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ABSTRACT

T

0.1 Significance of the Study
This study provides a comprehensive theoretical and numerical investigation of light
emission from a two-level atom interacting with a squeezed vacuum field. By devel-
oping a model based on the squeezed Jaynes–Cummings Hamiltonian and formulating
atomic evolution via the master equation, the work establishes a framework for un-
derstanding how quantum squeezing modifies atomic dynamics. Analysis of popula-
tion inversion and emission characteristics shows that squeezing can enhance or inhibit
spontaneous emission, accelerate population oscillations, and induce spectral narrow-
ing, while the second-order correlation function g(2)(τ) reveals photon antibunching
and nonclassical statistics. The study further examines two-atom systems coupled to
a common squeezed vacuum, highlighting steady-state entanglement and nonclassical
correlations in quadrature variances, emphasizing the role of squeezing as a quantum
resource. Overall, these findings provide insight into the influence of squeezed reser-
voirs on spontaneous emission, coherence, photon correlations, and entanglement, with
important implications for quantum optics, precision spectroscopy, quantum metrology,
and quantum information processing.

Keywords: Master equation; Power spectrum; Quantum entanglement;Spontaneous
emission; Squeezed vacuum; Two-level atom.

x



Chapter 1

INTRODUCTION

1.1 Background of the Study
The interaction between matter and the quantized electromagnetic field forms the foun-
dation of modern quantum optics. For the simplest quantum emitter—a two-level atom—coupling
to the vacuum field governs essential processes such as spontaneous emission, resonance
fluorescence, atomic coherence, and quantum noise characteristics. In the standard for-
mulation, the vacuum is treated as an ordinary (zero-point or thermal) state character-
ized by minimum uncertainty fluctuations. However, when the vacuum is replaced by
a squeezed vacuum, a nonclassical state with reduced fluctuations in one quadrature
and enhanced fluctuations in the conjugate quadrature, the atom–field interaction ex-
hibits qualitatively new behavior. Such squeezed reservoirs can modify decay rates,
shift spectral features, and generate quantum interference effects that are not observable
in ordinary vacuum environments.

In quantum theory, light consists of photons (Wang and Agarwal, 2023), and its
properties are described through quantum states expressed in terms of creation and an-
nihilation operators. Quantum states of light include coherent states, number states,
chaotic (thermal) states, and squeezed states (Teich and Saleh, 1989). Coherent states
are particularly important in quantum optics because they represent the closest quantum
analogue to classical electromagnetic fields and appear naturally in laser systems Fabre
and Treps, 2020. A two-level atom, modeled with only a ground and excited energy
state, provides a fundamental system for examining the exchange of light and matter,
and the interaction with coherent, near-resonant fields is central to many quantum opti-
cal processes White, 2009.

The interaction between a two-level atom and any engineered electromagnetic reser-
voir—including a squeezed vacuum—is effectively described within the open-quantum-
systems framework. Starting from a system–reservoir Hamiltonian, the reservoir de-
grees of freedom are traced out, yielding a master equation that governs the evolution of
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the atomic density matrix. When the reservoir is a squeezed vacuum, the resulting Lind-
blad terms acquire additional phase-dependent contributions that influence both popu-
lation decay and atomic coherence. These modifications make the phase and quadrature
structure of the reservoir highly relevant to measurable quantities such as emission spec-
tra and photon statistics. The master-equation and quantum Langevin formalisms thus
provide powerful tools for predicting how squeezing influences atomic dynamics.

A squeezed vacuum is typically produced via nonlinear optical processes, such as
parametric down-conversion, where quantum noise in one quadrature is reduced be-
low the vacuum limit while the conjugate quadrature acquires enhanced noise Barsotti,
Harms, and Schnabel, 2018. The degree and phase of squeezing are quantified by
the squeezing parameter, which determines how the noise redistribution affects atomic
emission and coherence Kassahun, 2012. When a two-level atom interacts with such
a nonclassical reservoir, its emitted light acquires unique quantum features, including
reduced noise in one quadrature and increased noise in the orthogonal one Kassahun,
2008. These noise asymmetries influence the structure of the emission spectrum and the
temporal behavior of the atomic dipole.

Coupling a two-level atom to a squeezed reservoir gives rise to a wide range of
physical phenomena. Depending on the squeezing strength and phase, spontaneous
emission can be suppressed or enhanced, resulting in either subnatural linewidths or
broadened spectral peaks. Squeezing can also induce transparency-like effects and gen-
erate asymmetric line shapes in fluorescence or absorption spectra due to interference
between modified decay channels. Moreover, the nonclassical reservoir leaves signa-
tures in higher-order correlations, producing modified second-order correlation func-
tions g(2)(τ) and altered squeezing spectra of the fluorescence. These theoretical predic-
tions have been extensively explored in both free-space and cavity-QED environments.

The increasing ability to engineer quantum reservoirs has made these effects experi-
mentally significant. In cavity-QED and circuit-QED platforms, squeezed states can be
created using parametric amplifiers or nonlinear optical devices. This makes it possible
to manipulate emission properties—such as decay rate, linewidth, and noise character-
istics—without altering the emitter itself. Consequently, understanding the interaction
between a two-level atom and a squeezed vacuum field bridges fundamental quantum
optics with emerging technologies in precision metrology, noise-reduced spectroscopy,
and quantum information processing.

Despite extensive theoretical progress, several open questions continue to motivate
studies in this area. These include determining how different squeezing parameters
(magnitude, phase, bandwidth) influence observables such as spectra and correlation
functions under realistic decay channels; distinguishing cavity-enhanced squeezing ef-
fects from broadband free-space squeezing; and identifying parameter regimes where
nonclassical signatures—such as sub-Poissonian statistics or subnatural linewidths—remain
experimentally robust. A comprehensive analysis involving population dynamics, co-
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herence evolution, correlation functions, and spectral calculations is therefore essential
for further advancing understanding and guiding experimental applications.

In this work, we adopt a density-matrix master-equation approach to investigate
the emission properties of a two-level atom interacting with a squeezed vacuum reser-
voir. Specifically, we derive the master equation including squeezing-dependent dissipa-
tive terms, analyze the evolution of populations and coherences, compute fluorescence
spectra and second-order correlation functions, and examine how the squeezing param-
eters—strength, phase, and bandwidth—govern enhancement, suppression, and inter-
ference effects in atomic emission. These results provide valuable insights into how
engineered squeezed reservoirs can be used to tailor light emission for fundamental and
technological applications.

1.2 Statement of the Problem
Squeezed vacuum fields play a central role in modern quantum optics due to their abil-
ity to modify fundamental light–matter interaction processes; however, a detailed un-
derstanding of how such nonclassical fields influence light emission from two-level
atomic systems remains incomplete. The phase-dependent quantum fluctuations as-
sociated with squeezed reservoirs introduce noise asymmetries that significantly alter
spontaneous emission rates, coherence dynamics, spectral properties, and photon statis-
tics, effects that cannot be adequately described using simple analytical models. A rig-
orous theoretical treatment therefore requires a density-matrix master-equation formal-
ism that explicitly incorporates squeezing-dependent terms, whose solutions become
increasingly complex under realistic conditions such as strong squeezing, detuning, de-
coherence, and multi-atom interactions. Experimental investigation of these phenomena
is further constrained by the difficulty of generating stable squeezed fields and achieving
precise control over atom–field coupling. Consequently, numerical approaches, partic-
ularly MATLAB-based simulations, provide an essential framework for systematically
analyzing atomic population dynamics, emission spectra, entanglement behavior, and
second-order correlation functions g(2)(τ). Developing such a theoretical and numer-
ical framework is therefore necessary to clarify the role of squeezed vacuum fields in
shaping atomic emission processes and to guide future applications in quantum infor-
mation and communication technologies.

1.3 General Objective of the Study
The general objective of this study is to develop a theoretical and numerical framework
for analyzing light emission from two-level atoms coupled to a squeezed vacuum reser-
voir.
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1.3.1 Specific Objectives of the Study
The specific objectives of this study are:

• To develop a mathematical model describing the interaction of a two-level atom
with a squeezed vacuum field using the squeezed Jaynes–Cummings Hamiltonian.

• To analyze atomic dynamics by solving the master equation that incorporates the
effects of a phase-sensitive squeezed reservoir.

• To examine the time evolution of atomic population inversion under different
squeezing parameters through numerical simulations.

• To determine the power spectrum, second-order correlation function, two-atom
entanglement, and quadrature variances to reveal nonclassical correlations.

1.4 Significance of the Study
The significance of this study lies in its comprehensive theoretical and numerical inves-
tigation of light emission from a two-level atom interacting with a squeezed vacuum
field, revealing how quantum squeezing fundamentally modifies atomic dynamics and
emission properties. By employing the squeezed Jaynes–Cummings Hamiltonian, mas-
ter equation, and quantum regression theorem, the study demonstrates that squeezing
enhances the effective Rabi frequency, accelerates population oscillations, and alters the
emission spectrum in a phase-sensitive manner. The results show subnatural linewidth
narrowing and quantum noise suppression, key signatures of nonclassical light–matter
interaction. Furthermore, the analysis of photon correlations and quadrature variances
confirms strong two-photon coherence and antibunching behavior, while simulations of
two atoms in a common squeezed reservoir reveal steady-state entanglement genera-
tion, emphasizing the role of squeezing as a quantum resource. Overall, the findings
provide deeper insight into how squeezed vacuum fields influence spontaneous emis-
sion, coherence, and entanglement, offering valuable implications for applications in
quantum optics, precision spectroscopy, quantum metrology, and quantum information
processing.
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Chapter 2

REVIEW OF LITERATURE

2.1 Squeezed States of Light
The generation of light fields that are intrinsically quantum mechanical has been a topic
of interest in recent years. In particular, squeezed states of light are now well understood
theoretically and have been generated in several nonlinear optical systems (Qin et al.,
2024).
The interaction of two-level atoms with squeezed light has been extensively studied, as
it exhibits interesting non-classical features. This kind of interaction is involved in var-
ious physical processes of interest, such as resonance fluorescence and laser dynamics.
The width of the incoherent spectrum of the fluorescent light has been modified by the
squeezed light (Abdel-Wahab, Ibrahim, and Amin, 2024).
A two-level laser is a source of coherent or chaotic light emitted by two-level atoms
inside a cavity coupled to a vacuum reservoir via a single-port mirror (Kassahun, 2012).
In one model of such a laser, two-level atoms initially in the upper level are injected
at a constant rate into a cavity and removed after they have decayed due to sponta-
neous emission (Gardiner, 1986). The interaction between the squeezed vacuum state
and the two-level atom can be described by the (Fakhri, Mirzaei, and Sayyah-Fard,
2021) Jaynes-Cummings Hamiltonian: The system We are considering a system where
a squeezed vacuum state interacts with a two-level atom. The squeezed vacuum state is
a quantum state of light with reduced quantum noise in one quadrature and increased
noise in the orthogonal quadrature (Gerry and Welch, 1991).
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Figure 2.1: Schematic diagram of two-level atoms with the ground state |g⟩ and excited
state |e⟩, interacting with the quantized cavity field of frequency ωc.

