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ABSTRACT
This thesis extends the work of Rossa and Kari (2022) on best proximity point theorems for a-
proximal 6- ¢- mappings. We achieve this by generalizing the key inequality used in their

proof leading to a broader class of contractive mappings.

Specially, we conceder pairs of non -empty closed subsets (A4, B) in a complete metric space
and define o —proximal 8 — ¢ non self- mappings. T: A N B. Our main novelity lies in
introducing a more general in equality:

a(x,y)0(d(Tx,Ty)) < ¢[max(8(d(x,y)),0(d(x,Tx),0(d(y,Ty)))].

This inequality encompasses various terms not captured by the original formulation. Under
suitable conditions, we prove the existence and uniqueness of a best proximity point for this
generalized class of mappings. This means there exist a unique point x* € A such that
d(x *,T(x *)) = d(4, B), minimizing the distance to the image of the mapping .Our results
generalize existing theorems and demonstrate the applicability of the proposed framework.
We showcase this through illustrative examples and discuss potential future directions for

research.



CHAPTER ONE

INTRODUCTION
Mathematics is one of the important branches of scientific knowledge having many
applications in every sphere of life. It is further classified into multiple branches. One of
the most important branches of mathematics is known as functional analysis. In
functional analysis the concept of proximity point is achieving the minimum distance

between two sets through a function defined on one of sets to the other.

In 1922, notable mathematician Banach [1] demonstrated significant fixed point result in
the area of functional analysis acknowledge as Banach contraction principles. This result

declared to be the most fundamental consequence in the field of fixed point theory.

The Banach contraction theorem states that if (X,d) is a complete metric space and
T:X - X is self- mapping with contraction, then T has a unique fixed point. On the
other hand for given non -empty closed sub sets A and B of a complete metric space
(c,d) a contraction for non-self- mapping T: A — B does not necessarily guarantee that
will have a fixed point. In this case, it is quite natural to investigate x € A such that
d(x,T x) >0 is in some sense minimum, more precisely a point x € A for which
d(x,T x) = d (A4,B) is called a best proximity point of T. In 1969, A classical best
approximation theorem was introduced by Fan [4] states that, If A is a non-empty
compact convex subset of a Hausdroff locally convex topological vector space B and
T:A — B is continuous mapping ,then there exists an element x € A such that
d(x,Tx) = d(Tx,A). A best proximity point represents an optimal approximate solution

to the equation

T x =x Whenever a non -self-mapping T has no fixed point. It is clear that a fixed
point coincides with a best proximity point if d (4, B) = 0. since a best proximity point
reduces to a fixed point if the underlying mapping is assumed to be self- mappings, the
best proximity point theorems are natural generalizations of the Banach’s contraction

principle.



1.1. BACK GROUND OF THE STUDY

The existence and convergence of best proximity point is attractive feature of
optimization theory. In 2005, Elderd et.al [3] provided the existence and convergence of

the best proximity points in the set of uniformly continuous Banach space.

In 2008, Suzuki [13] presented a new kind of mappings and provided generalization of
Banach contraction principle. In 2010, S. Sadik Basha [11] introduced necessary and
sufficient axiom to claim the existence of a best proximity point for proximal contraction

of first and second kind.

Recently, Jleli, Karapinar, and Samet in [7] have introduced a new class of contractive
mappings called @ — -Contractive type mappings. They have provided some results on
the existence and uniqueness of best proximity points of such non-self-mappings. The
purpose of this research is to generalize the frame work of Mohammed Rossaf,
Abdulkerim Kari [10] by adding some constants to the existence and uniqueness of best
proximity point for ¢ —proximal 8 — ¢ — non-self-mapping defined on a closed subset of
a complete metric space. In recent research in the field of nonlinear functional analysis,
many researchers are interested in dealing with non —self maps to determine the distance
between two nonempty subsets of a metric space (X ,d).Let A and B be two nonempty
subsets of a metric space (X,d) and T:A— B be a non-self- mapping
.Then,d(x,Tx) = d(A,B),for allx € A, whered(4,B) = inf {d(x,y):x €A,y €
B }. In general, for a non-self mapping T: A — B, the fixed point equation Tx = x may
not have a solution .In such a cases, one intend to find an approximate solution x €
A suchthatd(x, T x) = d(4, B).



1.2. STATEMENTES OF THE PROBLEM

The problem addressed in this thesis revolves around the investigation of best proximity
point results for a novel class of non-self-mapping. Inspired by the work of Mohammed
Rossa and Abdulkerim Kari, we aim to extend and generalize existing results in the

literature by introducing a more flexible and inclusive inequality.

Specially, our objective is to establish conditions under which best proximity points
exist and are unique for a-proximal 6-¢-generalized mappings in metric spaces endowed
with asymmetric binary relations. Building upon the foundation laid by previous research,

we seek to develop a theoretical framework that accommodates the generalized inequality

a (x,y)0(d(T x,Ty)) < d[max (6,d(x,y)),0(d(x,T x)),0(d(y, Ty)))].
Allowing for a comprehensive analysis of best proximity point properties;

Key aspects of the problem include;

1. Defining and characterizing a-proximal 6 — ¢-generalized mapping; we aim to
formalize the concept of a-proximal 8 — ¢ generalized mappings and investigate
their properties within the context of metric spaces.

