4)−EO, λm=0.1

(CNTs−Al3O4)−EO, λm=0.2

(CNTs−Al3O4)−EO, λm=0.3

Figure 9.15: Azimuthal Skin friction coefficient versus ζ for various values of λm.

MWCNTs/Engine oil and Al2O3/Engine oil mono nanofluids as the former shows

better flow distributions with good stability of thermal properties.
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Figure 9.16: Local heat transfer rate versus ζ for various values of ε.
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Figure 9.17: Local heat transfer rate versus ζ for various values of Nr.
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Figure 9.18: Local heat transfer rate versus ζ for various values of Ec.
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Chapter 10

Conclusion and Recommendation

10.1 General Conclusion

In this dissertation, the boundary layer flow of nanofluid past geometrical shape such

as wage, cylinder, disc, and cone embedded in porous media have been studied. Some

important description of fluid flow such as boundary layer flow, mode of heat and

mass transfer, governing equations of fluid flow, basic concepts of nanofluids, and

some thermophysical properties affecting fluids flow were highlighted. Also, the basic

ideas of spectral collocation method, and the detailed description of the numerical

methods used in the study were given. The general observations of the study are

summarized below.

From the analysis of the study, it can be concluded that the skin friction coefficient

enhances with greater the values of pressure gradient, permeability, magnetic field,

unsteadiness, thermal radiation, viscous dissipation, Casson fluid, mixed convection,

curvature, temperature dependent viscosity, and second order velocity slip parame-

ters, nanoparticle volume fraction, Soret number, Dufour numbers and Grashof num-

ber. The local heat transfer rate is a decreasing function of Eckert number, pressure

gradient, magnetic field, permeability, thermophoresis, Casson fluid, unsteadiness,
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curvature, viscous dissipation, variable thermal conductivity, thermal relaxation pa-

rameters, Soret number, and Dufour numbers. The local mass transfer rate increases

with greater the value of unsteadiness, thermal radiation, viscous dissipation param-

eters, Soret number, and Dufour numbers.

Also, it can be concluded that there are higher velocity fields and lower tempera-

ture fields distributions in the MWCNTs nanofluids than SWCNTs nanofluids. The

thermal conductivity of hybrid nanofluids is more improved than mono nanofluids for

more values of nanoparticle volume fraction. Furthermore, superior the skin friction

coefficient and lower the local heat transfer rate are reported in the hybrid nanofluids

than mono nanofluids. In general, hybrid nanofluids show better flow distributions

with good stability of thermal properties than mono nanofluids, and the obtained

results are comparable with earlier experimental results.

As it was observed in the study, the spectral collocation methods are highly accu-

rate, converge faster and computationally efficient when compared to finite differences

and others numerical methods. Even though, the dissertation was only limited to fluid

flow problems which were solved by spectral collocation methods, these methods can

be protracted to other types of differential equations like discrete time equations and

difference equations.

In general, from the study it is recommended that for practical applications, it

is better to use hybrid nanofluids instead of mono nanofluids as the former exhibits

better flow distributions with good stability of thermal properties.

10.2 Recommendation for the Future Work

The dissertation work considered only few hybrid nanofluids flow with heat transfer

problems. Yet, there are numerous nanoparticles which are potentially useful in the

applications of modern-day nanotechnology and industrial processing. Therefore,

Hybrid nanofluid flow with different nanoparticles and base fluids will be further
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considered in the future study. Also, due to their progressive flow behavior and their

potential uses, turbulent nanofluid flow and multifaced nanofluid flow will be some

of the ongoing research area.
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