2.2 The interaction of two-level atoms with a squeezed
vacuum

2.2.1 Spontaneous emission rates
Spontaneous emission (SE) is the process by which an excited atom emits a photon and
decays to a lower energy (Friedman et al., 1988) state without any external stimula-
tion. The rate of this process is typically calculated in the context of an atom interacting
with the ordinary electromagnetic vacuum. However, when the atom is immersed in a
squeezed vacuum, the SE rate can be significantly modified. A squeezed vacuum state
is a nonclassical state of light where the quantum fluctuations of one of the field quadra-
tures are reduced below the standard quantum limit, at the expense of increased fluctu-
ations in the conjugate quadrature. This is different from the ordinary vacuum, where
fluctuations are equal in both quadratures. The spontaneous emission rate can be either
enhanced or suppressed depending on the relative phase between the atomic dipole and
the squeezing phase of the vacuum. If the phases are aligned constructively, the SE
(Abrantes, Szilard, and Farina, 2025) rate is enhanced; if they are aligned destructively,
it is suppressed. This is a key departure from the standard SE process, which has (Y.
Zhang et al., 2022)a fixed rate. The dependence on the squeezing phase is a unique
and important feature. The squeezing phase can be controlled experimentally, allowing
for the manipulation of the spontaneous emission rate. This provides a mechanism for
quantum control over atomic decay.

2.2.2 Suppressed atomic coherency
Suppressed atomic coherency refers to the reduction of the coherence (Japha et al.,
2016) of an atomic system. In quantum mechanics, coherence describes the existence
of a fixed phase relationship between different quantum states, allowing for quantum
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superposition and interference. When this phase relationship is lost, the system is said to
have decohered. Spontaneous Emission: In an ordinary vacuum, the fundamental limit
to atomic coherence is the spontaneous emission of photons. When an excited atom
decays, the emission of a photon carries (Pollnau, 2018) away information about the
atomic state, destroying the phase relationship between the excited and ground states.
This is a primary source of decoherence for atoms.

2.2.3 Steady-state entanglement
Steady-state entanglement refers to the ability to (Horodecki et al., 2009) create and
maintain quantum entanglement between two or more systems for a prolonged, and in
principle, indefinite period. This is a significant challenge because quantum systems
are inherently prone to decoherence, which is the loss of quantum properties, including
entanglement, due to interactions with their environment. Dissipative Entanglement:
A shared dissipative channel is used to create and maintain entanglement. For exam-
ple, two atoms interacting with the same electromagnetic vacuum can be driven into
a collective entangled state. The dissipation, rather than destroying the entanglement,
becomes the mechanism that generates and stabilizes it. Driven-Dissipative Systems: A
constant external drive, such as a laser, is used to continuously pump energy into the
system. This energy balances the dissipation, creating a stable, entangled state. This
method is often used in cavity quantum electrodynamics, where atoms are coupled to a
driven optical cavity.

2.2.4 squeezing-induced transparency in the emission spectrum
Squeezing-induced transparency in the emission spectrum is a quantum interference ef-
fect that makes an otherwise opaque atomic medium transparent to light at a specific
frequency. This phenomenon is analogous to electromagnetically induced transparency
(EIT) but uses a squeezed vacuum field instead of a strong coherent laser field to cre-
ate the transparency window (Ficek and Dalton, 1993). In a typical atomic system, a
two-level atom absorbs and re-emits photons at its resonance frequency, making the
medium opaque. The absorption is due to transitions from the ground state to an ex-
cited state. The atom then decays back to the ground state via spontaneous emission
(Lvovsky, 2015) which broadens the absorption line. When the atom is placed in a
squeezed vacuum, the situation changes dramatically (Carmichael, 1992). A squeezed
vacuum is a non-classical state of light where the quantum fluctuations of one of the
field quadratures are reduced below the vacuum noise level (Fox, 2006).
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2.3 Atom field interaction
Atom-field coupling strength quantifies the intensity of the interaction between an atom
and an electromagnetic field. This (Abdel-Wahab, Ibrahim, and Amin, 2024) dictates
how strongly the presence of the field influences the atom’s internal states. A stronger
coupling means a more significant exchange of energy and information between the
atom and the field.
The coupling strength is a numerical value, often expressed in frequency units, which
represents the rate of energy exchange between the atom and the field (Judd, 2014). A
Hamiltonian equation of the system of its two-level atom, the squeezed vacuum field,
and their interaction is given as

H =h̄ωaσ+σ−+h̄ωca†a+h̄g(aσ++a†
σ−) (2.1)

where: - ωa is the atomic transition frequency, - ωc is the cavity mode frequency, - g
is the coupling constant, - a and a† are the annihilation and creation operators for the
cavity mode, - σ+ and σ− are the raising and lowering operators for the atom.
|ξ ⟩ is defined by the squeezing parameter ξ = reiθ , where r is the squeezing magnitude
and θ is the squeezing angle. The state can be written as:

(|ξ ⟩= S(ξ )|0⟩ (2.2)

where S(ξ ) is the squeezing operator. The time evolution of system can be found by
solving the Schrodinger equation with the Hamiltonian H. The state of the system at
time t is:

|ψ(t)⟩= e
− iHt

h̄ |ψ(0)⟩ (2.3)

where |ψ(0)⟩ is the initial state, typically the atom in the ground state and the cavity in
the squeezed vacuum state. The light emission from the system can be analyzed by con-
sidering the expectation values of the photon number operator a†a and the quadrature
operators X and Y . The squeezed vacuum state will affect the noise properties of these
operators, leading to non-classical light emission. The light emission from the squeezed
vacuum high interaction with a two-level atom is characterized by non-classical noise
properties, with reduced noise in one quadrature and increased noise in the orthogonal
quadrature. The Hamiltonian interaction and the evolution of time describe the dy-
namics of the system, leading to specific emission patterns influenced by the squeezing
parameters. Squeezed states are usually not characterized by counting their photons but
by measuring canonical continuous-variable phase-space observable. Measurements are
performed, as usual, on an ensemble of identical states, and quasi-probability density
functions are calculated from the data (Schnabel, 2017).
The dynamics of the system can be described by the master equation for the density
matrix ρ:

dρ

dt
=− i

h̄
[HI,ρ]+L (ρ) (2.4)
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where L (ρ) represents the Lindblad terms accounting for dissipation and decoherence.
The vacuum squeezed state |ξ ⟩ is defined by the squeezing parameter ξ = reiθ , where
r is the magnitude of squeezing and θ is the angle of squeezing. The squeezed vacuum
state can be written as:

xi⟩= S(ξ )|0⟩ (2.5)

where S(ξ ) is the squeezing operator:

S(ξ ) = exp
(

1
2
(ξ ∗a2 −ξ (a†)2)

)
(2.6)

To simplify the dynamics, we move to the interaction picture. The interaction Hamilto-
nian in the interaction picture is:

HI =h̄g(ae−iω0t |e⟩⟨g|+a†eiω0t |g⟩⟨e|) (2.7)

The spontaneous-emission spectrum of a two-level atom damped into an ordinary
vacuum is a Lorentzian function of frequency with the width given by the atomic linewidth.
A standard procedure to calculate the squeezing effects is to derive an appropriate mas-
ter equation (Boyanovsky, 2015) describing the atomic evolution, which together with
the quantum regression theorem is then used to calculate the spectrum. The derivation
of the master equation is based on the assumption of the Born and Markov approxima-
tions, the latter requires a broadband spectrum of the reservoir modes (Messikh, Tanaś,
and Ficek, 2000)

2.4 Power spectrum
The power spectrum of the light scattered by a two-level atom in the presence of a coher-
ent continuous-pulse-train driving field is analyzed. Separate expressions are obtained
for the coherent and incoherent components of the spectrum. The coherent part of the
spectrum consists of a series of spikes (Newbold and Salamo, 1980) which are displaced
from the optical carrier by multiples of the pulse repetition frequency. The incoherent
spectrum can have fixed peaks at these same frequencies plus sidebands equally spaced
on opposite sides of these fixed peaks. Incident light interacts with the system, causing
transitions between levels. We are interested in the spectrum of the scattered light. The
power spectrum is the Fourier transform of the autocorrelation function of the scattered
electric field. This involves calculating the correlation function and then performing the
Fourier transform to obtain the spectral density. This will reveal the frequencies present
in the scattered light with peaks at frequencies related to ω0 and the incident light fre-
quency. The power spectrum is estimated using Fourier transform methods such as the
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(Same et al., 2020) Welch method and the filter bank method. For signals with rela-
tively small length, the filter bank approach produces a spectral estimate with a higher
resolution, a more accurate noise floor, and peaks more precise than the Welch method,
with low or no spectral leakage. Power Spectral Density (PSD) is an essential rep-
resentation of the signal spectrum that depicts the power measurement content versus
frequency. Power Spectral Density is typically used to characterize broadband random
signals and has a variety of usages in many fields like physics, engineering, biomedical,
etc. This paper proposes a simple and practical method to estimate the PSD based on
the Welch algorithm for spectrum monitoring. The Jaynes-Cummings model (JCM) is
a fundamental model in quantum optics that describes the resonant interaction between
a two-level atom and a single mode of a quantized electromagnetic field. The Hamilto-
nian(Scully and Zubairy, 1997)for the standard JCM is given by:

(HJCM =h̄ωca†a+
1
2
h̄ωaσz +h̄g(a†

σ−+aσ+) (2.8)

where:

• h̄ωc is the energy of the cavity mode, with a† and a being the creation and annihi-
lation operators for photons.