2. Establishing conditions for the existence of best proximity points. We seek to
identify conditions under which best proximity points exist for @ —proximal 0-¢-
generalized mappings, taking in to account the interplay between «,6 and
¢ functions.

3. Investigating the uniqueness of best proximity points: we aim to determine
conditions that ensure the uniqueness of best proximity points for a-proximal 6-
¢ —generalized mappings, thereby providing a comprehensive understanding of
their behavior.

4. lllustrating the applicability of the generalized framework: Through theoretical
analysis and illustrative examples, we aim to demonstrate the effectiveness and
applicability of our generalized framework in capturing diverse scenarios and
providing deeper insights into the nature of best proximity points.

5. Exploring implications and future directions: we intend to discuss the implication
of our findings in various fields, such as fixed point theory, optimization and
control theory and suggest potential avenues for future research in the study of

best proximity points.



By addressing these key aspects, we aim to contribute to the advancement of
knowledge in proximity point theory and pave the way for further research in the

study of non-self-mappings in metric spaces
1.3. OBJECTIVE OF THE STUDY

1.3.1. GENERAL OBJECTIVE

The general objective of this thesis to extend and generalize the study of best proximity
point results for a-proximal—6 — ¢ —generalized non-self-mappings in metric spaces
endowed with asymmetric binary relations..
1.3.2. SPECIFIC OBJECTIVE
The specific objective the study is to introduce a more flexible inequality,
and investigate its implications for the existence and uniqueness of best proximity points.
I. To review the literature on best proximity point results and identifies the
limitation of existing approaches, there by motivating the need for a more
generalized framework.
ii.  To establish conditions under which best proximity points exist for a-proximal
0 — ¢ —generalized non-self-mappings, considering factors such as the
completeness of the metric space and properties of the a, 8 and ¢ functions.
iii.  To determine conditions that ensure the uniqueness of best proximity points for
a —proximal 8 — ¢ —generalized non-self-mapping, thereby providing a deeper

understanding of their behavior.

iv. To develop a theoretical framework those accommodates the generalized
inequality and apply it to various scenarios to illustrate its effectiveness and
applicability.
By addressing these specific objectives, we aim to contribute to the advancement
of knowledge in proximity point theory and provide a comprehensive
understanding of best proximity points for a-proximal 8 — ¢ —generalized non-

self-mappings in metric spaces.

1.4.  SIGNIFICANCE OF THE STUDY

The result of this study may have the following importance
i. It may contribute to research activities on study area.

ii. It may provide basic research skill to researcher.



iii. It may also serve as reference for researchers who have interest to be engaged in
research activities in this line of research.

iv.  To share experience for others.

v. It may have application in studying the existence of unique solution to nonlinear

integral solution.

1.5. DELIMITATION (SCOPE) OF THE STUDY

This study focuses only in determining the best proximity point for a-proximal 6 —¢ for
generalized non-self-mapping by adding some constants to the work of Mohammed

Rossafi and Abdulkarim Kari [5] in the frame work of complete metric space.



CHAPTER TWO
REVIEW OF RELATED LITRATURES

Fixed point theory is very important in diverse discipline of Mathematics. Since it can be
applied for solving varies problems and it is one of the most dynamic research subjects in
nonlinear analysis. In this area the first important and significant result was proved by
Banach in 1922 for a contraction mapping in a complete metric space. In the fixed point
theory contraction is one of the main tools to prove the existence and uniqueness of the
solution of an operator, T x = x used in all analysis. Due to its importance generalization

of the Banach contraction principle has been investigated heavily by many researchers.

In 1969, Fan [4], presented the first result concerning best proximity point theorems in
continues non-self-mapping in a normed vector space. Then following his theorems, best
proximity point theorems of non-self-mappings get a lot of attention and have been

studied by many researchers.

In2013, Jleli, Karapiner and Samet in [7] have introduced a new class of contractive
mapping called a-y-contractive type mappings. They have provided some results on the
existence and uniqueness of the best proximity points of such non-self-mappings.
Recently, in 2017, Ayari in [9] proposed an extension for the case of @ — 8 —proximal
quasi contractive mappings. We are interested in extending these works for the Geraghty
function by introducing the notion of a-proximal Geraghty non-self- mappings. The
purpose of all this is to provide a theorem on the existence and uniqueness of best

proximity point for such mappings.

2.1. PRELIMINARIES

In this section, different important concepts (definition, Lemma, and theorems) will be
collected from different sources in order to understand our research work .We only states

them without proof since they are proved in many standard materials in the internet.

Definition 2.1.1 [10] Let (A4, B) be a pair of non-empty sub sets of a metric space (x, d)
we adopt the following notations. d(A4, B) = { inf d(a,b):a € A,b € B};

Ay = {a € AThereexistsb € Bsuchthatd(a,b) =d(A,B)};

By = {b € B There exists a € A such that d(a,b) = d(4, B)}.

6



Definition 2.1.2 [7] Let T: A — B be a mapping .An element x* is said to be a best
proximity pointof Tif d (x*,T(x)*) = d(4, B).

Definition 2.1.3 [12] let (4, B) be a pair of non-empty subsets of a metric space (X, d)
such that 4, is non-empty. Then the pair (4, B) is to have P —property if and only if

d(xl, yl) = d(xz, yz) == d(A, B), Then d(xl, xZ) == d(yl' yz),Where xl, xz € A and
Y1,Y2 € B.

Definition 2.1.4 [7] Let a: AX A — [0,4+00), T is said to be proximal admissible if
a(xq,x,) = land

d(ul,T(xl)) = d(uz,T(xz)) =d(A,B),a(uy,uy) = 1V xq,%5,Up, Uy, € A
Definition 2.1.5 [6] Let be the family of all functions X : [0, co] — [1, o] such that
(i) Isincreasing
(if) For each sequence {x,} € [0, o];

(iii) Is continues.

Definition 2.1.6 [14] Let g be the family of all functions g: [1,0) — [1, oo],such that
(1) @ is increasing

(02) foreach t € [0,+o0], im@(t) =1
n—-oo

(23) is continues.
Lemma 2.1.7 [14] If ge d,then g (1) = 1,and ¢ (t) < t.

Definition 2.1.8 [14] Let (x, d) be a metric space and T: X — X be a mapping. T is said

to be a —g-contraction if there exist e € 8 and g € ¢ such that for any x,y €
X, d(T),T(y)>0 = 6[d(T),TH) < o [6(dx )]

Definition 2.1 .9 [ 14 ] Let(x, d,) be a partially ordered metric space A4, B be two non-
empty subsets of X, a,: AA — [0,) Be Functions C « > 0,CS = 0 be two constants
and T: A - B be a non-self-mapping, we say that T is an « — § —proximal admissible, if

forall x,y,u,v € Awith x,y hold.



ila(x,y) = Caandd(u,T x) =d(u,T(y)) = d(4,B)implies a(u,v) = C a.

i.B(x,y)C Landd(u,T x) = d(u,Ty) = d(A4, B) implies S (u,)C S
iii. 0CpB/Cal

If (i), (ii) and (iii) holds for a(x,y) =1 = B(x,y) for all x,y € A, then we say that T is

proximal admissible;

Definition 2.1.10 [10] let (x,d) be a metric space and (A, B) be pair of non- empty
subset of X. A non-self- mapping T: A — B is called a -proximal 6 -¢ -mapping where

a:A X A—[0,00],Ifthere exists 8 € @ and ¢ € @ such that forany x,y € X,

a(x,y)0(d(T(x), T(y) < ¢[0(d(x,y))]



CHAPTER THREE
METHEDOLOGY OF THE STUDY

3.1. STUDY AREA AND PERIOD

The study will be conducted at Madda Walabu University under the department of
Mathematics from August 2022 to October 2024.

3.2. STUDY DESIGN

This study will employ analytical method of design.

3.3. SOURCES OF INFORMATION

The sources of information for this study are published articles, books, journals and
related studies from internet.

34. MATHEMATICAL PROCEDURE
In this study the procedures that will follow the standard procedures are;
- Defining best proximity points for a proximal 6 -®- generalized mapping.
- Stated lemmas and theorems to support our main results.

- Giving an example to satisfies our main results.



CHAPTER FOUR
MAIN RESULT

41. BEST PROXIMITY RESULTS FOR a-PROXIMAL 0 —

¢ —GENERALIZED MAPPING
Definition4.1.1. Let (X, d) is a metric space and (4, B) be pair of non-empty subset of X.
A non-self-mapping T: A — B is called a-proximal 8 — ¢ —generalized mapping, where
a: AXA — [0, +o0],ifthere exists 6 € Oand ¢ € ® such that for any x,y €
X, a(x,y)0(d(TX,TY)) < $[0(d(x,y))]-

Definition\4.1.2 The mapping T: A — B is said to be a generalized 6 — @ —proximal
contraction of first kind if there exist 8 € 6, € ® and a,b,c,h = Owitha+ b +
w..t2ch,c # 1 such that

{d(xl,T)ﬁ) =d(4,B) = 0 (d(x; ,x3)

d(x;,Ty,) =d(A,B)
S ¢[0[ad (y1,y2) +bd(x1,y1) + cd(x3,y,) +

h(dyy,x2) + d(y2,x))]] forall xy,%;,¥1,¥2
€ Aandx; # y; .

Theorem4.1.3Let (4, B) be pair of non-empty closed subset of a complete metric space
(X, d) such that Ao is non-empty. Let a: AxA — [0,+],0 € 0 and ¢ € &, consider an

a-proximal & — ¢ mapping T: A — B satisfying the following assertion.