• 1
2h̄ωaσz is the energy of the two-level atom, with σz being the Pauli z-matrix.

• h̄g(a†σ−+ aσ+) describes the atom-field interaction, with g being the coupling
constant, and σ− and σ+ being the atomic lowering and raising operators, respec-
tively.

When the JCM is “modified to include interaction with a squeezed vacuum state,” it
means that the electromagnetic field mode interacting with the atom is not in a simple
vacuum or coherent state, but rather in a squeezed vacuum state. A squeezed vac-
uum state is a non-classical state of (Walls and Milburn, 2008) light characterized by
reduced quantum noise in one quadrature phase at the expense of increased noise in
the orthogonal quadrature. This reduction in noise is a direct consequence of non-zero
correlations between the field quadratures. The “non-zero correlations” mentioned re-
fer to the fact that for a squeezed vacuum state, the expectation value of products of
annihilation and creation operators do not follow the simple rules of an unsqueezed
vacuum. Specifically, for a squeezed vacuum, ⟨aa⟩ ̸= 0 and ⟨a†a†⟩ ̸= 0, even though
⟨a⟩= 0 and ⟨a†⟩= 0. These non-zero correlations are what distinguish squeezed states
from coherent states or thermal states and lead to their unique noise properties. The
specific form of the Hamiltonian including (Walls and Milburn, 2008)interaction with a
squeezed vacuum state can vary depending on how the squeezing is introduced (through
a squeezed bath, or by directly preparing the field in a squeezed state). However, it
generally involves terms that reflect these non-zero correlations. For instance, terms
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proportional to a2 or (a†)2 might appear, which are responsible for generating or inter-
acting with squeezed light. This Hamiltonian describes a process where the field energy
is exchanged with a “squeezing reservoir” or a strong classical pump (in the case of
parametric amplification) that prefers to create or destroy photons in pairs. The pres-
ence of the a2 and (a†)2 terms is the hallmark of squeezing. When this Hamiltonian
acts on the vacuum state |0⟩, it generates a squeezed vacuum state. This state has zero
mean photon number ⟨a†a⟩= 0, but its quantum fluctuations in the field quadratures are
highly anisotropic. One quadrature will have reduced noise below the “standard quan-
tum limit” (the vacuum noise level), while the conjugate quadrature will have enhanced
noise, ensuring the Heisenberg uncertainty principle is still obeyed. In summary, the
Squeezed Vacuum Field Hamiltonian mathematically describes the energy and the non-
classical two-photon processes that lead to the generation or interaction of a quantized
electromagnetic field with a squeezed vacuum state.
The Squeezed Vacuum (Gietka, 2023) Field Hamiltonian describes the dynamics of an
electromagnetic field mode that is in a squeezed vacuum state. Unlike a regular vac-
uum state, which has equal quantum fluctuations in its two conjugate quadratures (like
position and momentum for a mechanical oscillator, or electric and magnetic field am-
plitudes for light), a squeezed vacuum state has reduced fluctuations in one quadrature
at the expense of increased fluctuations in the other, while still maintaining the mini-
mum uncertainty product allowed by the Heisenberg Uncertainty Principle.
The Hamiltonian that governs such a squeezed field typically contains terms that create
or annihilate photons in pairs. This is because squeezing is often generated through
nonlinear optical processes, such as parametric amplification, where pump photons are
converted into pairs of signal and idler photons (Lvovsky, 2015). To describe a squeezed
vacuum, an additional term is added to the Hamiltonian that accounts for the squeezing
interaction. This interaction term is typically quadratic in the field operators, represent-
ing the creation or annihilation of photon pairs. The most common form of the Squeezed
Vacuum Field Hamiltonian (or more precisely, the Hamiltonian that generates squeez-
ing from the vacuum, often called the Squeezing Hamiltonian or Parametric Amplifier
Hamiltonian) is:

HSq =h̄ωa†a+h̄
[

κ

2
(a2e−iφ +(a†)2eiφ )

]
(2.9)

2.5 Quantum collapses and revivals
Collapse and revival occur for many phenomena in quantum physics appearing in dif-
ferent aspects and forms (Mährlein et al., 2020). Typically, an observable of a system
falls off in time to vanish at a given moment only to reappear again, sometimes even to
its original value, sometimes periodically. A prominent example from atomic physics is
a two-level atom interacting with a single mode of a cavity, as described by the Jaynes-
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Cummings model. Three identical two-level atoms in free space prepared in particular
entangled single-photon excited states display a “birth,” “death,” and a revival of spon-
taneous emission in selected directions.

2.6 Evolution of the Density Matrix
The evolution of the total system density matrix ρtotal is (Y. Chen and A.-X. Chen, 2025)
given by the Liouville-von Neumann equation.
For a quantum system that is isolated and evolves unitarily, the time evolution of its
density matrix ρ(t) is governed by the Liouville-von Neumann equation:

ih̄
dρ

dt
= [H,ρ] (2.10)

where:

• h̄ is the reduced Planck constant.

• ρ is the density operator (or density matrix) of the system.

• H is the Hamiltonian operator of the system.

• [H,ρ] = Hρ −ρH is the commutator of the Hamiltonian and the density operator.

This equation is the quantum mechanical analogue of the classical Liouville equation for
the probability distribution in phase space. It describes the coherent, unitary evolution
of the system.

2.6.1 Solution for a time-independent Hamiltonian
If the Hamiltonian H is time-independent, the formal solution to the Liouville-von Neu-
mann equation is:

ρ(t) = e−iHt/h̄
ρ(0)eiHt/h̄ (2.11)

where ρ(0) is the initial density matrix at time t = 0, and e−iHt/h̄ is the unitary time-
evolution operator.

2.7 The Lindblad Master Equation
When a quantum system interacts with (Abebe et al., 2021) an environment, it is no
longer closed, and its evolution is generally non-unitary. This interaction leads to
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phenomena like decoherence and dissipation. The most general form of a Marko-
vian (memoryless) master equation that preserves the physical properties of the density
matrix (Hermiticity, trace, and complete positivity) is the Lindblad master equation,
also known as the (Manzano, 2020) Gorini-Kossakowski-Sudarshan-Lindblad (GKSL)
equation:

dρ

dt
=− i

h̄
[H,ρ]+LD(ρ) (2.12)

where:

• The first term, − i
h̄ [H,ρ], represents the coherent (unitary) evolution due to the

system’s Hamiltonian H, as in the Liouville-von Neumann equation.

• LD(ρ) is the dissipative or Lindblad superoperator, which describes the interac-
tion with the environment and is responsible for non-unitary dynamics. Its full
form is:

LD(ρ) = ∑
k

(
LkρL†

k −
1
2
{L†

kLk,ρ}
)

(2.13)

In this term:

• Lk are the Lindblad operators (also called jump operators or collapse operators).
These operators (watanabe2025universal) describe the specific ways in which
the system interacts with the environment (e.g., photon emission, dephasing, en-
ergy relaxation).

• L†
k are their Hermitian conjugates.

• {A,B}= AB+BA denotes the anticommutator.

• The summation is over all possible dissipative processes.

The evolution of the reduced density matrix ρ (after Born-Markov and tracing out
the reservoir) leads to an integral form:

dρ

dt
=− 1

h̄2

∫
∞

0
dt ′TrR

(
[Hint,I(t), [Hint,I(t − t ′),ρ(t)ρR]]

)
(2.14)

where Hint,I(t) =h̄∑k gk(σ+(t)bk(t)−σ−(t)b
†
k(t)).
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2.7.1 Squeezed vacuum correlation functions
For a broadband squeezed vacuum, the non-zero correlation functions (Gerry and Knight,
2023) are

⟨b(t)b†(t ′)⟩= N +1⟨b†(t)b(t ′)⟩= N⟨b(t)b(t ′)⟩= Me−iφ ⟨b†(t)b†(t ′)⟩= M∗eiφ (2.15)

where N = sinh2 r is the mean photon number, M = coshr sinhr is the squeezing param-
eter, and φ is the phase of squeezing.

2.7.2 The master equation (Lindblad Form)
The master equation for the (Gardiner, 1986) reduced atomic density matrix ρ , incor-
porating the squeezing parameters (N and M) in the Lindblad form, is:

dρ

dt
=− i

h̄
[He f f ,ρ]+Ldiss(ρ) (2.16)

The evolution of the density matrix ρ for a two-level atom interacting with a squeezed
vacuum reservoir is described by a master equation in the Lindblad form. In the interac-
tion picture, and under the Born-Markov and rotating wave approximations, the master
equation is given by:

dρ

dt
=− i

h̄
[Heff,ρ]+Lsq[ρ] (2.17)

The effective Hamiltonian Heff includes the atomic transition frequency ω0:

Heff =
h̄ω0

2
σz (2.18)

The general compact form of the Lindblad master equation for the time evolution of the
density matrix ρ of an open quantum system is (Shibata and Katsura, 2020) given by:

dρ

dt
= L (ρ) =− i

h̄
[H,ρ]+∑

k

(
LkρL†

k −
1
2
{L†

kLk,ρ}
)

(2.19)
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Chapter 3

METHODOLOGY

3.1 Theoretical model
In this study, we considered two identical two-level atoms interacting with a broadband
squeezed vacuum reservoir. This section explains how the modified theoretical aspects
of light emission from squeezed vacuum light interact with two two-level atoms. The
primary application of the Fourier transform is to obtain the frequency components
of an input signal. For a discrete signal, the FFT can be applied to a certain number
of samples or, depending on the sampling frequency, a certain amount of time of the
signal. As stated by (Same et al., 2020) spectrum in DFT is limited to half of the
sampling frequency.