I. T(Ao) € Bo And the pair (4, B) satisfies the weak p-property.

ii. T is a- proximal admissible,

iii.  There exists xo,x1 € Asuch thatd(x;,Tx,) =d (4, B)and a« (x0,x;) > 1.

iv. T Iscontinuous.

v. T Is ageneralized 8 — ¢ —proximal contraction of first kind Then, there exists a
unique x € Asuch that d (x,Tx) = d (A,B). In addition, for any fixed
element x, € 4, , the sequence { x,, } defined by d(x,+1 ,Tx,) = d(A,B)
the best proximity point.

Proof From condition (3), there exist elements x,,x; € A, Such that
d(x1,Txg) =d (A,B)and a (x9,%1) > 1
Since T (A,) € By, there exists x, € Apsuch that d(x, ,Tx;) = d(4,B).

10



Now, we have d(x,Txy) =d(A,B),a(xg,x;) >1and d(x,,Tx;) = d(4,B).

since T is a- proximal admissible. This implies that & (x1,x2) > 1.
Thus, we have d (x,,Tx;) = d(4,B) and @ (xq,x,) > 1.
Again, since T(4,) € B, ,there exists x3 € A, such thatd( x5, Tx, ) = d(4, B).
Continuing this process by induction, we construct a sequence x,, € A, such that
d(xp41,Tx,) =d (A, B)And a (x,,, xp41) =1L, VneN, ... (1)
Since (A4, B) satisfies the p-property, we conclude from (1) that
(X Xn41) =d (Txp, Txpyq ) , VN EN,
If xn, = xny,, for somen, € N, from (1) we obtains

d(xnyg,Txng) = d(xng;1,Txng) = dA,B) cccevvvniiinin... (2)
We shall prove that the sequence x,, is a Cauchy sequence. Let us first prove that

lim d(x,, x,+1) = 0.
n—-0oo

As T is a generalized 8 — ¢ —proximal contraction of first kind we have

Q[d(xn:xn+1) < Cl)[@ [ad(xn—l 'xn) + bd(xn—l )xn)
+ Cd(xn »Xn+1 ) h(d (xn—l :xn) + d (xn' xn))]]

= ¢[Olad(xp_1,%n ) +bd (Xp_1,%,) +cd (Xp,Xpn41) +
h(d (xp-1,%n+1))]]

< (l)[@[ ad (xn—l » Xn ) + bd (xn—l » Xn ) +cd (xnl Xn+1 ) +
h (d(Xn-1,Xn) + d(Xn, Xp41))]]

= ¢[0[(a+Db+c+h)d(xp_1,x,) +(c+h)d(xn,Xns1)]]
Since @ is strictly increasing and using the lemma 2.1.7 we conclude

d(¥n ¥n41) < (@+b+h)d(xXn_1, %) + (¢ +h)d (Xn, Xnt1 )

a+b+h
1-c—h

Thus d (xp, Xp41) < (d (Xp—1,%n))-

11



fb+b+c+2h=1,We have 0<1—c—h andso

d(%n,Xn41) =< (@+b+h)/(I—c—h) (d(Kn-1, %)) = d&Hn-1,Xn) V1

€ N.
Consequently,
0(d(xy , Xn+1 ) < P[O(d(Xn-1 , Xy )]
If b+b+c+2h<1,wehave0<1—c—handso

d(xXp,Xps1) <d(Xp_1 ,%,),VREN;
Consequently,

0(d (xn,Xns1)) < $(6 (d (Xp—1 ,%n))]
It implies

0 (d(xn,%n41)) < G0 (d (Xp—1,% )]
< 02 [0 (d (tn-2,%n-1)]
< .. <O"[6(d (x0,x)]
Taking the limit as n — oo, we have

1 = 0(d(xn,%n41)) < lim @7 [0 (d (xo ,xn))] = 1.

Since 6 € ©, we obtain

lim d(x,, Xpe1) = 0 cee e e (3)

n

Next, we shall prove that {x,,}n € N is a Cauchy sequence,

i.e,lim, . d(x,,x,) =0,vn € N. Suppose to the contrary that exists € > 0 and

sequences n (y and m () of natural numbers such that
m(k) >nk) > k, d (Xmu) Xnw) ) = €,d )1 Xn@)) < €. (4)
Using the triangular inequality, we find that,

es d (xm(k),xn(k)) <d (xm(k) 'xn(k)—l ) + d (xn(k)_1 ,xn(k)) s (5)

12



< 4+ d (Xpk)=1,Xnk))  oorrrerrrrrrrrerinn (6)

Then, by 4 and 2, it follows that
My o0 d(Xm(i) » Xngi) = €vvvvevrnevnnninainnnn. (7)
Using the triangular inequality, we find it,

€ < d (Xmay Xni) < d (Xmky Xn+1) T d Cn+1 5 Xn)) -+ (8)
And & < d () » Xny+1 < 4 (X Xne) + Xy Xny+1) - (9)
Then, by 5 and 9, it follows that
My o0 A(Xm(k) s Xn(i)41 ) = € cvvvevnernneiineieieien, (10)
Similar method, we conclude that
My o A(Xm) 41, Xngi) = € coverrrieeie e (11)
Using again the triangular inequality,

d (Xm@y+1 5 Xn@0+1)d (ngoy+1 Xmao) + d (Kngey Xngy) + AXngiys Xngioy+1) -+ (12)
On the other hand, using triangular inequality, we have

d (Xim@y X)) < A(Xmey Xmao+1) + & (Xmao+1 Xn@o+1) + & Fngoy+1 Xno)- (13)
Letting k = o inequality (12) and (13). We obtain
My o0 d(Xmk)+1, Un(l)+1) SE covvneeneineinnnn. (14)

Substituting u; = Xpm)+1, U2 = Xn@)+1 » V1 = Umk) And U = Up(yy IN assumption of

the theorem, we get

ad (Um k), Un(k)

+bd(um(k)+1,un(k)
0(d (U@ +1 Ungy+1)) < $ 40 +ed(Un(r)+1) Ung)

U 0 (g, tngo+r ) + 4@, Umao+1)
Letting k — ooin (15), and using (61), (63), ($3) and Lemma 2.1.7 we obtain

0 (¢) < ¢[O(ae + be + ce + 2he)]

13



We drive
&< E.

Which is contradiction? Thus limy, ;-0 d(uy, u,) = 0, which shows that {x,} is a

Cauchy sequence, Then there exists z € A such that

lim,_,,d (u,u) =0.

Also,
du,B)< dWw,Ty,)
<d(u,Xpiq) + d (Unsr, Tun )
= d (W uyyq) + d(4,B)
<d@,up4;)+d(u,B).

Therefore, d (A,T,,) — d (u,B) .Inspite of the fact that B is approximately compact
with respect to A4, the sequence {T,,} has a subsequence {T,,x} converging to some

element
V € B. Soitturns out that
d(u,v) = lim,,e dUpks1r,,) = A (A,B). il (16)

Thus u must be an element of A,. Again, since T (Ao) € Bo, there exists t € Ao such
that

A6, T) = d (A B) e, (17)
For some element tin A. Using the p-property we have
d (Unie+1,t) = d (Punk,Pu) ,Vk €N,
If for some n, ,d (t,u,4+1) = 0, consequently d (Pyno,T) = 0.50 pune = Ty, hence

Any n> 0, d(t,u,.+,) 0. Since T is a generalized (6, ) — proximal contraction of the
first kind, it follows from

14



6 (d (t,un+1)) <o [9 [ad (u,uy) + bd (t,u) + cd (Up, Upyq) + h(d (U, Upqq) +

d (1)) )] . . (18)

Since 8 and ¢ are two continuous functions, by letting n — oo in inequality (18), we

obtain
O@tw)< d[O[(b+h)d(wt))]]
< ¢ [6[(d (u,t))]]
<6 (t,u)).
It is a contradiction .Therefore u = t, that
du,T,) =d(t,T,) =d(AB).

Uniqueness: Suppose that there is another best proximity point z of the mapping, T such
that

d(z,T,) = d(A,B).

Since T is a generalized (6 — ¢) — proximal contraction of the first kind, it follows from
this that

6 dzZu)<dflad (z,u) +bd(z,z) +cd(u,u) +h(d(z,u) +
d (z,u))]].

= ¢[0[(e +2h)d (zw)]],

Which is a contradiction? Thus, z and u must be identical, and hence, T has a unique best

proximity point.

Theorem 4.1.4 let (X,d ) be a complete metric space and (A4,B ) be a pair of non-
empty closed subset of (X,d) such that A, is non-empty. Let a: A x A -
[0,4],and 6 € ©and ¢ € @ . Consider a« — proximal 6 — ¢ -mapping and if A is
approximately compact with respect to B and T:A — B satisfies the following

conditions.

i. T (Ao) € Bo And the pair (4, B) satisfies the weak P - property.

ii. T Isa-—proximal admissible.

15



1il.

There exists elements xo,x; € A such that d (x; ,Txo) = d(A,B) and
a(xo ,x)) =1

T is continuous generalized 8 — ¢ — proximal contraction. Then there exists a
unique u € A such that d (u,Tu) = d(A,B)andn - u , where u, Iis
a fixed pointin Agand d (un+1,T,,,) =d(A,B) for n> 0 further if is
another best proximity pointof T ,thenTu = Tz.z

Proof. Similar to Theorem 3.1.3, we can find a sequence {un} in Ag such that

A Ups1,Tun) = A(A,B ) o (19)

For all non-negative integral values of n .From P- property and (19) we get

d (Un,Uns1) = d (Tyn-1,Tyn) V1 €N,

If for some ng , d (Upg +1, Unos2) = 0, consequently d (Tyno, Tyun+1) = 0 ,S0
Tuno = Tuno+1 henced (A ,B) = d (Tunos Tuno+1)-