3.2 Mathematical modeling

A two-level atom with excited state |e⟩ and ground state |g⟩, separated by energy h̄ω0,
interacting with a quantized radiation field prepared in a squeezed vacuum state. The
environment modifies the spontaneous emission characteristics of the atom as a result
of quantum correlations in the squeezed field. We focused a two-level atom with ground
state |g⟩, excited state |e⟩, and transition frequency ω0. The atomic operators are

σ− = |g⟩⟨e| , σ+ = |e⟩⟨g| , σz = |e⟩⟨e|− |g⟩⟨g| . (3.1)

The atom interacts with a broadband squeezed vacuum reservoir characterized by the
squeezing parameter r and phase φ . The mean photon number and two-photon correla-
tions of the field are

N = sinh2 r, M = sinhr coshr eiφ , |M| ≤
√

N(N +1). (3.2)
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3.3 Hamiltonian of the System
The total Hamiltonian for the system was formulated, comprising the free Hamiltonian
of the two-level atom, the Hamiltonian of the squeezed vacuum field, and the interaction
Hamiltonian describing the coupling between the atom and the field. The total Hamil-
tonian H for a system describing light emission from the interaction of a two-level atom
with a squeezed vacuum light field can be expressed as a sum of three main parts: the
atomic Hamiltonian (HA), the field Hamiltonian (HF ), and the atom-field interaction
Hamiltonian (HAF ).

H = HA +HF +HAF (3.3)

3.3.1 Atomic Hamiltonian (HA)
This term describes the internal energy of the two-level atom.

HA =
1
2
h̄ωaσz (3.4)

where:

• h̄ is the reduced Planck constant.

• ωa is the transition frequency of the two-level atom.

• σz is the Pauli Z-matrix, representing the energy difference between the excited
and ground states of the atom.

3.3.2 Field Hamiltonian (HF)
This term describes the energy of the quantized electromagnetic field. For a squeezed
vacuum, beyond the usual free field energy, terms representing the squeezing interaction
are included.

HF =h̄ωca†a+h̄
[

κ

2
(a2e−iφ +(a†)2eiφ )

]
(3.5)

where:

• ωc is the frequency of the cavity mode (or the mode of the electromagnetic field).

• a† and a are the creation and annihilation operators for photons in the mode. The
term h̄ωca†a represents the energy of the free electromagnetic field.

• κ is the squeezing parameter (or effective squeezing strength), which quantifies
the degree of squeezing.
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• φ is the squeezing angle (or phase of the squeezing).

• The terms κ

2 (a
2e−iφ +(a†)2eiφ ) are crucial for describing the squeezed vacuum.

These terms create or annihilate pairs of photons, which is characteristic of squeezed
states.

3.3.3 Atom-field interaction Hamiltonian (HAF)
This term describes the interaction between the two-level atom and the electromagnetic
field. It typically takes the form of the Jaynes-Cummings interaction, assuming a dipole
coupling.

HAF =h̄g(a†
σ−+aσ+) (3.6)

where:

• g is the coupling constant between the atom and the field mode, representing the
strength of their interaction.

• σ− is the atomic lowering operator (transition from excited to ground state).

• σ+ is the atomic raising operator (transition from ground to excited state).

Combining these components, the total System Hamiltonian for light emission from
squeezed vacuum light interaction with a two-level atom is:

H =
1
2
h̄ωaσz +h̄ωca†a+h̄

[
κ

2
(a2e−iφ +(a†)2eiφ )

]
+h̄g(a†

σ−+aσ+) (3.7)

This Hamiltonian can be used to study various phenomena such as quantum statistics
of emitted light, entanglement generation, and population dynamics of the atom in the
presence of a squeezed vacuum environment.

3.4 Two-Level Atom Hamiltonian
The Two-Level Atom Hamiltonian is a fundamental concept in quantum mechanics and
quantum optics used to describe the simplest possible quantum system that can inter-
act with an electromagnetic field: an atom with only two relevant energy states. This
Hamiltonian model an atom (or any quantum system like a qubit) as having effectively
only two distinct energy levels. These are typically referred to as the ground state and
the excited state. All other energy levels are assumed to be far off resonance or irrele-
vant to the particular interaction being studied, allowing for a significant simplification
of the complex energy structure of the atom. The Hamiltonian describes the internal
energy of this two-level system. It is commonly expressed as:
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HA =
1
2
h̄ω0σz (3.8)

where:

• HA is the Hamiltonian for the atom.

• h̄ is the reduced Planck constant.

• ω0 (or ωa as used previously) is the transition frequency between the two levels.
This is related to the energy difference ∆E between the excited and ground states
by

∆E =h̄ω0 (3.9)

• σz is the Pauli Z-matrix, a 2×2 matrix defined as:

σz =

(
1 0
0 −1

)
(3.10)

In the basis where the excited state is represented by
(

1
0

)
and the ground state by(

0
1

)
, applying σz to these states yields:

– σz

(
1
0

)
=

(
1
0

)
(excited state has an energy contribution of +1

2h̄ω0)

– σz

(
0
1

)
=

(
0
−1

)
(ground state has an energy contribution of −1

2h̄ω0)

This mathematical form conveniently places the "zero" of energy midway between the
two levels. This choice simplifies calculations, particularly when considering interac-
tions with light. In essence, the Two-Level Atom Hamiltonian quantifies the intrinsic
energy of the atom when it’s either in its lower or higher energy state, providing the
foundation for analyzing how it absorbs or emits photons. It’s a cornerstone for under-
standing phenomena like atomic absorption, stimulated emission, spontaneous emis-
sion, and the operation of lasers and quantum computing qubits.

The total Hamiltonian of the system is composed of three parts:

H = Hatom +Hfield +Hint, (3.11)

where: - Hatom = 1
2h̄ω0σz is the atomic Hamiltonian, - Hfield = ∑kh̄ωka†

kak is the free
Hamiltonian of the field, - Hint = −d⃗ · E⃗ is the interaction Hamiltonian under electric
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dipole approximation. Using the rotating-wave approximation (RWA), the interaction
Hamiltonian becomes:

Hint =h̄∑
k

(
gkakσ++g∗ka†

kσ−
)

(3.12)

where: - σ+ = |e⟩⟨g| and σ− = |g⟩⟨e| are the atomic raising and lowering operators,
- gk is the coupling constant, - ak and a†

k are the annihilation and creation operators of
the field mode k.

3.5 Two-Level Atom Coupled to a Squeezed Vacuum Field
The interaction between a two-level atom and a single quantized radiation mode in the
interaction picture can be described by the Jaynes–Cummings Hamiltonian. When the
field is in a squeezed vacuum state, one uses the Bogoliubov transformed annihilation
operator

b = S(ζ )aS†(ζ ) = µa+νeiθ a†, (3.13)

where
µ = coshr, ν = sinhr, ζ = reiθ . (3.14)

Here, a and a† are the usual photon annihilation and creation operators, r is the squeez-
ing parameter, and θ is the squeezing phase. In the rotating-wave approximation (RWA),
the interaction-picture Hamiltonian is

HI(t) =h̄g
(

σ+ bei∆t +σ− b†e−i∆t
)
, (3.15)

where σ± are the atomic raising and lowering operators, g is the atom–field coupling
constant, and ∆ = ω0 −ωc is the atom–field detuning. Expanding b and b†, we obtain

HI(t) =h̄g
[

µ
(
σ+aei∆t +σ−a†e−i∆t)

+νeiθ
σ+a†ei∆t +νe−iθ

σ−ae−i∆t
]
. (3.16)

On resonance (∆ = 0), the Hamiltonian reduces to

HI =h̄g
[
µ

(
σ+a+σ−a†

)
+νeiθ

σ+a† +νe−iθ
σ−a

]
. (3.17)

For r = 0 (i.e. µ = 1, ν = 0), this reduces to the standard Jaynes–Cummings inter-
action

HI =h̄g
(

σ+a+σ−a†
)
. (3.18)

The squeezed Jaynes–Cummings Hamiltonian in the interaction picture is

Ĥint = g
[
(µ â+ν â†)σ̂++(µ â† +ν â)σ̂−

]
, (3.19)

where:
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• g is the atom–field coupling,

• σ̂+, σ̂− are the atomic raising and lowering operators,

• â, â† are the cavity annihilation and creation operators,

• µ = coshr, ν = sinhr for squeezing parameter r.

If we are restricted to at most one excitation, the basis is

{|e,0⟩, |g,1⟩}, (3.20)

where |e,0⟩ represents the atom excited and zero photons, and |g,1⟩ represents the atom
in the ground state with one photon. In this basis, the Hamiltonian reduces to

H1exc =

(
0 g(µ +ν)

g(µ +ν) 0

)
. (3.21)

The time evolution operator is

U(t) = e−iH1exct = cos(Ωt)I − isin(Ωt)
H1exc

Ω
, (3.22)

with an effective Rabi frequency

Ω = g(µ +ν). (3.23)

Starting from the initial state |ψ(0)⟩= |e,0⟩, the evolved state is

|ψ(t)⟩= cos(Ωt)|e,0⟩− isin(Ωt)|g,1⟩. (3.24)

The atomic excited-state population is obtained by tracing out the cavity:

ρee(t) = ⟨e|Trcavity
[
|ψ(t)⟩⟨ψ(t)|

]
|e⟩. (3.25)

Substituting |ψ(t)⟩, we get

ρee(t) = |cos(Ωt)|2 = cos2(Ωt). (3.26)

Finally, in terms of the squeezing parameter r:

ρee(t) = cos2 (g(µ +ν)t
)
= cos2 (g(coshr+ sinhr)t

)
(3.27)

A squeezed vacuum field is a quantum state of the electromagnetic field with reduced
quantum fluctuations in one quadrature at the expense of increased fluctuations in the
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conjugate quadrature. This nonclassical state is described by the application of a squeez-
ing operator S(ζ ) on the vacuum state |0⟩:

|ζ ⟩= S(ζ ) |0⟩ , S(ζ ) = exp
[

1
2

(
ζ
∗a2 −ζ (a†)2

)]
(3.28)

where ζ = reiφ is the squeezing parameter, with: - r quantifying the squeezing strength,
- φ the squeezing phase, - a and a† the annihilation and creation operators.
The following second-order field correlation functions characterize the squeezed vac-
uum:

⟨a†a⟩= sinh2 r = N, ⟨aa†⟩= cosh2 r = N +1, (3.29)

⟨aa⟩=−eiφ sinhr coshr =−Meiφ , ⟨a†a†⟩=−e−iφ sinhr coshr =−Me−iφ , (3.30)

where M =
√

N(N +1) = sinhr coshr is the two-photon correlation strength.
The two-mode squeezed vacuum state is generated by applying the two-mode squeezing
operator S2(ζ ) to the two-mode vacuum state |0,0⟩:

|ζ ⟩= S2(ζ )|0,0⟩, (3.31)

where the squeezing operator is defined as:

S2(ζ ) = exp
(

ζ
∗ab−ζ a†b†

)
, (3.32)

with ζ = reiφ , and a, b being the annihilation operators for the two modes. Applying
the squeezing operator to the vacuum yields:

|ζ ⟩= 1
coshr

∞

∑
n=0

(−eiφ tanhr)n|n,n⟩, (3.33)

which shows that the state is a superposition of photon-number correlated (twin Fock)
states. The mean photon number in each mode is:

⟨a†a⟩= ⟨b†b⟩= sinh2 r. (3.34)

There is also a nonzero correlation between the modes:

⟨ab⟩=−eiφ sinhr coshr. (3.35)

The quadrature operators:

Xk =
1√
2
(ak +a†

k)Pk =
1√
2i
(ak −a†

k) (3.36)
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We then define the joint quadratures:

X− =
1√
2
(Xa −Xb),P+ =

1√
2
(Pa +Pb). (3.37)

The variances of these joint quadratures are as follows.

Var(X−) = Var(P+) = e−2r (3.38)

demonstrating squeezing below the vacuum noise level. Consider the two–mode
squeezing operator with zero phase

S2(r) = exp
[
r (ab−a†b†)

]
, (3.39)

then the two–mode squeezed vacuum

|ψ⟩= S2(r) |0,0⟩ (3.40)

Heisenberg action of S2(r). Define A(r) = S†
2(r)aS2(r) and B(r) = S†

2(r)bS2(r).
Using

d
dr

(
S†

2aS2
)
= S†

2 (3.41)

[a,a†] = 1, [b,b†] = 1, [a,b] = [a,b†] = 0. (3.42)

we obtain
dA
dr

= B†,
dB
dr

= A†,

with initial conditions A(0) = a, B(0) = b. Solving these coupled ODEs yields the
standard Bogoliubov transforms

S†
2aS2 = acoshr+b† sinhr, S†

2bS2 = bcoshr+a† sinhr (3.43)

and their adjoints.

Transforming the single–mode quadratures. From the above,

S†
2XaS2 =

1√
2

(
S†

2aS2 +S†
2a†S2

)
= Xa coshr+Xb sinhr,

S†
2XbS2 = Xb coshr+Xa sinhr,

S†
2PaS2 = Pa coshr−Pb sinhr,

S†
2PbS2 = Pb coshr−Pa sinhr.

(3.44)
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Transforming the joint quadratures. Form the EPR combinations:

S†
2X−S2 =

1√
2

(
S†

2XaS2 −S†
2XbS2

)
=

1√
2

[
(Xa coshr+Xb sinhr)− (Xb coshr+Xa sinhr)

]
=

1√
2
(Xa −Xb)(coshr− sinhr) = e−rX−,

S†
2P+S2 =

1√
2

(
S†

2PaS2 +S†
2PbS2

)
=

1√
2

[
(Pa coshr−Pb sinhr)+(Pb coshr−Pa sinhr)

]
=

1√
2
(Pa +Pb)(coshr− sinhr) = e−rP+.

Thus X− and P+ are each scaled by e−r (squeezed), whereas the orthogonal combina-
tions X+, P− are anti-squeezed by e+r.

Variances in the squeezed vacuum. Expectation values in |ψ⟩ can be evaluated on
|0,0⟩ with the transformed operators:

⟨ψ|O|ψ⟩= ⟨0,0|S†
2OS2|0,0⟩. (3.45)

Since ⟨0|Xk|0⟩= ⟨0|Pk|0⟩= 0, we have ⟨X−⟩ψ = ⟨P+⟩ψ = 0.

Varψ(X−) = ⟨X2
−⟩ψ

Then

⟨X2
−⟩ψ =

〈
0,0

∣∣(S†
2X−S2

)2∣∣0,0〉= ⟨0,0|(e−rX−)
2|0,0⟩= e−2r ⟨0,0|X2

−|0,0⟩, (3.46)

and similarly for P+. In the vacuum with our normalization,

Var0(Xk) = Var0(Pk) =
1
2 , Cov0(Xa,Xb) = Cov0(Pa,Pb) = 0. (3.47)

Therefore

Var0(X−) = Var0

(
Xa −Xb√

2

)
=

1
2
(

Var0(Xa)+Var0(Xb)
)
=

1
2
, (3.48)

and likewise Var0(P+) = 1
2 . Putting this together,

Varψ(X−) = Varψ(P+) = 1
2 e−2r (3.49)
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3.6 Master Equation with a Squeezed Reservoir
When a two-level atom is placed in a squeezed vacuum, the emission dynamics are
altered by the squeezed reservoir. The field correlations lead to modifications in the
standard master equation for the atomic density matrix. Specifically, in the Lindblad
form:

dρ

dt
=

γ

2
(N +1)(2σ−ρσ+−σ+σ−ρ −ρσ+σ−)+A−B−C (3.50)

where:-
A =

γ

2
N (2σ+ρσ−−σ−σ+ρ −ρσ−σ+) (3.51)

B =
γ

2
Meiφ (2σ+ρσ+−σ+σ+ρ −ρσ+σ+) (3.52)

C =
γ

2
M∗e−iφ (2σ−ρσ−−σ−σ−ρ −ρσ−σ−) (3.53)

where: - γ is the natural decay rate in vacuum, - N = sinh2 r is the effective photon
number due to squeezing, - M = sinhr coshr characterizes two-photon processes, - φ is
the squeezing phase, - σ−,σ+ are the lowering and raising operators of the atom.
Depending on the squeezing phase φ , the spontaneous emission rate may increase or de-
crease. Two-photon processes mediated by M create interference in decay paths, lead-
ing to emission suppression (squeezing-induced transparency). The emission spectrum
may become narrower than the natural linewidth. The atomic dynamics and spectrum
are sensitive to the squeezing phase φ , enabling control over light-matter interaction.
The squeezed vacuum field introduces fundamentally new phenomena in the interaction
of light with two-level atoms, enabling the study and application of quantum-optical
effects such as quantum interference, noise reduction, and phase-dependent emission
control. The squeezed vacuum field is characterized by the following non-zero second-
order moments:

⟨a†
kak′⟩= δk,k′N(ωk), ⟨aka†

k′⟩= δk,k′ [N(ωk)+1] , (3.54)

⟨akak′⟩= δk,2k0−k′M(ωk)eiφ , ⟨a†
ka†

k′⟩= δk,2k0−k′M
∗(ωk)e−iφ , (3.55)

where: - N(ωk) = sinh2 r is the average photon number, - M(ωk) = sinhr coshr is the
two-photon correlation, - r is the squeezing parameter, and φ is the squeezing phase.

3.7 Entanglement of Two-Level Atoms in a Squeezed
Vacuum Field

We considered two identical two-level atoms (qubits), each with ground state |g⟩ and ex-
cited state |e⟩, placed in a common broadband squeezed vacuum reservoir. The squeezed
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bath is characterized by:

N = sinh2 r (mean photon number) (3.56)

M = sinhr coshr eiφ (two-photon correlation) (3.57)

where r is the squeezing parameter and φ the squeeze phase. Both atoms couple collec-
tively to the reservoir with spontaneous emission rate γ . In a normal vacuum (M = 0),
the atoms may show collective decay (superradiance, subradiance) but no persistent en-
tanglement. In a squeezed vacuum (M ̸= 0), two-photon correlations in the bath drive
the atoms into entangled superpositions. For identical atoms at zero detuning and strong
squeezing (r ≫ 1), the steady state tends towards a Bell-like entangled state:

|Ψ⟩ ≈ 1√
2

(
|gg⟩+ eiφ |ee⟩

)
(3.58)

The entanglement between the atoms can be quantified using concurrence C(ρ), defined
as

C(ρ) = max(0,λ1 −λ2 −λ3 −λ4) (3.59)

where {λi} are the square roots of the eigenvalues (in decreasing order) of

R = ρ (σy ⊗σy)ρ
∗ (σy ⊗σy) (3.60)

In a squeezed reservoir, one finds C > 0 even in the steady state, indicating per-
sistent entanglement. The squeezed vacuum bath provides phase-coherent correlated
photons which couple the atoms’ decays. This correlation sustains entangled states
such as |gg⟩+ |ee⟩. By tuning the squeezing strength r and phase φ , the degree and type
of entanglement can be controlled.

3.8 Joint Quadrature Variances in a Two-mode Squeezed
Vacuum

We considered the two-mode squeezed vacuum state generated by the two-mode squeez-
ing operator 3.39

S2(r,φ) = exp
[
r (e−iφ ab− eiφ a†b†)

]
, (3.61)

acting on the two-mode vacuum |0,0⟩. Here r ≥ 0 is the (real) squeezing parameter and
φ is the squeezing phase. The two-mode squeezed vacuum is |TMSV⟩= S2(r,φ)|0,0⟩.

The standard quadrature

X j =
a j +a†

j√
2

, Pj =
a j −a†

j

i
√

2
, j ∈ {a,b}, (3.62)
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normalization used, for which the single-mode vacuum variances are Var(X j)=Var(Pj)=
1
2 .