Let for any n > d (T, Tyns1) = 0. We shall prove that the sequence u, is a

Cauchy sequence. Let us first prove that

lim d (U, ,Upyy) =0

n—-oo

As T is generalized 6 — ¢ —proximal contraction of second Kkind, we have
that 6 (d (Tun ’ Tun+1)) < (1)[9 [ad(Tun—l' Tun) + bd(Tun—l' Tun)+

cd(Tyn:Tun+1)th(A(Tyun » Tun+1) + d(Tun, Tun)
= $[0[ad(Tun—1, Tun) + bd(Typ—1, Tun) +
cd(Tyn, Tun+1) + R(d(Tyn, Tyn+1)]]
< ¢[0[ad (Tyn1, Tun) + bd(Ty1, Tyn) + cd(Tyn Tun+1) + h(d(Tyna, Tun) +
d(Tyn» Tun+1)1]
= ¢[0[(a+ b+ h)d(Tyn-1,Tun) + (¢ + N)d(Tyn, Tun+1)]]

Since @ is strictly increasing and by Lemma 2.1.7, we deduce

d (Tun Tun+1) < (@ + b + R)d(Tyn—1, Tun) + (¢ + 1) d(Tym, Tun+1)-

Thus

d(Tun’Tun+1)<

b+h
222 (d (Tun-1.Tun)):

If b+b+c+2h =1, we have 0<1-c-h and so

d(Tun’ ’1-"1,1.71.4'].)S

a+b+h
1-c—-h

(d (Tun-1,Tun)) = d (Tun—1,Tun) ,YnEN

Consequently,
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60 (d (Tun, Tun+1)) = &[0 (d(Tun-1, Tun))]
Ifb+b+c+2h< 1,wehave 0 < 1—c—handso
d (Tun Tun+1) < d (Tun-1,Tun) ,Vn €N;
Consequently,
0(d (Tun, Tun+1)) = & [0 (d (Tun-1, Tun))]
It implies
0(d (Tun, Tun+1)) < &[0 (d (Tup-1, Tun)]
< $2 [0 (d (Tun-2, Tun-1)]
< . < on 6 (d (Ty Tyr)]-
Taking the limit as n— oo , we have
1< 0 (d(Tun Tun+1)) < limpeo &1 [0 (d(Tyo Tur))] =1
Since 8 € 6, we obtain
limy, e d (Tyn:Tuns1) = 0. oo .(20)
Next, we shall prove that { T;,,,}n € Nis a Cauchy sequence,
i.elim,_ e d(TynTum) = 0foralln e N.
Suppose to the contrary that existse > 0 and sequences Ty, and Ty,,)of natural
numbers such that
Ty > Tney > k0 d (Tumaey Tuney) 2 €5 d (Tum@o-1 Tune) < € - (21)
Using the triangular inequality, we find that,
€ < d (Tummy Tuny) < 4 (Tum@y Tengy-1 + 4 (Tun@oy-1> Tuny) - (22)
<€ + d(Tyung)-1.Tun@)) -+ --++----- (23)
Then by 4 and 22, it follows that
limy oo d(Tuniy Tuniy) =€+ (24)
Using the triangular inequality, we find that,
€ < d (Tum@y Tuni)) £ d (Tumey Tnaoy+1) + 4 (Tungoy+1> Tunge) -+ (25)
And
€ < d (Tummy Tuny+1) < d (Tum@y Tuney)) + @ (Tuncey » Tuny+1) --- (26)
Then by 26 and 9, it follows that
limy oo d (Tum@e) Tun(k)+1) = € coovevvvnnnnn (27)
Similar method, we conclude that
limy e d (Tum@o+1 Tunk)) = Eoevvvnnnn (28)

Using again the triangular inequality
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d (Tum(k)+1: Tun(k)+1) < d (Tum(k)+1t Tum(k)) + d (Tum(k)t Tun(k)) +
d(Tun(k)' Tun(k)+1) ------- (29)

On the other hand, using triangular inequality, we have

d(Tum(k), Tun(k)) S d (Tum(k)J Tum(k); Tum(k)+1) + d(Tum(k)+1' Tun(k)+1) +
d (Tun(k)+1; Tun(k))-- ... (30)

Letting k — oo in inequality (29) and (30) we obtain

limgse A(Tymm)+1 Tunto+1) =€ coveeeeeen, 1)
Substituting = Tyummy+1,U2 = Tungo+ V1 = Tum@e) »and v, = Typy In assumption
of the theorem, we get
0(d(Tum@o)+1 Tunoy+1) < MO{ad (Tumy Tunge) + PA(Tumoy+1 Tuno) +
cd(Tungiy+1 Tuney) + RA@Tumae) » Tunt+1) + @ Tunciey Tumey 41 ) -eevveeeveneens (32)
Letting k = o in (32) and using (6,), (83),(03) and Lemma 2.1.7 we obtain
0 (¢) < 0[0(ae + be + ce + 2he)].
We derive
& <E€.
This is contradiction. Thus lim, 0 d (Tyn, Tym) = 0, which shows that {T,,,} is a
Cauchy sequence. Then there exists v € B such that
T%l_r){)lo d (Tyn,v) =0
Also,
dw,A) <dw,Ty,)
< d (W, Upyq) + d (Unsr, Tun)
d (v, U1 ) + d (A, B)
<d(v,upsq) +d,A).

Therefore, d (v, T,,,) — d (v, A). since A is approximately compact with respect to B.

The sequence {u,} has a subsequence uy,, converging to some element u € A. So it
turns out that
d,v) = limy,ed (Ung)+1 > Tuny) = A (AB) ..o (33)
Because T is a continuous mapping,
d,T) = limd (uns1,Tun) = d (4,B).

18



Uniqueness: Suppose that there is another best proximity point z of the mapping T such
that
d(z,T,) = d(A,B).
Since T is a generalized 6 — ¢ —proximal contraction, it follows from this that
0 (d (T, T,) < blad(T,,T,) +bd(T,,T,) + cd(T,, T,) + h(d(T,, T,) + d(T,, T))]]
= ¢[0[(a + 2h)d(T,, T,))]]-
Which are contradiction Thus, z and u must be identical. Hence, T has a unique best
proximity point.
Definition 4.1.5 let (4, B) be a pair of non- empty subsets of X with A, # @ . Then the
pair (4, B) is said to be have the weak p —property if and only if

{d(xliyl) = d (A:B );
d(x;,y,) =d (AB)

Example 4.1.5.1 Consider X ={(0,1),(1,0),(0,3),(3,0)} , endowed with the
usual metricd. We suppose that
U= {(0,1),(1,0)}
V = {(0,3),(3,0)} then
For d((0,1),(03)) = d(u,v)
d ((1,0),(3,0)) = d (u,v) We have
d((0,1),(1,0) <d((0,3),(3,0))
Also uy # @ . Thus, the pair (U, V) satisfies weak p-property
Example 4.1.5.2 Consider X = [0, o) x [0, o) with metric d defined by
d ((¢1,¢2),(by,by) = [c1=by| + |c; — by |
LetU = {1} x[0,0)and V = {0} x [0, o0). Then
d(U,V) =4d((1,0),(0,0) = 1And u, =v,v, = v. then the pair (U,V ) has
weak p-property

= d(x1,x) < d(y1,y,),Wherex; ,x, € A andy;,y, € B

Corollary 4.1.6 Let (4, B) is pair of nonempty closed subset of a complete metric space
(X,d) such that A, is nonempty. Consider non-self-mapping T: A — Bsatisfying the

following assertion:

i. T (Ap) € By and the pair ( 4, B )the P property ;
ii. T Is a proximal-Browder contractive mapping, then T has a unique best
proximity point x* € Asuchthatd (x*,Tx*) = d (A,B).
Proof. Let 6 (t) = efforallt € [0,+o0],and® (t) = e forall t € [1,+o0].
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Obviously, » € @ and 6 € ©.
By the definition of @, we have
® (e®)=e?®,
In what follows, we prove that T is a (6 — @ ) —proximal mapping.
d (T, T,) < ¢ (d(xy)).
So, edT1) =9 (d (T, ,T,))
< e (d(Tx Ty))

=0 (6[d (x,y)D.

Therefore, T has a unique best proximity point x* € A.we can suppose that ¢ is a strictly
increasing and continuous function. And we conclude that T is a 8 — @ —proximal

mapping. Therefore, from theorem 4.1.2, thus a unique best proximity point x* € A.

4.2.  Application of the main result
Corollary 4.2.1 let( X ,d ) be a metric space and let T be a self-mapping on X , suppose
that there exists & € 6 and @ € @ such that for any x,y € X. if T satisfies the

following inequality

6 (d(1,.1,))<0[6(d(x,))].
Then T has a unique fixed point.

Proof. By considering A = B = X and the functiona (x,y) =1 intheorem 4.1.2,

we guarantee the existence and uniqueness of a fixed point a self-mappingT.

We need some preliminaries to apply our results on the best proximity points in a metric

space endowed with a symmetric binary relation.
Let (X, d) be a metric space andR be a symmetric binary relation over X.

Theorem 4.2.2 let (4, B) be a pair of nonempty closed subsets of a complete metric
space (X, d) such that A, is nonempty. Let R be a symmetric binary relation over X.

Conceder a non-self-mapping T: A — B satisfies the following assertion:
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i. T (Ap) € By andthe pair (A, B ) satisfies the P property;
ii. T is proximal comparative mapping;
iii.  There exists elements x,,x; € Asuchthat d (x,,x;) = d (A,B) and x,Rx;
iv. If(A,B,R)isregular;
v. Thereexists 68 € 6 and @ € @ such that T is 8 — @ — contractive. Then T has a
unique best proximity point x* € A such thatd (x*,Tx*) = d (A,B).
Proof Let us introduce the function

1 if xRy

a: AxA - [0,+%) Byra(x,y)= {0 otherwise

Suppose that

a (x;,x;) 2 1;
d(uy, Txz) =d (A,B);
d(uz,sz) = d(A,B)

For some x;, x,, uy,u, € A. by the definition, we get that

xRy ;
d (ul,Txl) = d(A ,B);
d(uz,sz) = d(A,B)

Condition (2) of Theorem implies u; R u,, which givesus a (uy,u,) = 1.
Thus we prove that T is a —proximal admissible.
Condition (3) impliesthat d (x; ,Txy) = d(A,B)and a (xy,x;) = 1.