Define the joint quadratures

X− =
Xa −Xb√

2
, P+ =

Pa +Pb√
2

. (3.63)

With this choice the vacuum (no squeezing, r = 0) gives Var(X−) = Var(P+) = 1
2 . It is

convenient to work in the Heisenberg picture and use the two-mode Bogoliubov trans-
formations

S†
2 aS2 = a coshr− eiφ b† sinhr, (3.64)

S†
2 bS2 = b coshr− eiφ a† sinhr, (3.65)

and the Hermitian conjugates

S†
2 a† S2 = a† coshr− e−iφ bsinhr, (3.66)

S†
2 b† S2 = b† coshr− e−iφ asinhr. (3.67)

Expectation values in the squeezed state ⟨·⟩TMSV = ⟨0,0|S†
2(·)S2|0,0⟩ can thus be com-

puted as vacuum expectations of the transformed operators. Using the quadrature defi-
nitions,

Xa =
a+a†
√

2
, Xb =

b+b†
√

2
,

the joint quadrature in the Heisenberg picture becomes (suppressing the unitary conju-
gation notation for brevity)

X− =
1√
2

(
a+a†
√

2
− b+b†

√
2

)
=

1
2
(
a+a† −b−b†).

Now substitute each operator by its Bogoliubov transform (Eqs. (3.64)–(3.65)). After
substitution and collecting terms, X− expressed in terms of the original mode operators
a,b,a†,b† is

X− =
1
2

[
(a−b)coshr + (a† −b†)coshr − eiφ (b† −a†)sinhr − e−iφ (b−a)sinhr

]
.

(3.68)
Grouping creation and annihilation parts yields a linear combination of the four opera-
tors a,b,a†,b†. The variance in the two-mode squeezed vacuum is

Var(X−) = ⟨X2
−⟩TMSV −⟨X−⟩2

TMSV. (3.69)

Because ⟨X−⟩TMSV = 0 by symmetry, Var(X−) = ⟨X2
−⟩TMSV. Using the Bogoliubov

representation and evaluating vacuum expectation values, only terms proportional to
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⟨aa†⟩= ⟨bb†⟩= 1 survive; all normally-ordered annihilation-to-the-right combinations
vanish in the vacuum. The algebra simplifies (all phase terms cancel for these particular
joint quadratures) and one obtains the closed form

Var(X−) =
1
2

e−2r. (3.70)

The Variance of P+ is analogous calculation for

P+ =
Pa +Pb√

2
=

1
2i

(
a−a† +b−b†) (3.71)

gives

Var(P+) =
1
2

e−2r. (3.72)

Equations (3.70) and (3.72) show that both joint quadratures X− and P+ are squeezed
(their variances decay exponentially with the squeezing parameter r). At r = 0 we
recover the vacuum variances Var = 1/2. As r increases the variances fall below the
vacuum (shot-noise) level, demonstrating nonclassical noise suppression:

Var(X−) = Var(P+) = 1
2e−2r < 1

2 for r > 0.

The orthogonal joint quadratures X+ and P− (defined analogously) are correspondingly
anti-squeezed with variances ∝

1
2e+2r, preserving the uncertainty relations.

3.9 Total power spectrum of two-level Atoms in a Squeezed
Vacuum

The steady-state emission spectrum is obtained from the Fourier transform of the two-
time correlation function:

S(ω) = Re
∫

∞

0
⟨σ+(t + τ)σ−(t)⟩ssei(ω−ω0)τdτ. (3.73)

To compute ⟨σ+(t + τ)σ−(t)⟩, the quantum regression theorem ws applied to the solu-
tions of the master equation. The goal is to derive the emission spectrum of a quantum
system using the quantum regression theorem (QRT). The emission spectrum is ob-
tained from the Fourier transform of a two-time correlation function. For an operator Â,
the emission spectrum is defined by:

S(ω) =
1
π

Re
∫

∞

0
dτ eiωτ⟨Â†(t + τ)Â(t)⟩. (3.74)
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For a two-level atom:

Â = σ− ⇒ S(ω) =
1
π

Re
∫

∞

0
dτ eiωτ⟨σ+(t + τ)σ−(t)⟩. (3.75)

The QRT relates two-time correlations to the system’s master equation. Given the mas-
ter equation:

dρ

dt
= L [ρ], (3.76)

then:
⟨A(t + τ)B(t)⟩= Tr

[
AeL τ(Bρss)

]
. (3.77)

For a Two-Level Atom in vacuum the Hamiltonian equation is given as,

H =
h̄ω0

2
σz (3.78)

Master Equation:

dρ

dt
=

γ

2
(2σ−ρσ+−σ+σ−ρ −ρσ+σ−) (3.79)

We want:
S(ω) =

1
π

Re
∫

∞

0
dτ eiωτ⟨σ+(τ)σ−(0)⟩ (3.80)

Solving Using QRT,

C(τ) = ⟨σ+(τ)σ−(0)⟩= Tr
[
σ+ρ

(1)(τ)
]

(3.81)

with initial condition:
ρ
(1)(0) = σ−ρss (3.82)

and evolution:
dρ(1)

dτ
= L [ρ(1)] (3.83)

The time evolution of coherence is given as, The coherence ρeg(t) obeys:

dρeg

dt
=−

(
iω0 +

γ

2

)
ρeg ⇒ ρeg(t) = ρeg(0)e−(iω0+

γ

2)t (3.84)

So:
C(τ) =C(0)e−(iω0+

γ

2)τ (3.85)

Fourier Transform to the Spectrum is

S(ω) =
1
π

Re
∫

∞

0
dτ eiωτC(τ) =

C(0)
π

Re
∫

∞

0
ei(ω−ω0)τe−

γ

2 τdτ (3.86)
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S(ω) =
C(0)

π
·

γ

2
(ω −ω0)2 +( γ

2)
2 (3.87)

This is a Lorentzian spectrum centered at ω0, with full width at half maximum (FWHM)
γ , and area proportional to the initial correlation.

3.10 Quantum Regression Theorem
Consider a two-level atom interacting with a squeezed vacuum field. The atomic oper-
ators are

σ− = |g⟩⟨e|, σ+ = |e⟩⟨g|, σz = |e⟩⟨e|− |g⟩⟨g|. (3.88)

The density matrix ρ(t) evolves according to the master equation

dρ

dt
=− i

h̄
[Hatom,ρ]+

γ

2
(N +1)D [σ−]ρ +

γ

2
ND [σ+]ρ − γ

2
MD [σ†

−]ρ − γ

2
M∗D [σ†

+]ρ

where D [O]ρ = 2OρO† −O†Oρ − ρO†O, and N = sinh2 r, M = sinhr coshr eiθ are
squeezing parameters.

Using the Quantum Regression Theorem, the two-time correlation function

G(1)(t,τ) = ⟨σ+(t)σ−(t + τ)⟩ (3.89)

satisfies the same equations as the single-time expectation values, yielding

⟨σ+(t)σ−(t + τ)⟩= ⟨σ+σ−⟩ss e−(γ/2)(2N+1−2|M|cosθ)τ e−iω0τ (3.90)

The corresponding power spectrum is obtained via Fourier transform:

S(ω) =
1
π

Re
∫

∞

0
⟨σ+(t)σ−(t + τ)⟩eiωτdτ (3.91)

resulting in a Lorentzian spectrum with modified linewidth due to squeezing:

S(ω) ∝
γ(2N +1−2|M|cosθ)/2

(γ(2N +1−2|M|cosθ)/2)2 +(ω −ω0)2 (3.92)

For a two-level atom of transition frequency ω0 coupled to a thermal reservoir with mean
photon number n̄ at ω0, the master equation reduces to the case where the squeezing
parameter vanishes, M = 0. The effective decay rate (half-width at half-maximum) of
the correlation function is then

Γ = γ
(
n̄+ 1

2

)
, (3.93)
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where γ is the spontaneous emission rate in vacuum. The steady-state excited and
ground-state populations are given by

ρ
ss
ee =

n̄
2n̄+1

, ρ
ss
gg =

n̄+1
2n̄+1

. (3.94)

The first-order correlation function is a single exponential,

G(1)(τ) = ρ
ss
ee e−Γτe−iω0τ , τ ≥ 0, (3.95)

So that the power spectrum of the emitted radiation, obtained via the Wiener–Khinchin
theorem, is a Lorentzian of width Γ,

Ssingle(ω) =
ρss

ee
π

· Γ

(ω −ω0)2 +Γ2 =
1
π

n̄
2n̄+1

·
γ(n̄+ 1

2)

(ω −ω0)2 + γ2(n̄+ 1
2)

2
(3.96)

For an ensemble of Na identical and independent two-level atoms, the excited and
ground-state populations scale linearly,

Ne = Naρ
ss
ee = Na

n̄
2n̄+1

, Ng = Naρ
ss
gg = Na

n̄+1
2n̄+1

, (3.97)

and the total power spectrum is simply the incoherent sum of the single-atom spectra,

Stotal(ω) = Na Ssingle(ω) = Na ·
1
π

n̄
2n̄+1

·
γ(n̄+ 1

2)

(ω −ω0)2 + γ2(n̄+ 1
2)

2
(3.98)

3.11 Second Order Correlation Function of a Two-Level
Atom in a Squeezed Vacuum

Consider a single two-level atom with ground state |g⟩ and excited state |e⟩. Let σ− =
|g⟩⟨e| and σ+ = |e⟩⟨g| be the atomic lowering and raising operators. The atom interacts
with a squeezed vacuum reservoir characterized by

N = sinh2 r, M = sinhr coshr eiθ (3.99)

where r is the squeezing parameter and θ is the squeezing phase. The normalized
second-order correlation function is defined as

g(2)(τ) =
⟨σ+(t)σ+(t + τ)σ−(t + τ)σ−(t)⟩

⟨σ+σ−⟩2 . (3.100)

According to the quantum regression theorem, the two-time correlation function evolves
like the single-time expectation values:

d
dτ

⟨σ+(t)σ−(t + τ)⟩=−γ

2
(2N +1−2|M|cosθ)⟨σ+(t)σ−(t + τ)⟩, (3.101)
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where γ is the spontaneous emission rate.
The solution of this equation is

⟨σ+(t)σ−(t + τ)⟩= ⟨σ+σ−⟩ss exp
[
− γ

2
(2N +1−2|M|cosθ)τ

]
. (3.102)

For a single two-level atom, σ2
+ = σ2

− = 0, so

g(2)(τ) = 1− |⟨σ+(t)σ−(t + τ)⟩|2

⟨σ+σ−⟩2
ss

. (3.103)

Substituting the two-time correlation function gives the final result:

g(2)(τ) = 1− exp
[
− γ (2N +1−2|M|cosθ)τ

]
(3.104)
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Chapter 4

RESULTS AND DISCUSSION

4.1 Results
This chapter analyzes the results obtained from numerical simulations of a two-level
atom coupled to a squeezed vacuum field. The time evolution of population inversion
and coherence is explored for different squeezing parameters.