The condition T:A — B is (6 — @ )-contractive means that T is an a-proximal 8-@-

mapping.

Also the condition (A,B,R) isregular implies that if x,, is a sequence in A such that
a (%, ,Xpyq) = 1and lim,, o d(x, ,x) =x" € A, there exists a subsequence x(k) of
Xn

Such that a(n(k) ,x*) = 1 forall k € N.

Now all the hypotheses of theorem 4.1.2 are satisfied, which implies the existence and

uniqueness of proximity point the non-self-mapping.
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Theorem 4.2.3 let (A, B) be a pair of nonempty closed subsets of a complete metric
space (X, d) such that A, is nonempty. Let R be a symmetric binary relation over X.

Consider a non-self mapping T: A — B satisfies the following assertion:

1. T (Ap) € By and the pair (4, B) satisfies the P property;

2. T is proximal comparative mapping;

3. There exists elements x, ,x; € A suchthatd (xy,x; ) = d (A,B) and xR x; ;
4. Thereexists 6 € © and @ € & such that

xRy =0 (d (Tx,Ty)) < 0@0[d .
5. T is continuous,
Then T has a unique best proximity point x* € Asuch that d (x*,Tx™) =
d(A, B).
Proof Let us introduce the function

lif xRy

a:AxA - [0,+0) By :a(x,y) = {Ootherwise
Suppose that

a (xq,x,) = 1;
d (ul,Txl) = d (A ,B ),
d (uZ'TXZ) =d (A IB )

For some x; ,x, ,u;,u, € A , By the definition of a, we get that

XRy;
d(ull Txl) = d (A IB );
d (uz ,sz) = d (A,B ).

Condition ( 2) of Theorem implies u; R u, ,which givesus a (u; ,u;) = 1.

Thus we prove that T is « —proximal admissible.
Condition (3) implies that d (x, ,Txy) = d (A,B) and d (A,B)and a (x¢,x; ) = 1.
By condition (5) T is continuous mapping.

Finally, condition (4) implies that

a(x,y)B(d(Tx,Ty)) < (Z)[O (d (x,y))]ForaIIx,y € A.
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CHAPTER FIVE
CONCLUSION AND FUTURE SCOPE

5.1.  CONCLUSION
In conclusion, this thesis has contributed to the field of proximity point theory by
extending and generalizing the study of best proximity point results for
a —proximal—¢ —generalized non-self-mappings in metric spaces endowed with
asymmetric binary relations. Through the introduction of a more flexible inequality and
the development of a comprehensive theoretical framework, we have provided deeper
insights into the existences and uniqueness of best proximity points in such mappings.

Our findings demonstrate that the generalized framework offers a valuable tool for
analyzing a wide range of scenarios and capturing diverse behaviors of a —proximal
6 — ¢ —generalized non- self-mappings. By establishing conditions for the existence
and uniqueness of best proximity points. We have expanded the scope of existing

research and laid the groundwork for further advancements in the field.

Furthermore, the practical implications of our findings extend beyond theoretical
mathematics, with potential applications in fields such as fixed point theory, optimization,
and control theory. The insights gained from this research can inform the development of

algorithms and techniques for solving practical problems in these domains.

Overall, this thesis underscores the importance of considering generalized frameworks in
the study of proximity point theory and highlights the potential for further research in this

area.
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5.2.

FUTURE SCOPE

While this thesis has made significant strides in extending and generalizing best

proximity point results for a« —proximal 8 — ¢ —generalized non-self-mappings, several

avenues for future research remain open:

1.

Further exploration of generalized frameworks: The generalized inequality
introduced in this thesis opens up opportunities for exploring alternative forms
of a —proximal 6 — ¢ —generalized mappings and investigating their
properties in different contexts.

Applications to specific classes of mappings: Future research could focus on
applying the generalized framework to specific classes of mappings, such as
multivalued mappings or mappings with specific properties, to study their best
proximity point properties in metric spaces.

Computational aspects: Exploring computational methods for finding best
proximity points in a —proximal 8 — ¢ —generalized non-self-mappings and
assessing the numerical stability of the generalized framework could lead to
practical advancements in algorithm development.

Experimental validation: conducting experiments to validate the effectiveness
of the generalized framework in real-world scenarios could provide further
insights into its applicability and robustness.

Generalization to the other types of spaces: Extending the generalized
framework to other types of spaces, such as normed spaces or topological
spaces, could lead to new results and insights in the broader context of

proximity point theory.

By pursuing these avenues for future research, scholars can continue to build upon the

foundation laid in this thesis and further advance our understanding of best proximity

points for a —proximal 6 — ¢ —generalized non-self -mapping, with potential

implications for various areas of mathematics and its applications.
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