4.2 The squeezed Jaynes–Cummings Hamiltonian
For a two-level atom interacting with a single-mode squeezed vacuum, the atomic
excited-state population in the single-excitation subspace is given by

ρee(t) = cos2 (g(µ +ν)t
)
= cos2 (g(coshr+ sinhr)t

)
(4.1)

where g is the atom-field coupling, r is the squeezing parameter, and µ = coshr, ν =
sinhr. The oscillation frequency increases with squeezing. The figure shows the co-
herent oscillation of the atomic population between the excited and ground states. The
presence of the squeezed vacuum enhances the effective Rabi frequency,

Ω = g(coshr+ sinhr) = ger,

leading to faster oscillations compared to an unsqueezed vacuum. This demonstrates the
non-classical effect of the squeezed reservoir, which modifies the atom-field dynamics.
The population remains bounded between 0 and 1, reflecting ideal coherent dynamics;
in realistic systems, damping would reduce the amplitude over time.

32



Figure 4.1: Atomic excited-state population ρee(t) in a squeezed Jaynes–Cummings
model for squeezing parameter r = 0.5.

4.3 Two-Level Atom Coupled to a Squeezed Vacuum Field

4.3.1 Emission spectrum
The two-time correlation function obeys the same equation of motion as the single-time
expectation values (quantum regression theorem).

S(ω) =
1
π

Re
∫

∞

0
dτ eiωτ⟨σ+(t + τ)σ−(t)⟩. (4.2)
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For a two-level atom with decay rate γ and transition frequency ω0, one finds

⟨σ+(t + τ)σ−(t)⟩= ⟨σ+σ−⟩ss e−(
γ

2−iω0)τ , (4.3)

where ⟨σ+σ−⟩ss is the steady-state excited-state population. The integral is a standard
Laplace transform: ∫

∞

0
e−(

γ

2 )τei(ω−ω0)τ dτ =
1

γ

2 − i(ω −ω0)
. (4.4)

Taking the real part:

Re

[
1

γ

2 − i(ω −ω0)

]
=

γ

2

(ω −ω0)2 +
(

γ

2

)2 . (4.5)

Thus, the emission spectrum is

S(ω) =
1
π
⟨σ+σ−⟩ss

γ

2

(ω −ω0)2 +
(

γ

2

)2 (4.6)

The dashed curve shows the unit-area Lorentzian lineshape centered at the transition
frequency ω0 = 0 with linewidth γ , while the solid curve includes the scaling factor
given by the steady-state excited-state population ⟨σ+σ−⟩ss. The peak at resonance
illustrates that the emission is maximum at ω0, and the width reflects the spontaneous
decay rate γ .

4.3.2 Light emission from a two-level atom interacting with a squeezed
vacuum

The squeezed vacuum acts as a phase-sensitive reservoir. It suppresses spontaneous
emission noise in one quadrature while enhancing it in the orthogonal quadrature. The
steady-state resonance fluorescence spectrum is defined as Using the quantum regres-
sion theorem, one finds a Lorentzian spectrum.

S(ω) ∝
Γsq

Γ2
sq +(ω −ω0)2 , (4.7)

with the effective linewidth

Γsq =
γ

2
(2N +1−2|M|cosθ)+ γϕ . (4.8)

When the atomic dipole couples to the low-noise quadrature, spontaneous emission
is inhibited in that channel, so the spectral line becomes narrower (sharper).
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Figure 4.2: Emission spectrum of a two-level atom at the transition frequency ω0 = 0
with linewidth γ ,

This effect is one of the signatures of the non-classical nature of squeezed light, since
in a classical thermal or vacuum bath, linewidth narrowing of this kind does not occur.
Line narrowing implies the possibility of achieving subnatural linewidth emission —
emission narrower than the ordinary vacuum limit.

This has applications in precision spectroscopy, quantum metrology, and quantum
communication, since narrower linewidths mean better frequency stability and reduced
quantum noise. The figure demonstrates that the interaction of a two-level atom with
a squeezed vacuum reservoir modifies its spontaneous emission spectrum in a phase-
sensitive way. Compared to ordinary vacuum, where the emission spectrum is limited
by the natural decay rate, the squeezed vacuum produces a narrower resonance peak.
This narrowing arises because the squeezed field suppresses fluctuations in one quadra-
ture, effectively reducing atomic dipole dephasing. Thus, the plot visually shows how
squeezed light can alter fundamental quantum emission processes, confirming its non-

35



Figure 4.3: Emission spectrum of a two-level atom with squeezed vacuum

classical role in quantum optics.
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4.4 Master Equation with a Squeezed Reservoir
The squeezed vacuum field (central frequency ω0) has a nonzero second–order moments

⟨a†
kak′⟩= δk,k′ N(ωk), ⟨aka†

k′⟩= δk,k′ [N(ωk)+1], (4.9)

⟨akak′⟩= δk,2k0−k′ M(ωk)eiφ , ⟨a†
ka†

k′⟩= δk,2k0−k′ M
∗(ωk)e−iφ , (4.10)

where N(ωk) = sinh2 r is the mean photon number, M(ωk) = sinhr coshr quantifies the
two–photon correlations, r is the squeezing parameter, and φ is the squeezing phase.

Under these reservoir correlations, the atom’s master equation acquires phase–sensitive
(two–photon) terms. For a resonant, phase–matched bath (so the fast oscillations are re-
moved in the interaction picture) the normal ordered correlator entering the spectrum,

Figure 4.4: Moments of a squeezed vacuum state: mean photon number N(r) and two-
photon correlation M(r) versus the squeezing parameter r.
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This figure shows how the average photon number and two-photon correlations grow
with the squeezing parameter. Physically, it demonstrates that squeezed vacuum states
are dominated by strong two-photon correlations, which is the key to their non-classical
nature. The vacuum (|0⟩) normally has fluctuations (uncertainty) equally distributed in
both quadratures (like position and momentum of light). In a squeezed vacuum, fluc-
tuations in one quadrature are reduced at the expense of increasing them in the other.
N(r) = sinh2 r: Mean photon number as squeezing increases (r ↑), the vacuum be-

comes populated with more photon pairs. This curve shows that stronger squeezing
means more photons in the squeezed field. M(r) = sinhr coshr: Two-photon cor-

relation This describes the correlations between photons that are created in pairs. It
grows faster than N(r), especially at small r, showing that squeezed states are domi-
nated by strong pair correlations. Physically, this explains why squeezed states exhibit
non-classical correlations (entanglement-like features). Comparison of curves: For

all r > 0, we have M(r)> N(r). This means correlations (pair creation) dominate over
simple photon number growth, highlighting the essential quantum character of squeezed
light.

4.5 Entanglement of Two-Level Atoms in a Squeezed
Vacuum Field

When two identical two-level atoms are coupled to a common squeezed vacuum reser-
voir, the dissipative dynamics can drive the atoms into a correlated steady state. At zero
detuning and in the limit of strong squeezing (r ≫ 1), the steady state approaches a
maximally entangled Bell-like state

|Ψ⟩ ≈ 1√
2

(
|gg⟩+ eiφ |ee⟩

)
, (4.11)

where φ is the squeezing phase. This demonstrates that squeezed vacuum not only
modifies spontaneous emission rates but can also serve as a resource for generating
steady-state entanglement between atoms. The degree of entanglement of the two-atom
system is quantified using concurrence C(ρ) wootters1998entanglement, defined as:

C(ρ) = max(0,λ1 −λ2 −λ3 −λ4) (4.12)

where λi are the square roots of the eigenvalues (in descending order) of the matrix

R = ρ (σy ⊗σy)ρ
∗ (σy ⊗σy) (4.13)

with σy being the Pauli-Y matrix and ρ∗ the complex conjugate of ρ . A concurrence
C = 0 indicates no entanglement, while C = 1 represents maximal entanglement.
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The figure below represents the entanglement dynamics of two two-level atoms inter-
acting with a squeezed vacuum reservoir. The entanglement is quantified using the con-
currence C(t), which ranges from 0 (no entanglement) to 1 (maximal entanglement).

• Initial State (t < 2) At the beginning, C(t) = 0, meaning the atoms are initially
separable (not entangled). The squeezed vacuum has not yet generated correla-
tions between the atoms.

• Onset of Entanglement (t ≈ 2): Around t ≈ 2, the concurrence begins to in-
crease. This is due to the two-photon correlations present in the squeezed vacuum,
which can couple atomic transitions and induce entanglement.

• Growth of Entanglement (2 < t < 7): The concurrence rises steadily, show-
ing that the system becomes progressively entangled as it interacts with the non-
classical reservoir. The rate of entanglement growth depends on the squeezing
parameter, the atomic decay rate, and atom-field coupling strength.

• Saturation (large t): For long times, the concurrence asymptotically approaches
a steady-state value (C ≈ 0.82 in the plot).

This figure shows that squeezed vacuum can serve as a resource to entangle distant two-
level atoms even without direct interaction. This figure demonstrates how two initially
unentangled two-level atoms interacting with a squeezed vacuum field gradually de-
velop quantum entanglement (measured by concurrence) over time, reaching a nonzero
steady-state entanglement. The squeezed vacuum acts as a correlated environment that
induces and sustains entanglement between the atoms, despite natural decoherence.

4.6 Joint Quadrature Variances in a Two-Mode Squeezed
Vacuum

This illustrates how two-mode squeezing generates strong quantum correlations (entan-
glement) between the modes, which are exploited in quantum communication, continuous-
variable quantum information, and precision metrology.

X− =
1
2
(Xa −Xb), P+ =

1
2
(Pa +Pb) (4.14)

in a two-mode squeezed vacuum as a function of the squeezing parameter r. At r =
0, both quadratures have variance 1/2, which corresponds to the vacuum noise level
(shown by the dotted line). As r increases, both Var(X−) and Var(P+) decrease accord-
ing to

Var(X−) = Var(P+) =
1
2

e−2r. (4.15)
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Figure 4.5: Entanglement Dynamics of Two Two-Level Atoms in Squeezed Vacuum

The exponential decay demonstrates squeezing, i.e., the reduction of quantum fluctu-
ations below the vacuum limit, which is a purely nonclassical effect. Because of the
symmetry of the two-mode squeezed state, the two curves overlap exactly: both quadra-
tures are squeezed by the same amount.
The variances are equal to the vacuum noise (1

2 ). Increasing r reduces the noise ex-
ponentially below vacuum, demonstrating quadrature squeezing. At zero squeezing
(r = 0), both quadratures X− and P+ have variance 1/2, the standard vacuum noise
level. As the squeezing strength increases, the variances decay exponentially as 1

2e−2r,
falling below the vacuum noise line. This behavior shows that the two-mode squeezed
vacuum exhibits noise reduction below the quantum limit in these joint quadratures.
Because Var(X−) = Var(P+), both are squeezed equally, reflecting the symmetry of the
two-mode squeezing interaction.
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Figure 4.6: Exponential squeezing of joint quadratures in a two-mode squeezed vacuum

4.7 Total Power Spectrum of Two-level Atoms in a Squeezed
Vacuum

For an ensemble of Na identical and independent two-level atoms, the excited and
ground-state populations scale linearly,

Ne = Naρ
ss
ee = Na

n̄
2n̄+1

, Ng = Naρ
ss
gg = Na

n̄+1
2n̄+1

, (4.16)

and the total power spectrum is simply the incoherent sum of the single-atom spectra.

Stotal(ω) = Na Ssingle(ω) = Na ·
1
π

n̄
2n̄+1

·
γ(n̄+ 1

2)

(ω −ω0)2 + γ2(n̄+ 1
2)

2
(4.17)
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4.8 Quantum Regression Theorem (QRT)
Using the Quantum Regression Theorem, the two-time correlation function is given
as

S(ω) =
1
π

Re
∫

∞

0
⟨σ+(t)σ−(t + τ)⟩eiωτdτ (4.18)

resulting in a Lorentzian spectrum with modified linewidth due to squeezing from the
above equation.

S(ω) ∝
γ(2N +1−2|M|cosθ)/2

(γ(2N +1−2|M|cosθ)/2)2 +(ω −ω0)2 (4.19)

The spectrum has a clear maximum at the atomic transition frequency (ω0 = 5). This is

Figure 4.7: Power Spectrum of a Two-Level Atom in a Squeezed Vacuum

the frequency at which the atom most likely emits light. The curve has a characteristic
Lorentzian line shape typical of spontaneous emission.
This shape indicates that the emission is broadened by the decay rate of the atom, which
is influenced by the interaction with the squeezed vacuum. The spectrum is symmet-
ric around ω0, showing that emission occurs equally at frequencies slightly above and
below the transition frequency. This figure demonstrates a nonclassical effect: the
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squeezed vacuum modifies the emission, narrowing the linewidth and enhancing the
spectral peak. It clearly shows how squeezing reduces quantum noise in the system.

4.9 Second-Order Correlation of Atoms in a Broadband
Squeezed Vacuum

For resonance fluorescence from a single two-level atom, the detected positive-frequency
field is proportional to σ−. The stationary second-order correlation is then

g(2)(τ) =
⟨σ+(0)σ+(τ)σ−(τ)σ−(0)⟩

⟨σ+σ−⟩2
ss

. (4.20)

g(2)(0) = 0 (perfect antibunching). (4.21)

Writing the dipole quadratures as σx = (σ++σ−)/2 and σy = (σ+−σ−)/(2i), their
mean values obey. Thus the squeezed bath selects quiet/noisy dipole quadratures de-
pending on the squeeze phase φ . For a single two-level atom, σ2

+ = σ2
− = 0, so

g(2)(τ) = 1− |⟨σ+(t)σ−(t + τ)⟩|2

⟨σ+σ−⟩2
ss

. (4.22)

Substituting the two-time correlation function gives the final result:

g(2)(τ) = 1− exp
[
− γ (2N +1−2|M|cosθ)τ

]
(4.23)

At zero delay (τ = 0), the correlation starts well below unity, showing strong antibunch-
ing of the emitted photons. As τ increases, g(2)(τ) recovers to unity, indicating that at
long delays the photon statistics become Poissonian. The solid blue curve corresponds
to the squeezed vacuum case (|M| > 0), while the dashed red curve corresponds to the
thermal case without squeezing (M = 0). Both converge to the same asymptotic limit,
but squeezing alters the short-time decay dynamics.
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Figure 4.8: Second-order correlation function g(2)(τ) of a two-level atom in a squeezed
vacuum reservoir.
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Chapter 5

CONCLUSION AND
RECOMMENDATION

5.1 Conclusion
In this thesis, the light emission characteristics of a two-level atom interacting with a
squeezed vacuum field have been thoroughly investigated both analytically and numer-
ically. The study focused on understanding how quantum squeezing modifies spon-
taneous emission, spectral behavior, atomic coherence, and entanglement properties.
Using the squeezed Jaynes-Cummings Hamiltonian and the master equation formalism,
we derived the time evolution of atomic population and coherence under the influence
of a phase-sensitive reservoir.

The simulation results revealed that the presence of a squeezed vacuum enhances the
effective Rabi frequency, leading to faster population oscillations compared to the or-
dinary vacuum case. The emission spectra, calculated through the quantum regression
theorem, exhibit Lorentzian profiles whose linewidths are narrowed as the squeezing
parameter increases. This subnatural linewidth narrowing demonstrates that squeezed
reservoirs can suppress quantum noise in one quadrature while amplifying it in the or-
thogonal one. Such phase-sensitive modification of emission confirms the nonclassi-
cal character of squeezed light. Furthermore, the two-photon correlations (M(r)) were
shown to grow faster than the mean photon number (N(r)) with increasing squeezing,
signifying the dominance of pair correlations in squeezed vacuum fields. The study
also demonstrated that when two identical two-level atoms are coupled to a common
squeezed vacuum reservoir, steady-state entanglement emerges even without direct in-
teraction, confirming the squeezed vacuum as a useful quantum resource. The joint
quadrature variances of a two-mode squeezed vacuum decrease exponentially below
the vacuum limit, providing additional evidence of noise reduction and quantum cor-
relation between the modes. Overall, the results confirm that the squeezed vacuum
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profoundly alters spontaneous emission and coherence dynamics, leading to enhanced
quantum correlations, reduced noise, and potential steady-state entanglement. These
findings contribute valuable insight into the role of squeezed light in quantum optics and
have promising implications for advanced applications in quantum metrology, precision
spectroscopy, and quantum information processing. The outcomes of this research af-
firm that squeezed vacuum fields can be effectively used to engineer quantum states of
matter and light beyond classical limits.

5.2 Recommendation
Based on the theoretical investigation of light emission from squeezed vacuum interac-
tion with two-level atoms, the following recommendations are forwarded:-

1. Conduct experiments to verify linewidth narrowing, modified spontaneous emis-
sion, and antibunching in cavity QED or trapped-ion systems.

2. Perform numerical simulations using master-equation and Monte-Carlo methods
for varied squeezing parameters and coupling strengths.

3. Study multiple atoms and strong-coupling effects to explore superradiance, sub-
radiance, and multi-atom entanglement.

4. Analyze the impact of noise, dephasing, and imperfect squeezing, and propose
strategies to preserve non-classical behavior.

5. Apply squeezed-reservoir engineering in quantum technologies for entanglement,
noise reduction, and precision spectroscopy.
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Messikh, A, R Tanaś, and Z Ficek (2000). “Response of a two-level atom to a narrow-

bandwidth squeezed-vacuum excitation”. In: Physical Review A 61.3, p. 033811.
Newbold, Mark A and Gregory J Salamo (1980). “Power spectrum of light scattered by

a two-level atom in the presence of a pulse-train driving field”. In: Physical Review
A 22.5, p. 2098.

Pollnau, Markus (2018). “Phase aspect in photon emission and absorption”. In: Optica
5.4, pp. 465–474.

Qin, Wei et al. (2024). “Quantum amplification and simulation of strong and ultrastrong
coupling of light and matter”. In: Physics Reports 1078, pp. 1–59.

Same, Mohammad Hossein et al. (2020). “Simplified welch algorithm for spectrum
monitoring”. In: Applied Sciences 11.1, p. 86.

Schnabel, Roman (2017). “Squeezed states of light and their applications in laser inter-
ferometers”. In: Physics Reports 684, pp. 1–51.

Scully, Marlan O and M Suhail Zubairy (1997). Quantum optics. Cambridge university
press.

Shibata, Naoyuki and Hosho Katsura (2020). “Quantum Ising chain with boundary de-
phasing”. In: Progress of Theoretical and Experimental Physics 2020.12, 12A108.

48



Teich, Malvin C and Bahaa EA Saleh (1989). “Squeezed state of light”. In: Quantum
Optics: Journal of the European Optical Society Part B 1.2, p. 153.

Walls, DF and Gerard J Milburn (2008). “Quantum information”. In: Quantum optics.
Springer, pp. 307–346.

Wang, Da-Wei and Girish S Agarwal (2023). “Quantum Properties of Light”. In: Springer
Handbook of Atomic, Molecular, and Optical Physics. Springer, pp. 1189–1205.

White, Jeffrey Owen (2009). “Parameters for quantitative comparison of two-, three-
, and four-level laser media, operating wavelengths, and temperatures”. In: IEEE
journal of quantum electronics 45.10, pp. 1213–1220.

Zhang, Yu et al. (2022). “Process window improvement for fin cut layer in self-aligned
double-patterning process based on backscattered electron imaging”. In: Journal of
Micro/Nanopatterning, Materials, and Metrology 21.4, pp. 041605–041605.

49


